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Preface

This book has grown out of a series of lectures given in the Advanced Algebra
Class at Oxford in Michaelmas Term 1991 and Hilary Term 1992, that is to
say from October 1991 to March 1992. The focus was—and is—the big
question

how many groups of order n are there?

Two of the lectures were given by Professor Graham Higman, FRS, two by
Simon R. Blackburn and the rest by Peter M. Neumann. Notes were written up
week by week by Simon Blackburn and Geetha Venkataraman and those notes
formed the original basis of this work. They have, however, been re-worked
and updated to include recent developments.

The lectures were designed for graduate students in algebra and the book has
been drafted with a similar readership in mind. It presupposes undergraduate
knowledge of group theory—up to and including Sylow’s theorems, a little
knowledge of how a group may be presented by generators and relations, a
very little representation theory from the perspective of module theory and
a very little cohomology theory—but most of the basics are expounded here
and the book should therefore be found to be more or less self-contained.
Although it remains a work principally devoted to connected exposition of
an agreeable theory, it does also contain some material that has not hitherto
been published, particularly in Part IV.

We owe thanks to a number of friends and colleagues: to Graham Higman
for his contribution to the lectures; to members of the original audience for
their interest and their comments; to Laci Pyber for comments on an early
draft; to Mike Newman for permission to include unpublished work of himself
and Craig Seeley; to Eira Scourfield for guidance on the literature of analytic
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xii Preface

number theory; to Juliette White for comments on the earlier chapters of
the book and for help with proofreading our first draft. We would also like
to acknowledge the support of the Mathematical Sciences Foundation, St.
Stephen’s College, Delhi, The Indian Institute of Science, Bangalore and our
respective home institutions. Geetha Venkataraman would also like to ac-
knowledge the encouragement and support extended by Uttara, Mahesh and
Shantha Rangarajan and her parents WgCdr P. S. Venkataraman and Visalak-
shi Venkataraman. Professor Dinesh Singh has been a mentor providing
much needed support, encouragement and intellectual fellowship. We record
our gratitude to an anonymous friendly referee for constructive suggestions
and for drawing our attention to some recent references that we had missed.
We are also very grateful to the editorial staff of Cambridge University Press
for their great courtesy, enthusiasm and helpfulness.

Turning lecture notes into a book involves much hard work. Inevitably that
work has fallen unequally on the three authors. The senior author, too happy
to have relied on the excellent principle juniores ad labores (which he admits
to having embraced less enthusiastically when he was younger), is glad to
have the opportunity to acknowledge that all the hard work has been done by
his two colleagues, whom he thanks very warmly.

SRB, IIMN, GV: 25.xi.2006
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Introduction

The focus of this book is the question how many groups of order n are there?
This is to be interpreted in the natural way: we define f(n) to be the number
of groups of order n up to isomorphism and ask for information about the
function f.

The values of f(n) for small values of n are:

8§ 9 10 11 12 13 14 15 16
522 1 5 1 2 1 14

n |1 234567
fm[1 1.1 21 21

For 1 < n < 16 the groups of order n were classified well over a hundred
years ago, and the value of f(n) clearly follows from this classification. The
easiest case is when n is a prime—Lagrange’s Theorem shows that a group
of order n must be cyclic, and so f(n) = 1. When = is in the range of the table
above, only n = 16 requires a lengthy argument to establish a classification.
Note that f(15) = 1 even though 15 is not prime.

As n increases, the problem of classifying groups of order n becomes hard.
The groups of order 2'° have only recently been classified, by Besche, Eick
and O’Brien [6]. An appendix to their paper lists f(n) when 1 < n < 2000;
in particular when n = 2!° they count 49487365422 groups! However, the
groups of order 2!!' have not been classified and it is not known how many
groups of order 2!! there are. (We will show in Chapter 4 that f(2!!) > 24))
So if we are to say anything about f(n) when n is large, we must resort to
giving estimates for f(n) rather than calculating f(n) exactly.

Graham Higman [45] showed in 1960 that

F(py = phm =0,
Charles Sims [86] proved in 1965 that
f(p™) < prmro

8/3)
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2 Introduction

and, as the culmination of a long line of development, Laszlo Pyber [82]
proved in 1991 (published in 1993) that

F(n) < nFROHOEET)

where w(n) is the highest power to which any prime divides n. Amplification
of these results, and their proofs, forms the main part of the work: the results
of Higman and Sims are expounded in Part II (incorporating a modification of
Sims’ argument due to Mike Newman and Craig Seeley [77], which improves
the error term significantly) and Pyber’s theorem is the subject of Part III.
The proofs use a large amount of very attractive theory that is just beyond
the scope of an undergraduate course in algebra. All that theory is expounded
here, so that our treatment of the theorems of Higman and Sims and of Pyber’s
theorem in the soluble case is self-contained. Our treatment of the general case
of Pyber’s theorem in Chapter 16 is not self-contained, however, because it
relies ultimately upon the Classification of the Finite Simple Groups (CFSG).

The asymptotics of the function f tell us much, but far from everything,
about the groups of order n. To get a clearer picture we consider related
matters. For example, context is given by the questions how many semigroups
and how many latin squares of order n are there? These questions are treated
briefly in Chapter 2. Detail is given by such questions as: how many abelian
groups of order n are there? how many of the groups of order n have abelian
Sylow subgroups? how many of the groups of order n satisfy a given identical
relation? how many are soluble? how many are nilpotent? Questions of this
type are treated in Part I'V.

Standing conventions:

e most groups considered are finite—if at any point finiteness is not men-
tioned but seems desirable, the reader is invited to assume it;

f has already been introduced as the group enumeration function;

for a class X of groups (or of other structures) f;(n) denotes the number
of members of X of order n, up to isomorphism;

logarithms are to the base 2;

maps are on the left;

p always denotes a prime number;

if n=p{"py>---p.*, where p,, p,, ..., p, are distinct prime numbers, then
An)=a,+a,+---+a, and pu(n) = max{a; | 1 <i<k}.

Other notation and conventions are introduced where they are needed.
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Some basic observations

This chapter is devoted to elementary estimates for f(n), the number of groups
of order n (up to isomorphism). We begin by looking at some enumeration
functions for weaker objects than groups.

Since a binary system is determined by its multiplication table, we find
that

2

f(l’l) < fbinary systems(n) < n".

At most n! of these multiplication tables are isomorphic to any fixed binary
system, since an isomorphism is one of only n! permutations. Hence

n2—n n n2
n < ! < fbinary systems(n) snt.

If we consider binary systems with a unit element, we have

2_ _1)2 2_
n" 3n+0(1) (n—1) —n" 2n+1_

< fbinary systems with 1(”) <n

Recall that a semigroup is a set with an associative multiplication defined
on it. For all € > 0,

1—e)n? :
n{1=om < fsemigroups(n) <n”

if n > ny(€). To see this, consider the binary systems on {0, 1,...,n—1}
described by tables of the following form:



6 Some basic observations

01 ... m=2 m—1 m m+1 n—2 n-—1
0 0o 0 ... 0 0 0 0 0 0
1 0o 0 ... 0 0 0 0 0 0
m—1[0 0 0 0 0 0
m 0 0 0 0
m+1]0 0 0 0
n—110 0 ... 0 0 * * * *

Here the starred entries are arbitrary subject to being at most m — 1. The
associative law holds for this table, since

(aiaj)ak =0= ai(ajak)'

Hence
_ )2
fsemigroups (l’l) 2 m(” " .

(Notice here that we should divide by n!, but this again does not make a
significant difference.) Setting m to be approximately n'=1¢ we have

1
1 1-5€\2
—lom-n'"29

1
fsemigroups(n) 2 n(
For sufficiently large n,

1-tey 2
2%) 21’1(175)" .

n(lfée)(nfn
Thus we get the requisite lower bound.

If we add the condition that all our semigroups contain a unit element, we
have similar results to the above.

Daniel Kleitman, Bruce Rothschild and Joel Spencer enumerate semigroups
more precisely in [55]. They show that most semigroups can be split into two
subsets A and B having the following property: there exists an element O € B
such that if x, y € A then xy € B but if x € B or y € B then xy = 0. They then
use this fact to prove

fsemigroups(n) = (Xn: g(t)> (1 + O(l)), where

t=1

g(r) = (n)t1+(”">2.
t
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The function g(f) maximises at #,, where #, ~ n/2log,n. Thus we may
improve the lower bound we gave above to

2(1—(logl 1 —0(1/1ogr
.fsemigroups(n) >n" (1—(loglogn/logn)—0(1/log 1))’

where (for this inequality only) log should denote the natural logarithm—
although, as the astute reader will realise, in fact the base of the logarithms
does not matter here.

A multiplication table with inverses is a latin square (i.e., in each row and
column of the table, an element appears only once). We have

1,2 2
>n=—0(n) n
n: < flalin squares (n) <n'.

The lower bound was proved by Marshall Hall [40]. Using less elementary
methods, the lower bound may be improved: Henryk Minc showed in [69]
that

2
(n!)Zn/nn < flatin squares(n)'

His proof uses the Egory&ev—Falikman theorem [26, 32, 70] establishing the
van der Waerden conjecture on permanents. Note that there is a constant ¢
such that n! > ¢ (n/e)", and sO fiyin squares (M) > ¢2p*(1=1/10gn) Much remains
to be discovered about this enumeration function. In 2005, Brendan McKay
and Ian Wanless [68] state ‘At the time of writing, not even the asymptotic
value of fiyin squares (1) 18 known’.

Returning to the group enumeration function, we see that even very ele-
mentary methods are enough to show that there are seriously fewer groups
than semigroups or latin squares:

Observation 2.1
F(n) < n"oen
Proof: For a group G, define
d(G) =min{k |3g,,...,8 € G such that G = (g, ..., g}
We first show that if |G| = n then d(G) < logn. Let
{(1}1=G, <G, <G, <---<G, =G

be a maximal chain of subgroups. Let g, € G;\ G,_, for 1 <i < r. Then
(g1,---,8) = G;, as one easily sees by induction. In particular, G can be
generated by r elements. Now by Lagrange’s Theorem

GI=T11G,: Gl > 2" @1
i=1
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Hence r < |logn]. Then by Cayley’s theorem G < Sym(n) and so
f(n) < number of subgroups of order n in Sym(n)
< number of |log n]-generator subgroups of Sym(n)
< number of |log n]|-element subsets of Sym(n)

g (n!)logn

nnlogn

N

and the result follows.

Recall the notation w(n) and A(n) that we introduced at the end of Chap-
ter 1. A factorisation of n has at most A(n) non-trivial factors. Equation (2.1)
shows that r < A(n), and therefore the bound for d(G) can be sharpened to
say that d(G) < A(n). We remark that in fact d(G) < u(n)+ 1, as we will see
in Corollary 16.7, but ignoring this for the moment and feeding the simple
bound for d(G) into the above argument we get that

f(l’l) < nn/\(n) .

That is about as far as one can go with elementary methods. Nevertheless,
it already shows that the associative law and the existence of inverses are
separately very much weaker than is their combination.

The aim of the remainder of the book is to prove the better bounds on f(n)
given in the Introduction, using more sophisticated methods.
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Preliminaries

This chapter contains a brief account of some of the results we will need in
the next two chapters. More specifically, we review some basic commutator
identities and results on nilpotent groups, discuss the Frattini subgroup of a
group and prove some simple enumeration results concerning vector spaces,
general linear groups and symplectic groups. We emphasise that all groups
are finite in this section—some of the results (and definitions) differ in the
infinite case. We assume that the reader has already met a few commutator
identities and the idea of a nilpotent group, and so we have included sketch
proofs rather than full detail for some of the results. For more detail, see
Gorenstein [36, Sections 2.2 and 2.3].

3.1 Tensor products and exterior squares of abelian groups

As preparation for some of our treatment of commutators we recall (without
proofs) the definition of tensor product and exterior square of abelian groups.
If A, B are abelian groups (which we write additively here) the tensor product
A ® B is defined to be the abelian group which is generated by all symbols
a®b for a € A and b € B subject to the relations

(a,+a,)®b—a,@b—a,®b =0,
a® (b,+b)—a®b,—a®b, =0,

which make the operation ® bilinear. We identify a ® b with its image
modulo the relations and then the map A x B — A ® B (where here A x B
simply denotes the set of pairs), (a, b) — a® b, is bilinear. If A is generated
by a,, ..., a, and B is generated by b, ..., b, then

{a,®@b; | 1<i<r, 1<j<s)

11



12 Preliminaries

will be a generating set for A ® B; moreover, the order of a ® b divides the
greatest common divisor of the orders of a and b.

The exterior square A™* (sometimes written A?A) of A is defined to be
the abelian group generated by all symbols a A b for a, b € A with the same
bilinearity relations as the tensor product and, in addition, the relations

ana=0 forallac A

which make A an alternating function of its arguments. Again, we identify
a A b with its image modulo the relations and then the two-variable function
(a,b) = aAb is an alternating bilinear map A x A — A"%. Note that the
equation b A a = —(a A b) follows easily from the defining relations for the
exterior square, and that if A is generated by a, ..., a, then

{aina; |1<i<j<r}

is a generating set for A™2.

One of the main properties of the tensor product is that it is universal for
bilinear maps. That is, if C is an abelian group and f: A x B — C is a bilinear
map then there is aunique homomorphism f*: A® B — Csuchthat f*(a®b) =
f(a, b) for all a € A, b € B. Similarly, the exterior square is universal for
alternating bilinear maps in the sense that if f: A x A — C is bilinear and such
that f(a, a) =0 for all a then there is a unique homomorphism f* : A"? — C
such that f*(a Ab) = f(a, b) for all a, b € A. Another fundamental property is
functoriality: the tensor product and exterior square are functorial in the sense
that if A,, A,, B,, B, are abelian groups and f: A, - A,, g: B, — B, are
homomorphisms then there are homomorphisms f®g: A, ®B, > A,®B,
and f*?: A — A2 such that (f ® g)(a®b) = f(a) ® g(b) for all a € A,,
b e B, and f"*(aAb) = f(a) A f(b) for all a, b € A,.

3.2 Commutators and nilpotent groups

Let G be a group and let x,y € G. The commutator [x,y] of x and y is
defined by [x, y] = x~'y~!xy. For x, y, z € G, we define [x, y, z] = [[x, ], z].
Throughout this section, we will write x* to mean y~!xy.

Lemma 3.1 Let G be a group.
(1) Forall x,y € G,
[x, y] = [y, x]7". (3.1)
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(2) Forall x,y,7 € G,

[xy, z] =[x, 2P’ [y, z] = [x. z][x. z. ¥][y. 2], (3.2)
[x, yz] = [x, z][x, ¥ = [x, z][x, y][x, v, z]. (3.3)

(3) Forall x,y,z € G,
e,y 2Py x [z =1 (3.4)

The proof of this lemma is easy: just use the definition of a commutator to
express each side of the above equalities as a product of x,y,z and their
inverses.

Corollary 3.2 Let G be a group.
(1) Forall x,y,z € G,

oyl = (o] ™) =[xy, x T el (3.5)

Loy 1= (Les] ™) =lnyay ' el (3.6)
(2) Forall x,y,7 € G,

[y 2] = ([z.x "y 1) (2 a )™ (3.7)

Proof: The corollary follows from Lemma 3.1 by making the appropriate
substitutions. To derive (3.5), replace y by x~! and z by y in (3.2). For (3.6),
replace z by y~! in (3.3). To derive (3.7), replace y by y~! in (3.4).

Lemma 3.3 Let G be a group. Let x,y € G. Suppose that [y, x] commutes
with both x and y. Then for all positive integers n

[y, x"] =[y", x] = [y, x]", (3.8)

(xy)" = x"y" [y, x] 2" (3.9)

Proof: The equality (3.8) follows by induction on n, using (3.2) and (3.3) in
the inductive step. To establish (3.9), use the fact that y'x = xy'[y’, x].

We will now consider a collection of results related to nilpotency of groups.
Let H and K be subgroups of a group G. Then [H, K] is defined to be the
subgroup generated by all elements of the form [A, k] where h € H and
k € K. Note that [H, K] = [K, H], by Equation (3.1). The subgroup [H, K, L]
is defined by [H, K, L] = [[H, K], L]. The following lemma, known as the
Three Subgroup Lemma, is often useful.
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Lemma 3.4 Let K, L and M be subgroups of a group G. Then [K, L, M] <
[M, K, L|[L, M, K] whenever (M, K, L] and [L, M, K] are normal subgroups
of G.

Proof: Suppose that [M, K, L] and [L, M, K| are normal subgroups of G.
The subgroup [K, L, M] is generated by elements of the form [g, 7] where
g€[K,L]and h € M. We may express g as a product of commutators of the
form [g’, #'] where g’ € K and /' € L, and then use Equations (3.2) and (3.3)
to express [g, ] as a product of conjugates of elements of the form [x, y, 7]
where x € K, y € L and z € M. But (3.7) expresses [x,y,z] as a product
of a conjugate of an element of [M, K, L] and a conjugate of an element
of [L, M, K]. Since [M, K, L] and [L, M, K] are normal, we find that each
generator of [K, L, M] lies in [M, K, L][L, M, K], so the lemma follows.

The lower central series G, G,, G5, ... of a group G is defined by G, = G
and G, =[G, G] for every positive integer i. From now on, we will always
use G; to denote the ith term of the lower central series of G. It is not difficult
to see, using the definition of the lower central series, that the subgroups G,
are characteristic subgroups of G. Clearly G,/G,,, is central in G/G,, . For
all normal subgroups N of G, we have that (G/N); = (G;N)/N. Moreover, if
H is a subgroup of G then H, is a subgroup of G; for all positive integers i.

Proposition 3.5 Let G be a group. Let A=G/G,=G/G and A, = G,/G,, .
Then A, is a homomorphic image of A" and A, is a homomorphic image

of A;QA foralli > 1.

Proof: It follows immediately from Lemma 3.1 that the map A x A — A,,
(aG', bG’) + [a, b]Gj; is well-defined and bilinear. It is also alternating since
[a,a] =1 for all a € G. Therefore there is a homomorphism A*? — A, such
that aG’ A bG’ + [a, b]G; for all a, b € G. This is surjective since G, is
generated by the commutators [a, b] for a,b € G, and therefore A, is a
homomorphic image of A*2. The proof that A,,, is a homomorphic image of
A;®A for all i > 1 is similar and we omit it.

Proposition 3.6 Let G be a group. For all positive integers i and j, we have
that [G;, G;] < G ;.

Proof: We use induction on j. The case when j =1 follows by definition of
the lower central series. Assume that j > 1 and that [G;, G;_,] is a subgroup
of G, for any group G and any i > 0. We prove that [G;, G,] is a subgroup
of G,,; as follows.
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By replacing G by the quotient G/G,,; if necessary, we may assume that
G,.; = {1}. Our inductive hypothesis implies that

[Gi. G G] g[Giﬂ;l’G]:Giﬂ':{l}’ and
[G’ G, Gj—l] = [Gi’ G, ijl] = [Gi+l’ ijl] < Gi+j = {1}

-1

In particular, [G;, G
implies that

G]and [G, G;, G;_,] are normal. But now Lemma 3.4

Jj—1 J

[Gi’ Gj] = [ij Gi] = [Gj—l’ G, Gi]
< [G,, Gj—l» Gl[G, G, Gj—l] ={l}= Gi+j'

Hence the proposition follows by induction on j.

Proposition 3.7 Let i be a positive integer. Let G be a group generated by
a set S. Let T be a subset of G; whose image in G,/G,,, generates G;/G,,,.
Then G,,,/G,,, is generated by the set

{[t.5]G,, |teT, seS}.

Proof: Write S for the image of S in G/G’ and T for the image of T in
G;/G,.,. Then S generates G/G’ and, by assumption, T generates G,/G, -
It follows that the set {f®5|7 € T, 5 € S} generates the tensor product
G;/G,;®G/G" and the result now follows immediately from
Proposition 3.5.

The final result of this section will form one of the key steps in Sims’
upper bound for the number of isomorphism classes of p-groups of a given
order. Recall that a group G is nilpotent if G, = {1} for some integer r. If r
is the smallest such integer, we say that G is nilpotent of class r — 1. A finite
group is nilpotent if and only if it is the direct product of its Sylow subgroups
(see [36, Theorem 2.3.5]). In particular, all p-groups are nilpotent.

Proposition 3.8 Let G be a nilpotent group, and let H be a subgroup of G.
If H,G; = G,, then H, = G, for all i > 2.

Proof: We prove first that H.G,,, = G, for all r > 2. We prove this equality
using induction on r: it is true when r = 2, by assumption. Assume that r > 2
and that H,G, | = G, whenever 2 < s < r. Clearly H .G, | < G,, and so we
must prove that G, < H,G,,,. We need two preliminary results. Our first
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result asserts that whenever K, L and M are subgroups of G such that L is
normal in G and such that [K, M, L] < G, then

[KL, M] < [K, M][L, M]G,,. (3.10)

(Note that the right-hand side of (3.10) is indeed a subgroup, for [L, M] < L
as L is normal, and so [[K, M], [L, M]] < [K, M, L] < G,,.) To prove this
result, observe that the subgroup [KL, M] is generated by elements of the form
[xy, z] where x € K, y € L and z € M. But (3.2) expresses this commutator
as the product of three commutators, the first in [K, M], the second in G,
and the third in [L, M] and so the result follows. We will use this result
three times: with K = H,_,, L = G, and M = G; with K = H,, L = G5 and
M =H, , and with K =H,_|, L= G, and M = H. In all three cases, the
condition [K, M, L] < G, follows by the fact that H; < G; for all positive
integers i and by Proposition 3.6.
The second result we require asserts that

[Hr—l’ G] < [G’ Hr—z’ H][H, G’ Hr—Z]Gr+1' (311)

(The right-hand side of (3.11) is a subgroup, since the subgroups [G, H,_,, H]
and [H, G, H,_,] lie in G, and so commute modulo G, .) To see why (3.11)
holds, first note that H,_, is generated by elements of the form [#’, h] where
heHand i’ € H,_,. We may use (3.2) and (3.5) to express a typical element
of [H,_,, G] as a product of various elements of G,,; and elements of the
form [/, h, g] where h € H, W' € H,_, and g € G. Here we use the fact that

[Hr—l’ G’ Hr—l] < [Gr—l’ G’ Gr—l] g GZr—l < Gr+l

by Proposition 3.6. So our second result holds if we can show that elements
of the form [/, h, g] all lie in [G, H,_,, H|[H, G, H,_,]G,, . But Equation
(3.7) shows that [/, h, g] is equal to the product of a conjugate of an element
of [G, H,_,, H] and a conjugate of an element of [H, G, H,_,]. Since both
[G,H,_,,H]and [H, G, H,_,] are contained in G,, and since [G,, G] =G, _,,
these conjugates differ from the original elements by members of G, ;. Hence
the result follows.
Using these two results, we may establish our inductive step:

G,=[G,_,,G]
=[H,_,G,, G] (by the inductive hypothesis)
—[H, 1. GIG,., (by (3.10)
<[G.H, » H[H.G. H, ;]G,., (by (3.11))
<|[G,_, H|[G,, H,_,]G,,, (using H; < G, and Proposition 3.6)
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=[H,_,G,, H|[H,G;, H,_,]G,,, (by the inductive hypothesis)

= [Hr—l’ H][Gr’ H][HZ’ Hr—Z][G3’ Hr—Z]Gr+l (by (3 10))
= H,G,,, (by Proposition 3.6).

So, by induction on r, we find that G, = H,G,, for r > 2 as required.
Next we prove that G; = H;G,, for k > 1 and i > 2. This has just been
proved when k = 1. Moreover, if k > 1 and G, = H;G,,_, then

Gi=HG ,=HH, G, =HGy,

the second equality using the case r = i+k — 1 of the fact that G, = H,G,,
for r > 2. So the claim follows by induction on k.

We are assuming that G is nilpotent, and so G, , = {1} forall sufficiently large
k. Hence the previous paragraph implies that G, = H, for i > 2, as required.

3.3 The Frattini subgroup

Let G be a group. The Frattini subgroup ®(G) of G is the characteristic
subgroup of G defined as the intersection of all the maximal subgroups of
G. This section investigates the Frattini subgroup of a group, with an eye to
using the results in Section 4.2.

Lemma 3.9 Let G be a finite group, and let X be a subset of G. Then ®(G)
and X together generate G if and only if X generates G.

We may express this lemma more informally by saying that ‘®(G) is the set
of non-generators of G’.

Proof: Clearly G = (X) implies that G = (XU ®(G)). For the converse,
suppose that G # (X). Then (X) is contained in some maximal subgroup M
of G. Since ®(G) is the intersection of all maximal subgroups of G, we have
that ®(G) < M. But now (XU ®P(G)) < M < G, and so G # (XU P(G)).

When G is a p-group, the maximal subgroups of G have an especially
simple form. This is a consequence of the next lemma.

Lemma 3.10 Ler G be a finite group, and let H be a subgroup of G. Suppose
that H is a p-group, and that p divides the index of H in G. Then H is strictly
contained in its normaliser Ng(H). Moreover, there exists a subgroup K of
G such that H has index p in K.
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Proof: There is a natural action of the subgroup H on the set ) of cosets of
H in G. A coset is fixed by H under this action if and only if it is contained
in N;(H). So the index of H in N;(H) is equal to the number of trivial orbits
of H acting on Q. Now, p divides |€|. Since H is a p-group, p divides the
length of any non-trivial orbit in ). Hence p divides the number of trivial
orbits. So p divides the index of H in N;(H) and thus H is strictly contained
in N;(H). Let x € N;(H) be such that xH has order p in N;(H)/H. The last
assertion of the lemma now follows by taking K to be the group generated
by H and x.

Corollary 3.11 Let G be a finite p-group. Then every maximal subgroup M
of G is normal and has index p in G.

Lemma 3.12 Let G be a finite p-group. Then G/®(G) is an elementary
abelian p-group of order p®, where d is the minimal number of generators
of G. Moreover ®(G) = G’G’, where G? is the subgroup generated by the
set {x?:x € G}.

Proof: By Corollary 3.11, every maximal subgroup M of G is normal and
has index p in G. It follows that every maximal subgroup contains G?G’,
and so GG’ < ®(G) and G/P(G) is an elementary abelian group. Since
G is generated by d elements, so is G/®(G) and so |G/®(G)| < p?. If
|G/®(G)| < p? then G/P(G) may be generated by d — 1 elements, and so G
may be generated by ®(G) together with the inverse image of these elements
under the natural map from G to G/P(G). By Lemma 3.9, this implies
that G may be generated by d — 1 elements. This contradiction shows that
|G/®(G)| = p“.

We have seen that ®(G) > G?G’. Since G/(G'G’) is elementary abelian,
the intersection of all maximal subgroups of G/(G?G’) is trivial. The inverse
images in G of these maximal subgroups under the natural homomorphism
from G to G/(G?G’") are maximal in G and their intersection is G”G’. Thus
®d(G) < GPG’ and so P(G) = G?G', as required.

Lemma 3.12 implies that the Frattini subgroup of a p-group is generated by
the set of values of the words x” and [x, y] in G. (Thus ®(G) is an example of
a verbal subgroup; see [75].) This implies, in particular, that for any normal
subgroup N of a p-group G, we have ®(G/N) = ®(G)/N.

We will use the next lemma in the proof of Pyber’s theorem.

Lemma 3.13 Let G be a finite p-group. Let B be the group of automorphisms
of G that induce the identity automorphism on G/®(G). Then B is a p-group.
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Proof: Suppose that B is not a p-group. So there exists x € B such that x
has order not a power of p. By replacing x by a suitable power of x, we may
assume that x has order g, where ¢ is a prime distinct from p.

Let g € G. Since x induces the identity automorphism on G/®(G), we
have that x permutes the elements in the coset g&(G). Each cycle of x has
length either 1 or g. Since g&(G) has order a power of p (and since a power
of p is not a multiple of g), not all these cycles can have length ¢g. Hence
x fixes an element in every coset g®(G) of ®(G) in G. In particular the
elements in G that are fixed by x generate G modulo ®(G), and so generate
G by Lemma 3.9. Since x fixes a generating set for G, we find that x is the
identity automorphism. This contradicts the fact that x has order ¢, and so
the lemma follows.

To finish this section, we prove (as an aside) a result due to Wielandt that
gives a characterisation of nilpotency in terms of the Frattini subgroup.

Proposition 3.14 Let G be a finite group. Then G is nilpotent if and only if
G’ < O(G).

Proof: Suppose that G is nilpotent. Any proper subgroup H of a nilpotent
group G is strictly contained in its normaliser. (To see this, let i be the largest
integer such that G, is not contained in H. Then [G;, H] < G,, < H, and so
G,; < N;(H).) In particular, any maximal subgroup M of G is normal. Since
G/M is non-trivial and nilpotent, (G/M)" is a proper subgroup of G/M.
Hence, since M is maximal, (G/M)’ is trivial and therefore G/M is abelian.
Thus G’ < M for any maximal subgroup M of G and so G’ is contained in
the intersection ®(G) of all maximal subgroups of G.

To prove the converse, suppose that G’ < ®(G) (and so in particular every
maximal subgroup of G is normal). Let P be a Sylow subgroup of G, and
assume, seeking a contradiction, that N (P) is a proper subgroup of G. Then
Ng(P) < M for some maximal subgroup M of G. Now P < M, and so P is
a Sylow subgroup of the normal subgroup M. By the Frattini argument (see
Gorenstein [36, page 12, Theorem 3.7]), Ng(P)M = G. But N;(P) < M and
so we have our required contradiction. Thus every Sylow subgroup is normal
in G and so G is nilpotent.

3.4 Linear algebra

This section contains some enumeration results from linear algebra, rehearses
some of the standard material on alternating forms and draws out some of the
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immediate consequences for elementary abelian p-groups. Throughout this
section, g will be a power of a prime number, and F, will be the finite field
with g elements.

Proposition 3.15 Let V be a vector space of dimension d over the finite field
F,. There are

(" =1D(q"—q)--- (¢ —q"")

choices for a sequence v, v,, ..., v, of linearly independent vectors in V. In
particular,

IGL(d, 9)| = (¢" = 1)(¢* — q)--- (¢ — ¢*") < ¢*.

Proof: Assume that we have already chosen linearly independent vectors
V;, Vs, ..., Uy € V. The result follows if we can show that there are g? — ¢*~!
choices for v,. But v, can be any vector of V that is not in the (k —1)-
dimensional subspace U spanned by v;, v,, ..., v,_,. There are ¢g¢ vectors in
V and ¢*~! vectors in U, and so there are g? — ¢*~! possibilities for v, and
the first statement of the proposition follows.

The second statement of the proposition follows from the first statement
together with the observation that a d x d matrix with entries in [, is invertible
if and only if its rows are linearly independent vectors in (IFq)" . The final
inequality follows from the fact that g — ¢’ < ¢, but this bound can be seen
directly by observing that a d x d matrix is specified by choosing its d entries.

Proposition 3.16 Let V be a vector space over ¥, of dimension d. For
0<k<d, let ny, be the number of subspaces of V of dimension k. Then

I (¢'=D(q"—q)---(¢"—q"")
TG =D —q) (=g )

(3.12)

Moreover,

qk(d—k) g nd,k g qk(d—k+l). (313)

Proof: A subspace of V is determined by choosing a basis for it. By
Proposition 3.15, a basis v, v,, ..., v, for a k-dimensional subspace may
be chosen in (¢? —1)(¢¢ —q)---(¢¢ — ¢*~') ways. Each subspace U has
(¢“ —=1)(¢*—q) - -- (¢" — g*~") bases (again by Proposition 3.15), and so the
total number n,, of subspaces satisfies (3.12), as required. The bounds for
ng, given in (3.13) are obtained by noting that for 0 <i < k <d,

P
d—k < qk —qf < g+
9 —q
and so the proposition is proved.
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Since an elementary abelian p-group may be thought of as a vector space
over [F,, we have the following corollary to Proposition 3.16.

Corollary 3.17 Let p be a prime number, and let P be an elementary abelian
group of order p. Then P has exactly n, subgroups of order p*, where

" :(pd—l)(pd_p)...(pd_pk_l)
T D) (P =p) (=)

We now turn to some standard results concerning alternating forms. Let V
and W be vector spaces over a field F. Just as for abelian groups, a bilinear
map ¢ : V x V — W is said to be alternating if ¢(v, v) =0 for all v € V. Note
that ¢(u, v) = —¢(v, u) for any vectors u, v € V when ¢ is an alternating
map: to see this, expand ¢ (u+ v, u+v). If W has dimension 1 over F, we
say that ¢ is an alternating form on V.

Let ¢ be an alternating form on V. For a subspace U of V, we define
U* by

Ut={veV:¢(u,v) =0 forall uc U).

The radical R of an alternating form on V is the subspace defined by
R=V", so
R={ueV:¢(u,v)=0 forall ve V}.

If the radical R of an alternating form ¢ is trivial, we say that ¢ is non-
degenerate.

We say that a basis u;, u, ..., U,, vy, Uy, ..., 0, of V is symplectic (with
respect to the alternating form ¢) if for all i, j € {1,2,...,r},
¢(ui’ uj) = 0’
¢(v;,v;) =0 and
1 wheni=j,
Pluss vy) = { 0 otherwise.

Proposition 3.18 Let V be a finite-dimensional vector space over a field F,
and let ¢ : V xV — F be a non-degenerate alternating form on V. Then
there exists a basis u;, Uy, ..., U,, vy, vy, ..., 0, of V that is symplectic with
respect to ¢. In particular, the dimension of V must be even.

This is a standard result in linear algebra. Here is a sketch of the proof. A
symplectic basis for V may be built up as follows. Firstly choose any non-zero
vector u, € V. Since ¢ is non-degenerate, the linear map 7: V — F defined by
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7(v) = ¢(u,, v) is not zero, and so we may choose v, € V such that 7(v,) =
¢(u,, v;) = 1. It is now not difficult to show that vectors u, and v, are linearly
independent, and so they span a subspace U of dimension 2. The subspace
U+ is a complement to U in V, and the restriction of ¢ to U+ is again a non-
degenerate alternating form. A symplectic basis u,, us, ..., U,, vy, V3, ..., U,
for U+ is chosen, and the resulting basis u, uy, ..., U,, V), Vy,...,0, 1S @
symplectic basis for V. It is not difficult to show that every symplectic basis
may be constructed in this way.

Let V be a vector space of dimension 2r over a finite field F,, and let ¢
be a non-degenerate alternating form on V. We write Sp(2r, q) for the group
of all linear transformations of V that preserve the alternating form, so

Sp(2r, g) = {g € GL(V) | ¢(u, v) = ¢(gu, gv) for all u, v e V}.

Proposition 3.19 Let V be a vector space of dimension 2r over a finite field
[F,, and let ¢ be a non-degenerate alternating form on V. Then the number
of bases for V that are symplectic with respect to ¢ is

r r— r— r— 72 r
(@ =g (¢ =g (@ —Dg=q" (g7 —1)
(¢ =1 (¢ —1).

Moreover, this is the order of Sp(2r, q).

Proof: We prove the result by induction on the dimension 2r of V. When
r =0 the result is trivial. Assume that r is positive and, as an inductive
hypothesis, assume the result to be true for vector spaces of smaller dimension
than V. Consider the construction of a symplectic basis given above. There
are clearly ¢* — 1 choices for the non-zero vector u,. The kernel of the
map 7: V — F has codimension 1 and therefore contains g*~! vectors. The
possible choices for the vector v, make up a particular coset of the kernel,
and so there are ¢g*~! choices for v,. So the number of symplectic bases
for V is (¢* —1)¢*~! times the number of symplectic bases for UL. Our
inductive hypothesis now implies that the number of symplectic bases of
V agrees with the formula above. The statement follows by induction on
r. The final statement of the proposition now follows fairly easily. For let

Uy, Uy, ..oy U, Uy, Uy, ..., 0, be a fixed symplectic basis of V. Then it is easy
to see that an (invertible) linear transformation g lies in Sp(2r, ¢) if and only
if the image of u, u,,...,u,,v,,v,,...,v, under g is a symplectic basis.

So there is a bijection between the elements of Sp(2r, g) and the set of
symplectic bases of V, given by associating the element g € G with the image
of u,,u,,...,u,,v,,0,,...,0, under g.
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Enumerating p-groups: a lower bound

Let p be a fixed prime number. For any positive integer m, f(p™) is the
number of (isomorphism classes of) groups of order p™. This chapter will
show that

m 2 m2(m—
f(pm) = prm .

This bound, and the proof we shall give, are due to Graham Higman [45]. The
chapter is divided into two sections. The first section investigates a specific
class of groups that we will need in our enumeration. In fact, this class is
the set of relatively free groups in a certain variety of p-groups. Let G be a
group from this class. We will show that the isomorphism classes of certain
quotients of G are in one-to-one correspondence with the orbits of Aut G on
the set X of subgroups of the Frattini subgroup of G. In the second section,
we give an upper bound on the length of an orbit of Aut G acting on X. This
enables us to show that a large number of isomorphism classes of groups
occur as quotients of the group G, and this will provide the lower bound we
need.

4.1 Relatively free groups

Let r be a positive integer. Let F, be a free group of rank r, generated by
Xi, Xy, ..., X,. Let G, be the quotient of F, by the subgroup N generated by
all words of the form x”°, [x, ¥]” and [x, y, z]. Note that all words of the form
[x7, y] lie in N, by Lemma 3.3. The group G, is the relatively free group
in the variety of p-groups of d-class 2; see Hanna Neumann [75] for an
introduction to varieties of groups in general. A p-group G is said to have
®P-class 2 if there exists a central elementary abelian subgroup H of G such

23
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that G/H is elementary abelian. We identify the elements x; with their images
in G,. Using this identification, x, x,, ..., x, generate G,.

Lemma 4.1 Let H be a group of ®-class 2, and let y,, y,,...,y, € H. There
is a homomorphism ¢ : G, — H such that ¢(x;) =y, forie{l,2,...,r}

Proof: Since F, is free, there is a unique homomorphism ¢ : F, — H such
that ¢ (x;) = y; for all i € {1,2,...,r}. By our restriction on H, we have
N < ker ¢ and so ¢ induces a homomorphism ¢ : G, — H such that ¢(x;) =y,
forie{l,2,...,r}, as required.

Lemma 4.2 The group G, is a p-group. The Frattini subgroup ®(G,) of
G, is central of order p*""™) and index p’". Moreover, any automorphism
a € Aut G, that induces the identity mapping on G,/®P(G,) fixes (G,)
pointwise.

Proof: Since any commutator or p™ power in G, is central of order p, we
have that G?G’, is a central elementary abelian p-group. Since G,/G?G/, is
also an elementary abelian p-group, G, is a p-group.

By Lemma 3.12, ®(G,) = G?G’,, and so ®(G,) is central. It is not difficult
to show that ®(G,) is generated by the elements x! for i € {1,2, ..., r} and
[x;, x;] where 1 <i < j <r. These elements form a minimal generating set of
®(G,); we can see this as follows. Suppose there exist a¢; € {0, 1, ..., p—1}
fori=1,2,...,r and bi,je{O,l,...,p—l} for 1 <i < j < r such that

(xf’)ai 1_[ [x;, x; )P = 1. 4.1)

.
=1 I<i<j<r

1

Let H be the cyclic group of order p?, generated by an element h. Since H
has ®-class 2, Lemma 4.1 implies that for all £ such that 1 < k < r, there
exists a homomorphism ¢, : G, — H such that

1 ifiAk,
‘/’k(xl’)z{h iflzik

Under ¢, Equation (4.1) becomes (h”)% =1, and so a, = 0. Hence a, =
a,=---=a,=0. We may show that b, ; =0 for all / and j by using a similar
argument, where the homomorphism ¢ maps x; and x; to the generating
elements

1 10 1 00
010 and 0 1 1
0 0 1 0 0 1
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of the group H of 3 x 3 upper unitriangular matrices over I, and where ¢
maps all other generators to 1. Hence the generating set of ®(G,) is minimal,
and |®(G,)| = p*370.

Now G,/®(G,) is elementary abelian, and has the images of x,, x,, ..., x
as a minimal generating set. Therefore ®(G,) has index p".

Let o € Aut G, be an automorphism that induces the identity mapping
on G/G,. So there exist i, hy, ..., h, € ®(G,) such that a(x;) = x;h; for
i=1,2,...,r. Since ®(G,) is central and of exponent p,

r

a(x)) = a(x)’ = (xh)" = LB = .
Also, since ®(G,) is central,

a([xj’ x]) = [a(xj)’ a(x;)] = [xjhj’ x;h;] = [xj’ x;]-

Hence « fixes ®(G,) pointwise, as required.

Lemma 4.3 Let N, N, < ®(G,). Then G,/N, = G,/N, if and only if there
exists & € Aut G, such that a(N,) = N,.

Proof: Note that quotients by N, and N, make sense, since (G,) is con-
tained in the centre of G,.

An element o € Aut G, mapping N, to N, induces an isomorphism « from
G,/N, to G,/N,. We need to show the converse.

Letoa': G,/N;, — G, /N, be an isomorphism. Let y,, y,, ..., y, € G, be such
that &' (x;N,) = y;N,. Since G, has ®-class 2, Lemma 4.1 implies that there
exists a homomorphism « : G, — G, such that a(x;) = y;. Now, since ¢ is an
isomorphism, y;, y,, ..., y, and N, together generate G,. Since N, < ®(G,),
the elements y,, ,, ..., y, and ®(G,) together generate G, and so Lemma 3.9
tells us that y,, y,,...,y, generate G,. But the elements y; are contained in
the image of «, and so « is surjective. Since G, is finite, this implies that
a € Aut G,. Finally, we need to show that a(N,) = N,. The definition of
a shows that a(x)N, = &/(xN,) when x is one of the generators x;, and
so a(x)N, = &/ (xN,) for all x € G,. In other words, the following diagram
commutes, where the vertical maps are natural:

G, —> G

r

! o
G,/N, — G,/N,

r

It is easy to check from this diagram that a(N;) = N,, and so the lemma
follows.
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4.2 Proof of the lower bound

This section contains a proof of Graham Higman’s lower bound for the
number of isomorphism classes of p-groups of a given order.

Proposition 4.4 Let r be a positive integer, and let s be an integer such that
1<s< %r(r—i— 1). Then there are at least p%’s(’“)”z’r isomorphism classes
of groups of order p"**.

Proof: Let G, be the group defined in Section 4.1. Let X be the set of sub-
groups N < ®(G,) of index p* in ®(G,). Each subgroup N € X gives rise to
a group G, /N of order p"**. Moreover, by Lemma 4.3 the set of isomorphism
classes of groups that arise in this way is in one-to-one correspondence with
the set of orbits of Aut G, acting in the natural way on X.

Let 6 be the natural homomorphism from Aut G, to Aut (G,/®(G,)). By
Lemma 4.2, any automorphism « € ker 0 fixes ®(G,) pointwise and so acts
trivially on X. Thus ker 6 is contained in the stabiliser of every element
of X, and so the length of any orbit of Aut G, acting on X is at most
|Aut G, |/[ker 0] < [Aut(G,/D(G)))|.

We may regard G,/®(G,) as a vector space over I, and group automor-
phisms of G,/®d(G,) correspond exactly with invertible linear transforma-
tions in this setting. Hence |Aut(G,/®(G,))| = |GL(r, p)| < p~ by Propo-
sition 3.15. So every orbit on X has length at most P By Corollary 3.17,
|X| > p(2+D=95_ Hence there are at least p(2"+D=)/pr* orbits of Aut G,
on X. Thus there are at least 17%’""(”')”"2"2 isomorphism classes of groups of
order p'**, as required.

Theorem 4.5 The number f(p™) of p-groups of order p™ is at least

Proof: The theorem is trivially true in the case when m < 6. When m > 6,
define the integer s by

im if m =0 mod 3,
s = %(m—i—Z) if m =1 mod 3,
fm+1) if m=2mod3,

and define r = m — 5. Then, by Proposition 4.4,
f(pm) 2 p%rs(H»l)frzfsz 2 p%mz(m76)’

as required.
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The proof of Theorem 4.5 gives an indication as to why the constant 2/27
appears in the group enumeration function: Proposition 4.4 yields approx-
imately p%“zb’”3 groups having a Frattini subgroup of index p®” and order
p"™, and 2/27 is the maximum (at a = 2/3) of the function a”b subject to
a+b=1.
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Enumerating p-groups: upper bounds

Our aim in this chapter is to prove a good upper bound on the number f(p™)
of isomorphism classes of groups of order p™. We will establish that

f(p™) < prmEow),

The leading term is the best possible, by the results of Chapter 4. This bound,
but with the larger error term of O(m®?), is due to Charles Sims [86]. The
modification of Sims’ argument that leads to the improved error term is due
to Mike Newman and Craig Seeley [77].

Before proving the upper bound above, we give an argument that produces
a weaker upper bound, but which is much more elementary than the Sims
approach.

5.1 An elementary upper bound

The upper bound for f(p™) we give in this section is due to Graham
Higman [45]. A better upper bound, using more complex techniques, was
also given by Higman in the same paper, but he remarks of the bound
we will give ‘It seems to me surprising that an upper bound obtained
so simply should be as near the truth as [Theorem 4.5] shows that this
must be’.

The strategy of the proof is to show that any group of order p™ has a
presentation of a restricted type, and then to give an upper bound for the
number of such presentations. This is also the basic strategy used to prove the
Sims bound, but Sims uses a class of smaller presentations, thus improving
the upper bound but at the expense of having to use more sophisticated
arguments.

28



5.1 An elementary upper bound 29

Theorem 5.1 Let p be a prime number and let m be an integer such that
> 1. Then

Lm3_m
f(p™) < pstm=m,

Proof: Let G be a group of order p”, and let G = G(0) > G(1) > --- >
G(m —1) > G(m) = {1} be a chief series for G. Thus G(i) is a normal
subgroup of G of index p' in G.

For 1 <i<m,let g € G(i—1)\ G(i). Then every element g € G may be
written uniquely in the form

§=28'8 g (GRY)
where @, a,, ..., @, €{0,1,..., p—1}. Moreover, for i > 1 we have that
geG@)ifandonly if ¢, =a,=---=a; =0.

We have that g7 € G(i) since G(i —1)/G(i) has order p. Hence for 1 <
i < m there exist 8; .1, Biiy2r---> Bim € {0, 1,..., p—1} such that

Bii+1 Bii Bim
g =&y1 8its &m” (5.2)

Now G(j—1)/G(j) is central in G/G(j) since it has order p and is a
normal subgroup of the p-group G/G(j). Hence the commutator [g;, g;] lies
in G(j) for all integers i and j such that 1 <i < j < m. Therefore we may
write

Yi, Yi, Yi.jm
[g]’ gl] g]+/1j+lg]+/2j+2 o 'gmj (53)
for some elements vy, ;, € {0,1,..., p—1}.
It is not difficult to verify that the generators g;, g,, ..., g,,, the relations

(5.2) for 1 < i < m and the relations (5.3) for 1 <i < j < m form a presentation
for G. (This is a so-called power-commutator presentation for G.) To verify
the relations do form a presentation, it is only necessary to verify that the
product of two words in normal form (5.1) can be brought into normal
form using the relations given. This can be done by one of the collection
processes used in computational p-group theory. See Sims [87] for a detailed
discussion of such processes. One method goes roughly as follows. Given
the product of two words in normal form, all occurrences of the generator
g, can be moved to the far left, using the relations (5.3) with i = 1. The
resulting power of g, can then be made to lie in the correct range by using
(5.2) with i = 1. This process results in a word of the form g'g, where
g is a word in g,, g5,...,8,- The process is then repeated with g and the
generator g,. After m applications of this process, the result is a word in
normal form.
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As the relations (5.2) and (5.3) form a presentation for G, the isomorphism
class of G is determined by the values of the elements 3, , where 1 <i <k <m
and v, ;, where 1 <i < j <k < m. There are at most p choices for the values
of each of these é(m3 — m) elements, and so the number of isomorphism
classes of groups of order p™ is at most p%(’"3’”1), as required.

5.2 An overview of the Sims approach

We need to improve the leading term of the upper bound given in Section 5.1.
This is achieved by reducing the number of relations in our presentation for
a group G of order p™, by choosing the set of generators for the group more
carefully. In the bound of Section 5.1, the power relations are specified by the
elements 3, , where 1 <i < k < m. Since there are at most p%m(’"“) choices for
the elements B, ;, the power relations do not affect the leading term of the enu-
meration function, and so we must concentrate on choosing the presentation
of a group G in such a way that the number of commutator relations we need
is reduced as much as possible. To this end, the role of the chief series of G in
the previous section will be taken by the lower central series G,, G,, ... of G.
This will allow us to make more detailed use of the commutator structure of
the group.

We define the Sims rank s(G) of a p-group G to be the smallest non-
negative integer s such that there exists H < G with s generators such that
G, = H,G;. (Recall that, by Proposition 3.8, this condition on H implies that
H, = G, for i >2.) We will show that when the Sims rank of a p-group is
large, there are comparatively few possibilities for G/G5. When the Sims
rank is small, there are comparatively few possibilities for G once G/G; is
fixed. This trade-off will be used to prove the upper bound on the number of
groups of order p” that we are seeking.

The proof is divided into three parts, each contained in one of the next three
sections. Firstly, we will concentrate on bounding the number of possibilities
for G/G; when the Sims rank s(G) is fixed. It is the number of possibilities
for the commutator structure of G/G; that is important, and we consider
a ‘linearised’ version of the problem of counting the possible commutator
structures that can arise. Secondly, we use our analysis of this linearised
problem to show that we may always choose a presentation for G to have
a special form, that has fewer commutator relations when compared with
Higman’s approach above. Finally, we give an upper bound for the number
of groups of order p” by bounding the number of choices for the presentations
of this special form.
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5.3 ‘Linearising’ the problem

Let V and W be vector spaces over some field. Recall from Chapter 3 that
amap [,]:V xV — W is alternating if it is bilinear and if [x, x] =0 for
all x e V. Let U, and U, be subspaces of V. We define [U,, U,] to be the
subspace of W spanned by all vectors of the form [x, y] where x € U, and
yeU,.

A p-group G naturally gives rise to an alternating map as follows. There is a
natural function ¢ : G x G — G,/G,P(G,), where (x, y) € G x G is mapped
to [x, y]G;®(G,). The facts that [G,, G,] = G; and that [g?, h] = [g, h]” mod
G, for all g, h € G imply that multiplying x and y by elements of ®(G) does
not change ¢(x, y), and so ¢ induces amap [, |: (G/P(G)) x (G/P(G)) —
G,/G;P(G,). Now, both G/P(G) and G,/G,P(G,) are elementary abelian
p-groups, and so we may think of them as vector spaces V and W over IF,. It
is not difficult to verify that [,]:V x V — W is bilinear and that [x, x] =0
for all x € V. Moreover, the Sims rank of G is s if and only if s is the minimal
dimension of a subspace U of V such that [U, U] = W. (This follows since a
subgroup H of G has the property that H,G; = G, if and only if the image
U of H under the natural homomorphism from G to V has the property that
[U, U] = W.) The aim of this section is to give a bound on the number of
possibilities for the map [, ] and some structural information about this map,
if we know the Sims rank of G.

Proposition 5.2 Let [,]:V xV — W be an alternating map, and suppose
that [V, V] = W. Suppose dim W > 0. Let U be a subspace of V of minimal
dimension subject to the property that [U, U]l = W. Then U has a basis
Xys Xy, ..., X, such that if we define V; = (xy, x5, ..., x;) then for l <i<s—1

[x; xi+1] [V, Vil.

Proof: Define s = dim U. We show by induction that there exists a basis

Xy, Xy, ..., X, of U satisfying the proposition, the inductive hypothesis being
that there exists a (linearly independent) set x,, x,, ..., x, € U such that
[xi, X, ] €[V, V] forallie {1,2,...,k—1}. (54)

The hypothesis is clearly true when k = 2, for since dim W> 0 and [U, U] =W
we have that dim U > 2 and there exist x,, x, € U such that [x,, x,] # 0.

To prove the inductive step, suppose that 2 < k < s and there exists a
linearly independent set y,, y,, ..., y;_; € U such that

s Vit L €[5 Vs o5 ) 5 V15 Yoo w5y ] forall i € {1,2, ..., k—2}.
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For any i € {1,2,...,k— 1}, define U, = (y,, y,,..., ;). We consider four
cases:

e There exists x € U\ U,_, such that [y,_;, x] € [U,_,, U,_;]. In this case,
setting x; = y; for 1 <i < k—1 and setting x, = x, we see that (5.4) holds.

o [yi_1,x] €U, U] for all x e U\ U,_,, but there exists x € U\ U,_,
such that [y;, x] & [U,_,, U,_,] for some j € {1,2,...,k—2}. Set x; =y,
forall i e {1,2,...,k—2}, set x,_, = y,_; +; and set x;, = x. Note that
V.=U, = (x|, x5, ..., %;) whenever i < k— 1. Hence [V,,V,] = [U,, U]
whenever i < k—1 and so (5.4) clearly holds when i < k —2. But (5.4)
also holds when i = k —2:

(X5 X1 ] = V2 Veor ]+ 2o )’j] & [U, U]

since [y, o, ye1] € [Us—2» Uy 5] and [y, 5, y;] € [U; ;. Uy, ]. Furthermore,
(5.4) holds when i =k —1:

[Xe—15 X ] = [Vior» X] + [)’j’ x] €Uy, Uiy ]

since [y;_;, x] € [U_y, Uy_;] and [y;, x] & [U,_,, U;_;]. Hence (5.4) holds
in this case.

e Suppose that the above two possibilities do not occur. So we have that
[U,_;, Ul =[U,_,, U,_,] and there exist x,y € U\ U,_, such that [x, y] &€
[U,_,, U,_,]. Suppose further that

[Vk—2s Vict ]+ [Vie2» X] € [Up_as Ui s ]

This implies that [y,_,, x] € [U,_,, U,_,]. Set x;, =y, for all i € {1, 2,.
k—2},setx,_,=xand x, =y.So V; = U, for 1 <i< k—2.Now, (54)
clearly holds when i < k—2, and also in the case i = k — 2 since [y,_,, x] &
[Ui_s, U,_,]- To see that the case i = k — 1 also holds, we observe that

[kal’ Vk—]] - [Uk—Z’ Uk—Z] [Uk 25 Xg— l] [Uk 1> Uk I]

Since [x, y] € [Ui_,> U,_,], (5.4) holds in the case when i = k — 1.
e Finally, we suppose that [U,_,, U] = [U,_,, U,_;] and there exist x,y €
U\ U,_, such that [x, y] & [U,_,, U,_,] and such that

[Ve—2s Yimt] =+ Diezs X] € [Upss Uis]
Set x;, =y, forall i e {1,2,...,k—2}, set x,_; = y,_, +x and set x, = y.
Again, it is clear that (5.4) holds when i < k —2. Since V,_, = U,_,
and [x_o, 1] = V2 eor ]+ Dz ¥] € [Ui 2, Ug 5], (5.4) holds when
i =k —2. Finally,

Viets Vicll S Ui, Ui 5]+ Uiy iy + X1 S [Uyy, U],
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and so the fact that [x,_,, x.] = [y, ¥] + [x, ¥] implies that (5.4) holds
when i =k—1.

The proposition now follows by induction on k.

Corollary 5.3 Let V and W be vector spaces over some field, and let [, ] :
V x V — W be an alternating map such that [V, V] = W. Then there exists a
subspace U of V such that [U, Ul =W and dim U < dim W + 1.

Proof: The corollary is trivial when dim W = 0, so assume that dim W > 0.
Let U be a subspace of V of minimal dimension subject to the property that
[U, U] = W. Proposition 5.2 shows that U has a basis x, x,, ..., x, such that
the s — 1 vectors [x,, x,], [x5, %3], ..., [x,_;, x,] form a linearly independent
set in W. Hence dimU — 1 < dim W and so dimU < dim W + 1.

Corollary 5.4 Let V and W be vector spaces over some field, and let [, ] :
V xV — W be an alternating map such that [V, V] = W. Let s be the smallest
integer such that there exists an s-dimensional subspace U of V such that
[U, Ul = W. Then for any subspace K of V,

dim[K, K] <dimK +dimW+1 —s.

Proof: The map [, ] induces an alternating map [,] : V x V — W/[K, K].
Since [V, V] = W/[K, K], Corollary 5.3 implies that there is a subspace L of
V such that dim L < dim(W/[K, K])+ 1 and [L, L] = W/[K, K]. But now,
[K+L,K+L]=W. Thus

s <dim(K+L) <dimK+dim L < dimK +dim W —dim[K, K]+ 1
and the corollary is proved.

We have established some information about the structure of alternating
maps arising from p-groups with Sims rank s as defined on p. 30. The
following proposition uses this information to provide two upper bounds on
the number of such maps. Each bound is good in certain situations, but both
bounds must be used together to provide the approximations we require. The
idea of using bounds on the number of alternating maps in this way is the
contribution of Newman and Seeley.

Proposition 5.5 Let V and W be vector spaces over ¥, of dimensions r; and
r, respectively, and let s be a positive integer. Let N,(ry, r,, ) € R be such
that p™»\""9) is the number of alternating maps [,]:V x V. — W for which
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there exists an s-dimensional subspace U of V with the property that [U, U] =
W, but no (s — 1)-dimensional subspace U, exists such that [U,, Uy] = W.
Then

Np(rl’ 1y, ) < %”12(”2_ (s—1)+0((r, +”2)8/3) and (5.5)
Np(rl’ 1, 5) < %r%(rz —(s=1)+ %"1’"2(5_ 1)+ O((ry +"2)5/2)- (5.6)

Proof: We begin by proving the bound (5.5). Define f = |r’*| and define
g=1[r/f]. Let x;,x,,...,x, be a basis of V. Note that the map [, ] is
determined by [x., x,] where 1 < k < £ < r,. Since there are at most p”
choices for each vector [x;, x,], we have (trivially) that the number of maps
of the form we are looking for is at most p(g)’z When s < 2r12/ 42, this
bound implies (5.5) and so we may assume that s > 2;’12 Py,

Define subspaces Vi, V,, ..., V, of V by

V.= <x(i71)f+l’ Xi—1)f425 =+ > x(ifl)f+f>
forie{l,2,...,g—1} and

Ve = (eonypans Xgonpaas 0 )

For all integers i and j such that 1 <i < j<g, dim(V;+V;) <dimV,+
dim V; < 2f and so Corollary 5.4 implies that

dim[V,+V, V,+ V] <2f+n+1-s5s<n,

the last inequality coming from the fact that s > 2r12/ ’ 4+ 2. For all integers
i and j such that 1 <i<j<g, let W; be a (2f +r,+ 1 — s)-dimensional
subspace of W containing [V, +V;, V,+V,].

We may now obtain the bound (5.5) as follows. Proposition 3.16 shows
that the number of subspaces in a vector space of dimension r, over F, is at
most p’z2 (the bound clearly holds when d = 0, and the upper bound of the
proposition implies this bound whenever d > 1). So there are at most p’22 ©)
choices for the subspaces W;;. Once the subspaces W;; have been fixed, there
are at most p*/ 2= ch01ces for each image [x;, x,], since x, x, € V;+V; for
some integers i and j such that 1 <i < j < g and then [x, x,] € Wi;. Hence,
once the subspaces Wi have been fixed, there are at most p(g)(zf +ry+l=s)
choices for the map [, ]. Now, f =ri"> +0(1) and g = r” + O(1). Hence

pr29) is bounded above by

PDCf+r+1-5)+12 (i) = p(Da 0,

This establishes the bound (5.5).
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We now establish the bound (5.6). We will use the same techniques as
in the proof of the bound (5.5), except our choice of f will differ and
our counting argument changes slightly. When s < 2rl1 242, the trivial upper
bound of p(rzl)’z implies the bound (5.6). So we may assume that s > 2}’1l 242,
Let f = |r*| and define g = [r,/f]. We choose a basis x,, x,, ..., %, and
define subspaces V; and W;; just as before. Note that W;; is well-defined, since
rn—s+14+2f<r,.

By Proposition 3.16, the number of d-dimensional subspaces of W is

bounded above by p2~4+D4_ Hence the number of possibilities for each sub-

space W, is at most p(2=(2=sHIH2NFNmt N2 — p(=2N(=sH1H2D) | Just as
before, there are (‘;) subspaces Wij, and once these subspaces have been
chosen there are at most p™~*+'*2/ choices for each of the (1) images
[x, x,] with 1 <k < €< r. So pM(1:29 is bounded above by p to the

power
(i)(s—2f)(r2—s+1+2f)+(g)(rz—s+1+2f).

But f =r">+0(1) and g = r;’* + O(1), and so the bound (5.6) follows.

5.4 A small set of relations

In this section we show that we may always find a presentation for a p-
group G of a restricted type. Our eventual enumeration in the next section
will depend on the fact that there are comparatively few possibilities for
presentations of this sort.

We begin by choosing our generating set for G and finding a collection of
relations this set satisfies. We then prove that we have a presentation for G.

Let G be agroup of order p”. Let G=G, >G,>--->2G, > G, ={1} be
the lower central series of G. Define integers ry, r,, ..., r. by setting r; to be
the rank of G,;/G,,,. Define V= G/®(G) and W = G,/G;P(G,). The char-
acterisation of the Frattini subgroup of a p-group given in Lemma 3.12 implies
that dim V = r; and dim W = r,. We choose a basis {x;} for V and a basis {y;}
for W as follows. As before, the process of forming commutators in G induces
an alternating bilinear map [, ]: V x V — W. Let s be the Sims rank of G. Let
U be a subspace of V of minimal dimension such that [U, U] = W, then U has
dimension s. By Corollary 5.3 we have that s < r, + 1. By Proposition 5.2,
there exists a basis x;, x,, ..., x, of U such that for all i € {1,2,...,s—1},
[x: x;1] €[V;, V], where we define V; = (x|, x,, ..., x;). Define

W, =[V;. V,] and d, = dim WV,
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Note that 0 =d, <d, < --- <d, =r,. Define d, = 0. Choose a basis
YisYar oo ¥y, for Wosuch that W, = (y,, y,,...,y,) for all i € {2,3,...,s}.
Now

W= Wiy, [x, )5 [x0, x5 -5 [xisys xi0)

and so we may in addition choose the vectors y; to have the following
property: there exist integers f(1), f(2), ..., f(r,) such that

¥; =[x, x;] where 1 < f(j) < i whenever d;_; < j <d,. (5.7)
Finally, we extend x|, x,, ..., x, to a basis x, x,, ..., X, of V.
Let g1, 815+, 81, be representatives of x;,x,,...,x, in G. Define

Q1> 82 -+ > &y, DY setting g, = [g4)> &;] Whenever d;_; < j < d;. Note
that g,; is a representative of y; in G. Define H to be the subgroup of G
generated by g,;, 812, ---, &1, NOow H,, the second term in the lower cen-
tral series of H, contains all the elements g,;. Since yj, y,,...,y, generate
G,/G;P(G,), we have that H,G; = G, and so Proposition 3.8 shows that
H =G, foralli>2.

For i€ {3,4,...,c}, let g, gn, -, &, € G be chosen so that G;/G,,, is
generated by g,G..,8,Git1s-- -5 81, Gy Since G; = H; when i > 2, we
may choose (by Proposition 3.7) g;; = [y &¢] for some k and ¢ where
1 <k<r_;and 1 < £ <s. In fact, we claim that when i = 3 we can choose k
such that d,_, < k. To show that we may do this, it suffices to prove that every
commutator in the set {[gy, g;,] | 1 <€ <5, 1 <k <y} lies in the subgroup
L generated by G, and the set {[g,;, g;/]| 1 <{€<sand d, , <k<r}. Leta
be an integer such that 3 < a < s and assume (as an inductive hypothesis) that
we have shown that [g,,, g,,] € L whenever 1 < ¢ <a and 1 < k < r,. Since
dy = d, =0, the hypothesis is true when a = 3. We show that [g,;, g,,] € L
whenever 1 < k < r,. When k > d,,_,, the commutator [g,, g;,] lies in L by
the definition of L so we may assume that 1 < k < d,_,. But in this case (5.7)
implies that g, = [g; s> &1;] where 1 < f(k) <i<a—1, and so

(824> &1a] = [glf(k)v g1i> 814l
=811 81> &1 50)) ' (814> 81 51y» &1;] ' mod G,

Now, modulo G, the commutators [gy;, g;,] and [g,, &) ] are equal to a
product of the elements g,;. Since f(k) < a and i < a our inductive hypothesis
implies that the expression above is an element of L modulo G, and hence,
since L contains G,, we find that [g,, g,,] € L, as required. Hence, by
induction on a, our claim follows.

We have now chosen our generating set for G. We now exhibit a collection
of relations that these elements satisfy.
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For1<i<cand 1< j<r,leta(i, ) be the smallest positive integer such
that g ” . /) € (Giy1» 8> 825 -+ +» 8ij—1))- Note that every element g € G may
be wrltten uniquely in the form

1,1 1,2 1 2,1
g=gi\"egis gl gl L gelens)

where 0 < e(i, j) < p*‘/). In the following, we will abbreviate this product to

[Te™, 1<i<e, 1<j<r,

Note that g € G; if and only if e(u, v) = 0 whenever u < i. This implies that

|G| = pzﬁ:i Ty a(uv)

In particular, since |G| = p™,

ZZa(u v) = (5.8)

u=1v=1

Note that (5.8) and the fact that the integers a(u, v) are positive implies that
forany i € {1,2,...,c},

Zia(a,v)ém—rl—rz—-n—ri. (5.9)

u=i+1v=1

For all integers i and j such that 1 <i < c and 1 < j < r;, define integers
b(i, j, u, v) by

el

g =Tlgt ), 1<u<e, 1<v<r,

u

(5.10)

Similarly, for all i, j and k such that 1 <i<¢, I <j<rand 1 <k<ry,
define the integers c(i, j, k, u, v) by

gz]7g1k l_lgc(l]kuv) 1<u<C 1 v\ru' (511)

Note that b(i, j, u, v) = 0 whenever u < i and whenever u =i and v > j.
Moreover, c¢(i, j, k, u, v) = 0 whenever u < i.

We have defined a generating set for G and a collection of relations that
these generators satisfy. We now show that a subset of these relations (together
with the integers p, ¢, s, d; and r;) suffice to define the isomorphism class of
G uniquely.



38 Enumerating p-groups: upper bounds

Theorem 5.6 The isomorphism class of the group G is determined by the

integers p, ¢, 8, 1\, ¥y, ..., T, do, dy, ..., d together with the integers
a(i’j) 1<i<c,1<jgri;
b(i,ju,v)  1<i<c, 1<j<r, i<u<e, 1<v<r,;

1<

c(l,jkyu,v) 1<j<k<r,2<u<c, 1<v<r,;
c2,jkyu,v) 1<k<s, dy_1<j<r,3<u<c, 1<v<r,;
c(i, jkyu,v) 3<i<ec, 1<j<r, 1<k<s, i<u<e, 1<v<r,
Proof: We will show that any group G of nilpotency class at most ¢ generated
by the set of elements {g;11<i<ec, 1<j<r} and satisfying the relations
(5.10) when 1 <i<e, 1 <j<r and the relations (5.11) when i = 1 and
l<j<k<r1;wheni:2, 1<k<sandd,_; <j<r;and when3 <i<ec,
1 <j<rand 1 <k < s has order at most p™. This is sufficient to prove the
theorem, for suppose L and M are groups that give rise to the same collection
of integers. Since L and M each possess a generating set that satisfies the
above relations, both L and M are isomorphic to quotients of G. Moreover,
L and M have order p™, by (5.8). If G has order at most p™, we have that L
and M must in fact be isomorphic to G, and so L and M are isomorphic.

To show that G has order at most p”, let H < G be the subgroup generated
by {11 &12» - - - » &5} Define subgroups H,, H;, ..., H. by

H=({g,lisu<c I<v<r})

and define H, , = {1}. For u > 2, the relations we are given include those
defining each g,, as a commutator and so we may write each element g,, as
a commutator of length u in g, 815, - - -, &;,- Hence

GZH>H,>H;>--->2H.2H.,={l}.

Moreover, since G has nilpotency class at most ¢ and the generators of H,
may be represented as commutators of length ¢, we have that H, is central in
G and so in particular H, is normal in H.

As the notation suggests, the subgroups H; are the terms in the lower
central series for H. However, we do not prove this. We do, however, wish
to show that H;/H, , is central in H/H, , for all i such that i >> 2. Suppose
firstly that i > 3 and we have shown that H,,, is normal in H. (This is
certainly true when i = ¢ — 1, since H, is normal even in G.) The relations
(5.11) that we are given include those that imply that H;/H,_, is centralised
by g Hy i, 82Hys-..,8,H,, and so H;/H; , is central in H/H, ; in
particular H; is normal in H. Induction on ¢ —i now shows that H;/H,, is
central in H/H,_, for i > 3. It remains to show that H,/Hj; is central in H/Hj.
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Assume, as an inductive hypothesis, that
H,/H, is centralised by g,,Hs, 81,15, ..., 81s—1)H3-

This hypothesis is true when 2 < a < 3, for since d, = d, =0 it is implied
by the relations (5.11). For our inductive step, it is sufficient to show that
(220> 81.] € H; for 1 < £ < r,. This is implied by our commutator relations
when £ > d,_,, and so we may assume that 1 < £ < d,_,. One of the given
relations (5.11) is the equality

&0 = 8115 gly]

where 1 < x <y < a, by our choice (5.7) of the generators g,;. We claim that
for any i € {1,2,...,n}, [g, (&1, &1.]] € H3. When i>d, ,,
from our given commutator relations. But when i < d,_,, the commutator
relation (5.7) shows that g,; = [g,,, &;,] Where 1 <u <v<a—1. By our
inductive hypothesis, g,,H, and g, ,H, centralise H,/H,, and so [g,,, &,,]1H;
centralises H,/H;. Since one of the given commutator relations expresses
(81> &1.] as a product of elements in H,, this implies that [g,;, [g,, &1.]] € H;
for all values of i and so our claim follows. Now

this follows

gfalgzegla = 81_(11 (812 gly]gla
= [g;alglxgla’ g;alglygla]
= [glx[glx’ gla]’ gly[gly’ gla]]'

Since [g,,, g1,] € H,, this element commutes with g, and g;, modulo Hj
by our inductive hypothesis and commutes with [g,,, g;,] modulo Hj; by the
claim we proved above. Hence,

81_a182zg1a = [&1.> gly[gly’ 81,]] mod Hj.

But [g,,, 81,] € H,, and so commutes modulo H; with g;, and g, by our
inductive hypothesis. Therefore

g;llgzegla = (g1 gly] = &, mod Hj,

so g, centralises H, modulo Hj, as required. Thus, by induction on a, H,/H,
is central in H/H,.

The given commutator relations directly imply that H/H, is abelian, that
H is normal in G and that G/H is abelian, hence the quotients of consecutive
terms in the sequence

G>H>H,>Hy>>H,>1

c
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are abelian. But now the relations (5.10) imply that
|H,/H,, | < pXi=19C),
|H/H,| < p==1°1) and
|G/H| < pEimn 1),

Hence |G| < p=i=1Z/14G) = pm and so the theorem follows.

5.5 Proof of the upper bound
This section completes the enumeration of p-groups by providing an upper

bound on the number of isomorphism classes of groups of order p”.

Theorem 5.7 Let p be a prime number. Then

f(pm) g p%m3+0(m5/2) .

Theorems 4.5 and 5.7 combine to produce the following theorem.

Theorem 5.8 Let p be a prime number. Then

m 23 m5/2
f(p™) = prm o,

Before embarking on proving Theorem 5.7, we give the following elementary
lemma.

Lemma 5.9 Let n be a positive integer. Then there are exactly 2"~ ordered
partitions of n.

Proof: An ordered partition of n is produced by taking the expression

(I+1+1+--+1)=n

and grouping the terms of this sum by replacing some of the ‘+’ signs by
Y+ (. There are n— 1 plus signs in this expression, and so there are 2"~!
ways of adding brackets. So the number of ordered partitions of n is 2"~

Corollary 5.10 Let n be a positive integer. The number p(n) of (unordered)
partitions of n is at most 2",



5.5 Proof of the upper bound 41

Proof of Theorem 5.7: Let a prime p and a positive integer m be fixed.
The previous section showed that the isomorphism class of a group of order
p'” is determined by a certain collection of integers, namely the integers

s, r;, d;,a(i, j), b(i, j, u,v) and c(i, j, k, u, v). We will provide an upper
bound on the number of choices for these integers. We start by showing
that there are relatively few choices for the integers c, s, r;, d;, a(i, j) and
b(i, j, u, v), and so we need to concentrate on finding a good upper bound for
the number of choices for the integers c(i, j, k, u, v) to provide a good upper
bound on the number of p-groups of order p™.

The sum o =r +r,+---+r. is such that 1 < o < m. The integers
Ty, ty, ..., 7. form an ordered partition of the integer o with ¢ parts, and
so once o is fixed the number of choices for ¢ and r, r,, ..., r. is at most
equal to the number of ordered partitions of o. Lemma 5.9 shows that the
number of ordered partitions of o is 2°7!. Since 1 < o < m, there are at
most > 7', 29-1 choices for ¢ and Ty, Fy, ..., F., Which is less than 2”". The
integers d, —d,,dy;—d,, ..., d,—d,_, form an ordered partition of r,, since
the integers d; are strictly increasing. Moreover, since d, = d, = 0, the inte-
gers d; and s are determined by this partition. So, again using Lemma 5.9,
the number of choices for s and d, d,, ..., d, is at most 227! < 2"~!, The
integers a(i, j) are positive and sum to m, and so the number of choices for
a(i, j) is at most the number of ordered partitions of m. Hence there are at
most 2"~! choices for the integers a(i, j). Finally, to count the number of
choices for the integers b(i, j, u, v), note that 0 < b(i, j, u, v) < p*™? and so
there are at most p“C“?) choices for each integer b(i, j, u, v). When i and j
are fixed, the number of choices for the integers b(i, j, u, v) is at most

l_[ Hpa(u ) pZ;—; Yoty a(u) <p ot Xty a(uy) p".

i vl
Thus there are at most p™ choices for the integers b(i, j, u, v) when i and j
are fixed. But there are at most m choices for the integers i and j, for once i
has been chosen there are r; choices for j, and > i_, r; < m. So there are at
most p'" choices for the integers b(i, j, u, v).

In summary, the number of choices for the integers c, s, r;, d;, a(i, j) and

b(i, j, u, v) is bounded above by

mn~m— m— m2
ampm=igm=lp

and this is much less than our error term of po(’”m). Hence to prove the upper

bound we require, it suffices to provide a good upper bound on the number
of choices for the integers c(i, j, k, u, v) once the integers s, c, r;, d;, a(i, j)
and b(i, j, u, v) have been chosen.
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We need to choose the integers c(i, j, k,u,v) when i =1 and 1 < j <
k<r;wheni=2 1<k<sandd, , <j<r;when3<i<c, 1 <j<
r, and 1 < k <s. In all these cases, i <u < ¢ and 1 < v < r,. For each
choice of i, j, k, u, v, we know that 0 < c(i, j, k, u, v) < p*®¥ — 1. Now, the
integers c(1, j, k, 2, v) mod p determine the map [, ]: V x V — W defined in
Section 5.4, and so we may choose the integers c(i, j, k, 2, v) subject to the
additional condition that the minimum dimension of a subspace U of V such
that [U, U] = W is s.

In the notation of Proposition 5.5, there are p™ (129 choices for a map
[,]: VxV — W such that the minimum dimension of a subspace U of
V satisfying [U, U] = V is s. Once this map has been chosen, the values
c(1, j,k,2,v) mod p are determined, and so the number of choices for the
integers ¢(1, j, k, 2, v) is at most

i 4 n ” r
N, (r1,72,5) l_[ 1_[ l_[pa(Z,v)—l — pr(r],rz,s)+(21)((ZL.:]a(2,v))—r2)’ (512)

j=1k=j+1v=1

since there are ( ) choices for j and k. Similarly, the number of choices for
the integers c¢(1, j, k, u, v) where u > 3 is at most

I 11 H [Tp = p( T Xty aten, (5.13)

Jj=lk=j+1u=3v=I1

So, from (5.12) and (5.13), the number of choices for the integers ¢(1, j, k, u, v)
is at most

p Ny (g )+ () [(Zome Tty alu)) =12 ] <p Ny (r1,r2,8)+ () (m—ry = ’2)

the final inequality following from (5.9) with i = 1.

We now give an upper bound on the number of choices for the integers
c(i, j, k, u,v) when i > 1. When i, j and k are fixed, the number of choices
for the integers c(i, j, k, u, v) is at most

li[ ﬁpa(u,v) < pm_"l_’z—~»—r,.,

u=i+1v=1
by (5.9). When i > 3, there are sr; choices for j and k and so there are at
most

sri(m—ry—ry—--—r;)

P

choices for the integers c(i, j, k, u, v). When i = 2, there are r, —d,_, choices
for j once k is fixed. Since the sequence d,, d,, ..., d, is strictly increasing
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and non-negative, we have that d,_, > k —2 whenever k > 2. Hence, since
d, =0, we find that the number of choices for j and k is

sry— Y di_y=sr,— ) d_,
k=1 k=2
<sry— )Y (k=2)
k=2

(%)
=57, — 5, )

p("z—(sil))(m—rl—rz)

and so there are at most

choices for the integers ¢(2, j, k, u, v).
Thus the number of choices for the integers c(i, j, k, u, v) is at most p to
the power M, where

M=Np(r1,rz,S)+<2>(m—r1 — 1)+ (srz— (s;l)) (m—ri—r,)

c
+> sr(m—r —r,—---—r).
i=3
Now ri(m—rj—---—r) <X (m—r —---r,_; —j) and so

Ssrm—r =ty = =) <SY Y (m—ry = =1 = )
i=3

i=3 j=1

r3trytetre

=s Y. (m—r—r,—k)

k=1
m—ry—r

<s Y, (m—ri—r,—k)

k=1

(m —r - r2>

= )
2

1
Mng(”h”z’S)‘f‘E"lz(m_”l_"2)

So we find that

+((s—l)r2—%(s—l)2> (m—r—ry) (5.14)

3= Dm =1, =) +0(m?).
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We need to show that this upper bound for M is at most Zm?*+ 0(m5/ ). We
consider two cases, depending on the size of r;. Suppose that r, > 10m By
the upper bound (5.6),

1 1
M < S m=r = (s= D)+ 3nn(s—1)

(6= 506 1)2) (m—r—r,)

+ %(s— ) (m—r, —r,)*+0(m*?).

Setting x =r,/m,y=r,/m,z=(m—r,—r,)/m and u = (s —1)/m, we need
to show that the function A(x, y, z, u) defined by
1 1 1 1
zxz(z +y—u)+ Exyu + <uy — §u2> 7+ Euzz
is at most = when X,, Z, u are non-negative and satisfy x+y+z=1,u <y
and x > 10 ThlS may be shown using standard techniques—see Lemma A.1
in Appendix A for details.

Now suppose that r; < m The bounds (5.5) and (5.14) combine to show
that

M< %rﬂm—rl ==+ (6= D= 6= D) =)

F s D)0m—r— )+ 0™,

As before, define x =r/m,y=r,/m,z=(m—r—r,)/mandu=(s—1)/m
and let B(x, y, z, u) be defined by

B(x,y,z,u) = %xz(z+y —u)+ (uy— %u2> 7+ %uzz.
It is not difficult to show that the maximum value w of B(x,y, z, ) on the
region deflned by x>0,y>0,z=20,u>0, x+y+z=1, u<min{x, y}
and x < 10 is strictly less than (see Lemma A.2 in Appendlx A). But this
implies that M < ,um —i—O(mg/’) < £m?+0(m*?) when r; < £m. We have
shown that M < Zm?*+O(m*?) whatever the value of r,, and so the theorem
follows.
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Some more preliminaries

This chapter contains material that we will use in the proof of Pyber’s upper
bound on the number of soluble groups of order n. Section 6.1 contains results
on Hall subgroups and Sylow systems of soluble groups and Section 6.2
deals with the Fitting subgroup of a soluble group. Section 6.3 concerns itself
with primitivity in permutation and linear groups, and also contains a result
bounding the number of generators of a permutation group.

6.1 Hall subgroups and Sylow systems

Let G be a finite group. A subgroup H of G is said to be a Hall subgroup if
|H| and |G : H| are coprime. Let 7 be a set of prime numbers. A subgroup
H of G is a Hall m-subgroup if |H| is a 7 number (a product of primes in
7r) and |G : H| is a 7’ number (a product of primes not in ).

Theorem 6.1 Let G be a soluble group of order p}'---p.*. Let r be an
integer such that 1 < r <k and let m={p,, p,, ..., p,}. Then:
(i) The group G has a Hall -subgroup (of order p{"--- p®).
(ii) Any two Hall -subgroups are conjugate in G.
(iii) Any m-subgroup of G is contained in a Hall m-subgroup.

Proof: The proof is by induction on |G|. The theorem is trivial when |G| =1,
so we may assume that |G| > 1 and that the theorem is true for all groups of
order less than |G|. We must show that the group G satisfies properties (i),
(ii) and (iii) of the theorem.

Let M be a minimal normal subgroup of G. Since G is soluble, |M| = p®
for some prime p dividing n. Applying the inductive hypothesis to G/M
we find that G/M has a Hall m-subgroup K/M. Further, all such subgroups

47
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are conjugate in G/M and any m-subgroup of G/M is contained in a Hall
m-subgroup of G/M. The proof is now divided into two cases.

The first case is when p belongs to 7. In this case K is a Hall 7-subgroup
of G, and so property (i) of the theorem follows. If H is any Hall 7r-subgroup
of G then H contains M (since HM is a m-group). Moreover, H/M is
a Hall m-subgroup of G/M and so our inductive hypothesis implies that
(gM)~'(H/M)(gM) = K/M for some gM € G/M. But this means that K =
g 'Hg. Thus we have shown that property (ii) follows. Finally, suppose that
L is a m-subgroup of G. Then LM/M is a m-subgroup of G/M and so
is contained in a Hall m-subgroup H/M of G/M. But then H is a Hall
mr-subgroup of G, and L < H. Thus (iii) follows, and we have established the
inductive step in this case.

The second case is when p does not belong to 7. Then |K/M| and |M| are
coprime. The Schur—Zassenhaus theorem implies that there is a complement
H for M in K and any two complements are conjugate in K. (We will prove
this in Chapter 7, Corollary 7.17.) But then |H| = |K/M]| and so H is a Hall
mr-subgroup of G, and so property (i) follows. Let H, be any Hall 7-subgroup
of G. To establish property (ii), it is enough to show that there exists a
conjugate H, of H, that lies in K. (For then H, is a complement of M in K, and
so the Schur—Zassenhaus theorem implies that A, and H are conjugate.) Now,
H,M/M is a Hall 7-subgroup of G/M. By the inductive hypothesis there
exists g, in G such that (g,M)™"(H,M/M)(g,M) = K/M. Thus gi'Hig <K
and so property (ii) follows. It remains to prove property (iii). Let L be a
mr-subgroup of G. Now LM/M is contained in some Hall 7r-subgroup K, /M
of G/M (so L < K,). Since all Hall m-subgroups of G/M are conjugate in
G/M, K, and K are conjugate in G. So there exists a conjugate L, of L such
that L, < K. We have that K = HM and so

LM =LMNHM = (L,MNH)M.

Now L, and L,M N H are complements for M in L, M and therefore are con-
jugate by the Schur—Zassenhaus theorem. Thus L, is conjugate to a subgroup
of H. Thus L is contained in a Hall 7-subgroup of G (namely an appropriate
conjugate of H). So we have established property (iii) in this case, and so the
inductive step follows here also.

The theorem now follows by induction on |G|.

Let G be a group of order p{' ps*--- pi*. A Sylow system in G is a family
Py, Py, ..., P, where P; is a Sylow p;-subgroup and P,P; = P;P; for all i, j €
{1,2, ..., k}. Whenever i # j, we find that P,P; is a subgroup and its order is
pf"'pfﬂ Further,if 7 C {p,, p,, ..., p} then[],, ., P;is aHall 77-subgroup of G.
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Theorem 6.2 Let G be a soluble group of order py' py* --- p*. Then

(i) G has a Sylow system;
(ii) any two Sylow systems are conjugate in G;
(iii) if H < G and Q,, ..., Q, is a Sylow system for H then there is a Sylow
system P, ..., P, for G such that Q;,= HNP, forallie{1,2,...,k}.

Proof: Foreachie€ {1,2,...,k}, define 7w, = {p,, p2» ..., P} \ {p;}. We say
that a subgroup H is a Hall p;-complement if H is a Hall 7r;-subgroup. Let 3, be
the set of all Sylow systems in G and let 3, be the set of all Hall p,-complements
in G for 1 < i < k. We claim that there is a bijection between the set 3, of
Sylow systems P,, P,, ..., P, of G andthe set 3, X 3, X - - - X %, of sequences
G,,G,,..., G, where each G, is a Hall p;-complement. For, given a Sylow
system Py, P,, ..., P,, we may define G; = [],,; P; for all i € {1,2,...,k}.
The remark after the definition of a Sylow system shows that each G; is a
Hall p,-complement. In the reverse direction, suppose that G, G,, ..., G, are
such that each G, is a Hall p;-complement. The index of G, is pf’ and hence
(since these indices are coprime) we find that for any subset S C {1, 2, ..., k}
the index of ;c5 G; is [1jes p;’ and so |;es G| = [T p; - Define P; =
M2 G;- Then |P;| = p;" and so P, is a Sylow p;-subgroup of G. Moreover,
for i # j we find that (P;, P;) = ;. G- @ group of order pp;’. Hence
P,P; = P,P, = (P;, P;), and so the P, form a Sylow system for G. We have
therefore constructed a bijection from %, to %, x 2, x - -- x 3, as required.

Theorem 6.1 shows that a sequence G, G,, ..., G, of Hall p,-complements
exists, and so the above correspondence shows that G has a Sylow system
and part (i) of the theorem follows.

The group G acts naturally on X and the sets 3, by conjugation. The
bijection we constructed above respects conjugation, and so the sets 3, and
3, x 3, x -+ X X, are isomorphic as G-sets. To prove part (ii) of the theorem,
we must show that G acts transitively on 3, which is the same as showing
that G acts transitively on X, x 3, x --- x 3,. By Theorem 6.1 part (ii), we
see that the action of G on X, is transitive. Further, fori=1,...,k

3,1 =1G : Ng(G)| = pf’

for some B; such that B; < «;. Therefore the action of G on 3, x --- x %,
is transitive as the X, are transitive G-spaces with orders that are pairwise
coprime. This establishes part (ii) of the theorem.

Let H be a subgroup of G and Q,,..., O, a Sylow system for H. Let
H; =[], Q;. So H; is a Hall p;-complement in H for i =1, ..., k. For each
i there exists a Hall p;,-complement G; in G such that H; < G; (by part (iii) of
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Theorem 6.1). As seen previously, these p,-complements determine a Sylow
system P,,..., P, in G and it is not difficult to see that HN P, = Q, for
1 <i < k. Thus part (iii) of the theorem follows.

6.2 The Fitting subgroup

This section contains some basic results concerning the Fitting subgroup F(G)
of a group G. We stress that these results depend on G being finite. We prove
results about F(G) itself, and about the relationship between F(G) and the
Frattini subgroup ®(G).

If P and Q are normal p-subgroups of a group G, then PQ is a normal
p-subgroup containing both P and Q. If P and Q are maximal with respect
to the property of being a normal p-subgroup of G, then P = PQ = Q (the
first equality by the maximality of P, the second by the maximality of Q).
So there is a unique maximal normal p-subgroup of a finite group G, and we
denote this subgroup by O,(G). (In particular, O,(G) = G in the case when
G is a p-group.) We define the Fitting subgroup by

F(G)=(0,(G) | p is a prime).
If p and g are distinct primes then
[0,(G), 0,(G)] < 0,(G)N0O,(G) = {1}.
Thus
F(G)=0,(G)x0,(G)x---x0,(G)
where p,,..., p, are the distinct primes dividing |G|. In particular, since

F(G) is the direct product of its Sylow subgroups, F(G) is nilpotent.

Proposition 6.3 Let G be a finite group. Then F(G) is the unique maximal
nilpotent normal subgroup of G.

Proof: If N is a nilpotent normal subgroup of G, then

N=0Q,xQ,x--x0,

where Q; is the Sylow p,-subgroup of N. Since the Q, are characteristic
subgroups of N, they are normal subgroups of G. Therefore Q; < O, (G).
Thus N < F(G), as required.

Theorem 6.4 Let G be a finite group, and let S be the (unique) maximal
soluble normal subgroup of C;(F(G)). Then S = Z(F(G)).
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Proof: Define C = C;(F(G)) and Z = Z(F(G)). Clearly Z < S.

Suppose, for a contradiction, that Z is strictly contained in S. Since S is
normal in G, this implies that S/Z contains a minimal normal subgroup M/Z
of G/Z. Since S/Z is soluble, M/Z is abelian and so M’ < Z. Since M < C,
we find that [M’, M] < [F(G), M] =1, and so M is nilpotent (of class at most
2). Thus M < F(G) by Proposition 6.3. The fact that M < C now implies that
M < Z. This contradicts the fact that M/Z is a minimal normal subgroup of
G/Z, and so the theorem follows.

Corollary 6.5 If G is a finite soluble group, then C;(F(G)) = Z(F(G)).

The remainder of this section is concerned with proving the following
theorem due to W. Gaschiitz:

Theorem 6.6 If G is finite, then F(G/®P(G)) = F(G)/P(G).

In preparation for the proof of this theorem, we prove two lemmas. The
second of these two lemmas, Lemma 6.8, is a generalisation of the Frattini
argument (which is the special case when N = K).

Lemma 6.7 Let N be a finite group with a normal subgroup K, and suppose
that N/K is nilpotent. Then any two Sylow p-subgroups of N are conjugate
by an element of K.

Proof: Suppose that P, and P, are Sylow p-subgroups of N. Then P,K/K
and P,K/K are Sylow p-subgroups of N/K. Since N/K is nilpotent it has a
unique Sylow p-subgroup. So we have P\ K/K = P,K/K. Thus P,K = P,K
and P, is a Sylow p-subgroup of P,K. Hence P, = y~!P,y for some y in
P, K. Now y = xk for some x in P, and k in K. Therefore

P,=y 'Py=k"'Pk.

Lemma 6.8 Let G be a finite group with a normal subgroup N. Suppose K
is a normal subgroup of N such that N/K is nilpotent. Then for any Sylow
subgroup P of N

G = Ng;(P)K.
Proof: Let g be an element of G. Then g~!Pg is a Sylow subgroup of

N. By Lemma 6.7 there exists k € K such that g~!'Pg = k! Pk. But then
gk™' € N;(P) and so g € N;(P)K. Hence G = N (P)K, as required.
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We now show that the statement of Theorem 6.6 makes sense:

Proposition 6.9 Let G be a finite group, and let N be a normal subgroup of
G. Suppose that N contains ®(G) and that N/P(G) is nilpotent. Then N is
nilpotent. In particular, ®(G) is nilpotent and so ®(G) < F(G).

Proof: Let P be a Sylow p-subgroup of N. Lemma 6.8 (applied in the case
when K = ®(G)) implies that N;(P)®(G) = G. But ®(G) is a set of ‘non-
generators’ for G by Lemma 3.9, and so N;(P) = G. In particular, every
Sylow subgroup of N is normal and so N is nilpotent.

Proof of Theorem 6.6: Let N be the subgroup of G containing ®(G) with
the property that N/®(G) = F(G/P(G)). To prove the theorem, it suffices
to show that F(G) = N.

Now, F(G) contains ®(G), by Proposition 6.9. Moreover, F(G)/®(G) is a
nilpotent normal subgroup of G/®(G) and so is contained in F(G/P(G)) by
Proposition 6.3. Hence F(G) < N. Furthermore, since F(G/®(G)) is nilpotent
Proposition 6.9 implies that N is nilpotent. Hence N < F(G). So N = F(G)
and the theorem is proved.

6.3 Permutations and primitivity

This section begins by proving an elementary theorem that bounds the num-
ber of generators of a permutation group. After this, the section discusses
primitivity in permutation and linear groups.

Let G be a permutation group acting on a set (). We will write the action of
G on the left, so for g € G and o € ) we write ga for the image of « under g.
We assume throughout this section that all sets on which groups act are finite.

Theorem 6.10 Let ) be a set of order n, and let G be a permutation group
acting on Q. If G has r orbits on ), then G can be generated by n—r
elements. In particular, any permutation group of degree n can be generated
by n—1 elements.

Proof: Let Q) be fixed. We prove the theorem by induction (on n — r). When
r = n, the group G is trivial and so the result holds. Assume, as an inductive
hypothesis, that any permutation group on {) with more than r orbits satisfies
the theorem. Let G have r orbits on (), and let w lie in a non-trivial orbit
A of G. We may write A=A, UA,U---UA,, where the sets A, are orbits
of the stabiliser G, of w in G. We may assume (without loss of generality)
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that A, = {w}. Since A is a non-trivial orbit, k > 1. For i € {1,2, ..., k—1},
let g; € G be such that g;w € A;. Now, G is generated by G, together with
the k —1 elements g, g,,...,&._;- But G, has at least k+ (r — 1) orbits
on (2, and so our inductive hypothesis implies that G, can be generated by
n— (r—k—1) elements. Hence G may be generated by n — r elements, and
so the theorem follows.

In fact, it is possible to strengthen Theorem 6.10 further. The following
theorem is due to Mclver and Neumann, and is stated in their paper [67]. See
Cameron, Solomon and Turull [14] for a sketch proof of this theorem.

Theorem 6.11 Let ) be a set of order n, and let G be a permutation group
acting on Q). When n # 3 then G can be generated by |n/2| elements.

We omit the proof of this theorem (and remark that the current proof of
the theorem uses the classification of finite simple groups and therefore is not
elementary—it would be very interesting to find such a proof, or an efficient
algorithm to produce such a small generating set).

We now turn to the notion of a primitive permutation group. Let G be a
permutation group acting on a set (). The first step in trying to understand G
is often to write () as the disjoint union Q) =Q,UQ,U---UQ,, where the
subsets ), are the orbits of G on Q. Then G < G* x G® x - -- x G, where
G% is the permutation group induced by G on (),. For many problems, it is
now sufficient to consider the transitive groups G*%. The next step is often to
decompose a transitive permutation group further, by analysing equivalence
relations that the group preserves. In analogy to the above reduction to a
direct product of transitive groups, this process will often result in a reduction
to a wreath product of primitive groups. We now define these notions, and
discuss some of their basic properties.

A congruence is a G-invariant equivalence relation on €). So an equivalence
relation p is a congruence if for all g € G and «, B € Q)

a ~, B if and only if ga ~, gB.

An equivalence class of a congruence is known as a congruence class. A
subset A C Q is a block if and only if for all g € G either gA = A or
gANA =. It is not difficult to show that A C Q is a block if and only if it
is a congruence class.

The trivial equivalence relation (where a ~ 8 if and only if & = 8) and the
universal equivalence relation (where o ~ 3 for all &, B € )) are congruences
for any permutation group G acting on (). (In the trivial case the blocks are
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singletons, and in the universal case there is a single block ().) We say that a
transitive permutation group G is primitive if there are no other congruences,
otherwise we say that G is imprimitive. Note that a primitive group is transitive
by definition. The following lemma shows that more is true.

Lemma 6.12 Let G be a primitive permutation group, acting on the set ().
Let N be a non-trivial normal subgroup of G. Then N is transitive.

Proof: Define an equivalence relation p on ) by a ~, B if and only if there
exists & € N such that ha = B. In other words, @ ~, B if and only if @ and 3 lie
in the same N-orbit. Let g € G and let &, B € () be such thata ~, B. Leth € N
be such that ha = B. Since N is normal, gh = h'g for some ' € N. But

Wga =gha =gfB

and so ga ~, gB. Similarly, ga ~, g implies that & ~, B and so p is a
congruence; the orbits of N are the blocks of p. Since N is non-trivial, p is
not the trivial equivalence relation. Since G is primitive, this implies that p
is the universal equivalence relation. But the definition of p now shows that
N is transitive and so the lemma follows.

Recall that a permutation group G is regular if it is transitive and the
stabiliser G, of a point @ € () is the trivial group. It is easy to show (by
observing that point stabilisers of a transitive group are conjugate) that any
transitive abelian permutation group is regular.

Proposition 6.13 Let G be a primitive soluble group acting faithfully on a
set Q). Let M be a minimal normal subgroup of G.

(1) The subgroup M acts regularly on Q. In particular, we have that |Q| =
|M| = p? for some prime number p and positive integer d.

(ii) Let a € Q, and let G, be the stabiliser of o in G. Then G is the semidirect
product of M by G,. Moreover, the action of G, on M by conjugation
is faithful, and G, is isomorphic to an irreducible soluble subgroup of

GL(d, p).

Proof: By Lemma 6.12, M acts transitively on ). Since G is soluble, M
is an elementary abelian group of order p? for some prime number p and
some positive integer d. Since M is abelian and transitive, M is regular. This
proves part (i).

Define H = G,. Since M is transitive, G = MH. Since M acts regularly,
MNH=/{1}. So G is the semidirect product of M by H. Suppose that
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h € H centralises M. Then hga = gha = ga for all g € M. But, since M is
transitive, ga runs through all of Q) as g runs through M. Hence % is the
identity permutation. Thus the action of H on M by conjugation is faithful.
In particular, H may be identified with a subgroup of Aut (M). Since M is
elementary abelian of order p?, we have that Aut (M) = GL(d, p), and so H
may be identified with a subgroup of GL(d, p). Moreover, this subgroup is
irreducible by our choice of M, since H-invariant ‘subspaces’ of M correspond
to normal subgroups of G contained in M. Hence the proposition follows.

We round off this brief discussion of primitive soluble groups by making
the following remark. Since the subgroup M acts regularly, we may identify
M and Q by identifying g € M with ga € Q). Now, forany h € H and g e M,
we have that

h(ga) = hgh™" (ha) = hgh™'a,

and so the action of H on () is determined by the action of H on M by
conjugation. This shows that the permutation group G is determined (up to
isomorphism) by the action of H on M. (The conjugacy class of G in Sym({})
is determined by the conjugacy class of H in GL(d, p).)

We now consider imprimitive groups. Let k be an integer such that k > 2,
and let A be a set such that |[A| > 2. Let Q = A x {1,2,...,k}, so Q is the
union of k copies A, A,,..., A, of the set A (where A; = A x {i}). Let p
be the equivalence relation on () defined by (0, 7) ~, (&', 7') if and only if
i =1i'. So the equivalence classes of p are the subsets A; of (). We define an
imprimitive permutation group on ) that preserves p as follows. Let H be a
permutation group on A, and let Q be a permutation group on {1,2, ..., k}.
Let B be the product of k copies of H. We may regard B as a permutation
group on () by defining

(hy, By, .. 1) (8, 1) = (8, §) (6.1)

for all (h,, hy,...,h,) € B and all (8, i) € Q. The group Q can naturally be
regarded as a permutation group on () by defining

(8, 1) = (8, yi) (6.2)

for all (6,i) € Q and all y € Q. In Sym(Q), it is easy to check that Q
normalises B, and that BN Q = {1}, so BQ is a semidirect product of B by
Q. Since both B and Q preserve the congruence p above, therefore so does
the group BQ. This group is the wreath product Hwr Q of H by Q. Since p
is a non-trivial congruence, Hwr Q is an imprimitive group.
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In fact, we may just as easily define the wreath product as an abstract
group, and then give an action on A x {1,2,...,k} to turn it into a permu-
tation group. In this approach, we note that any y € Q is associated with the
automorphism (hy, hy, ..., hy) = (By-iy, Byoiy, oo, ) of B. So we may
define Hwr Q as the semidirect product of B by Q, arising from the resulting
natural homomorphism from Q to Aut B. More concretely, we may define
Hwr Q as the set of expressions of the form (h,, h,, ..., h,)y, with h; € H
and y € Q. The multiplication in Hwr Q is then defined by

(hyshys oo ) Y(H By )Y = Ry, hyhyeng, oo h )Yy

Once the wreath product is defined as an abstract group, the imprimitive
action of Hwr Q on A x {1, 2, ..., k} may be defined by (6.1) and (6.2).

If G,, G,, G; are permutation groups acting on sets (1, ,, (; respec-
tively, then we may form the wreath product (G,wr G,)wr G; on (£}, x
Q,) x Q5 and the wreath product G,wr (G,wr G5) on Q; x (Q, x Q). The
natural bijection between (), x Q,) x Q5 and Q, x (), x ;) shows that
(G,wr G,)wr G5 and G, wr (G,wr G,) are isomorphic as permutation groups,
and so we may unambiguously write both these groups as G,wr G,wr Gj.
Similarly, if G, G,, ..., G, are permutation groups acting on {,, Q,, ..., Q,
respectively, the group G,wr G,wr ---wr G, acting on }; x O, x---x (), is
unambiguously defined.

The importance of the wreath product construction comes from the follow-
ing result.

Proposition 6.14 Let G be a transitive permutation group on the set ). Let
Po < Py <...<p, be a maximal chain in the lattice of congruences on €}
(we define a partial order on the set of congruences by p < p' whenever
every congruence class of p is contained in a congruence class of p'). Let
Ay C A C--- CA, be such that A, is a congruence class of p,. For all
i€{l,2,...,1}, let Q; be the set of congruence classes of p;_, contained in
A; and let G, be the group (GA,,)Q" of permutations of Q); induced from the
setwise stabiliser G, of A;. Then the groups G; are primitive, and we may
identify Q) with Q; x Q, X --- x Q, in such a way that

G < G,wrG,wr ---wrG,.

Proof: We first note that since the chain of congruences is maximal, we have
that p, is the trivial congruence and p, is the universal congruence on (. In
particular, this implies that A, = ().

It is not difficult to show that the congruences p preserved by G, are in
one-to-one correspondence with those congruences p’ preserved by G such
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that p,_, < p’ < p;. (Here, a block B of p corresponds to the block Up_,I" of
p’. The remaining blocks of p’ are the translates of this one block by elements
of G.) Since the chain p, < p; < ... < p, is maximal, no congruence lies
strictly between p,_, and p;, and so G, is primitive.

To prove that G can be embedded in the wreath product, we use induction
on the length r of the maximal chain of congruences. Assume that the result
is true for maximal chains of congruences of smaller length. Let A=A, _, and
H = (G,)". Since G is a transitive permutation group on {2, we have that H
is a transitive permutation group on A. The restrictions of py, p;, ..., p,_; to
A form a maximal chain of equivalence relations preserved by H. So our in-
ductive hypothesis implies that A may be identified with Q, x Q, x---x Q,_,
in such a way that H < G,wr G,wr ---wr G,_,. To prove the proposition, it
is therefore sufficient to show that {} may be identified with A x €2, in such
a way that G < Hwr G,.

Let Q, = {I', T, ..., I}}. Since A, = Q, we have that ), is the set of all
blocks of p,_, and so () is the disjoint union of the sets I';. Since G is transi-
tive, any block I; of p,_, is a translate of A. So fori € {1,2,..., k} we may
choose x; € G such that x;A = I';. We define a bijection f: ) — A x Q, by

fla) = (x;'a,T;) for all « €T

It is not too difficult to verify that the map taking g € G to fgf~! ¢
Sym(A x Q,) embeds G into Hwr G,. Indeed, let g € G and let y € G,
be the permutation of ), induced by g. Let i € {1,2,...,k}. Then there
exists j € {1,2,...,k} such that g7'T’, = I';. Now, xi’]ng preserves A and so
x;'gx; € G,. Let h; be the element of H induced by x;'gx;. Then it is not
difficult to check that

fef ' =(h, hy, ..., h)ye Hwr G,,

and so the proposition follows.

We now turn to an application of wreath products to the theory of linear
groups. A wreath product may be regarded as a linear group as follows. Let
W be a vector space over a field F and let k be a positive integer, where
k>2 Let H<GL(W) and Q < Sym(k). Then the direct sum kW of k
copies of W may be made into a Hwr Q-module in a natural way as follows.
Let (w;, wy, ..., w,) € kW. Let (hy, h,, ..., h,)y € Hwr Q, where h; € H and
y € Q. Then we define

(hys hys ooy ) YWy, Wy, ooy W) = (Rywymry, Bywyig, ooy w1y ).

It is an easy exercise to show that kW is an irreducible Hwr Q-module if and
only if H is non-trivial, H acts irreducibly on W and Q is transitive.



58 Some more preliminaries

Let V be a vector space over a field F, and let G < GL(V) be irreducible.
We say that G is imprimitive if for some integer k such that k > 2 there exists
a decomposition V=V, @ V,d---@V, of V such that G permutes the direct
summands. More precisely, for all i € {1,2,...,k} and g € G we have that
gV; =V, for some j € {1,2, ..., k}. If no such decomposition exists, we say
that G is primitive. The irreducible wreath product construction above gives
an example of an imprimitive group (where we define the subspaces V; to be
the k natural images of W in kW).

The structural theory for primitive linear groups G is more complicated
than that for permutation groups, and we will spend Chapters 9 and 13
developing some of the appropriate theory when G is soluble. However, the
role of wreath products in reduction from the irreducible to the primitive case
is essentially the same for linear groups as for permutation groups, as can be
seen by the following proposition.

Proposition 6.15 Let G be a group acting faithfully and irreducibly on a
vector space V. Suppose G is imprimitive, so there exists an integer k > 2
and a decomposition V=V, @V, ®---®V, of V such that G permutes
the direct summands. Let Q < Sym(k) be the permutation group induced
by the action of G on the set of summands V,. Define W =V,, and define
H < GL(W) to be the group induced by the stabiliser of W in G. Then Q
is transitive and H is irreducible. Moreover, G is isomorphic as a linear
group to a subgroup of Hwr Q (where we regard Hwr Q as a linear group as
above).

Proof: Since G is irreducible, Q is transitive (for otherwise the sum ®V;,
where i runs over a non-trivial orbit of Q, is a proper G-submodule of V).
Forie{l,2,...,k} choose x; € G so that x,W = V..

To prove that H is irreducible, assume for a contradiction that U is a
proper H-submodule. The subspace x,U @ x,U ®---® x, U of V is proper;
we show that it is a G-submodule. Let g € G and i € {1, 2,...,k}. Now,
gxW =gV, =V, =x;W for some j € {1,2,...,k}, and so x;'gx; stabilises
W. By the definition of H, we know that xj’]gx,- acts like an element of H
when restricted to W, and so x].‘lgx,-U = U. This means that gx;U = x;U. So
x U x,U®d---@dx,U is a proper G-submodule of V, which contradicts the
fact that G is irreducible. Hence H is irreducible.

The remainder of the proof is now very similar to the end of the proof of
Proposition 6.14. We define a bijective linear map f: V — kW by

fy+v+---+y) = (xflvl’xglvz’--"xlzlvk)
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for all vectors v, v,,...,v;, in V|, V,, ..., V, respectively. Just as before, it
is possible to check that the map g — fgf~! maps G into Hwr Q, and so the
proposition follows. (Define y € Sym(k) to be the permutation induced by g
acting on the summands V;. For i € {1, 2, ..., k}, define h; € GL(W) to be
the element induced by the restriction of x; ' gx; to W, where j € {1,2, ..., k}
is defined by g~ 'V, = V,. This definition makes sense, and h; € H. Then

fef ' =(hy, hy, ..., h)y € Hwr Q)

We remark that if the decomposition V=V, &V, @ --@ V, in Proposi-
tion 6.15 is chosen so that k is as large as possible, then H will in fact be a
primitive subgroup of GL(W). Forlet W =W, ® W, & --® W, be a decompo-
sition of W such that £ > 2 and H permutes the direct summands W,. It is not
difficult to check that G permutes the direct summands of the decomposition
Cicick (W, ®x;W, @ ---®x;W,) of V, contradicting the maximality of k.
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Group extensions and cohomology

The main aim of this chapter is to explore the connection between group
extensions and the second cohomology group. Towards the end of the chapter
we shall illustrate the use of the second cohomology group in the enumeration
of soluble A-groups. (An A-group is a group whose nilpotent subgroups are
abelian. It is easy to see that a finite group is an A-group if and only if all its
Sylow subgroups are abelian.)

7.1 Group extensions

Let E be a group and let M be a normal subgroup of E. We write G = E/M
and call E an extension of M by G. More formally, by an extension of a
group M by a group G we shall mean a short exact sequence

l—M-5E G 1. (7.1)

So the homomorphism i : M — E is injective, the map p: E — G is
surjective and ker p = i(M).

Two extensions E and E’ of M by G are said to be equivalent if there exists
a homomorphism ¢ : E — E’ such that the following diagram commutes. In
the diagram id stands for the identity map.

!l —— M — E — G — 1

W 4 w (7.2)

!l — M — E — G — 1

Note 7.1 The map ¢ has to be bijective and so equivalent extensions are also
isomorphic.

60
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For the rest of this section we shall restrict ourselves to the case where M
is an abelian group. Note that we shall be writing M multiplicatively.

We identify M with i(M) and regard M as an abelian normal subgroup of
E. Now E acts on M by conjugation and M is abelian, so M is contained in
the kernel of the action of E. Hence E/M acts on M in a natural way. As G
is isomorphic to E/M, there is a natural action of G on M.

Note 7.2 If E and E’' are equivalent extensions, then they determine the same
action of G on M.

Note 7.3 If M is a ZG-module then there is always an extension E realising
the action of G on M, namely the semidirect product of M by G arising from
the action of G on M.

Now given a ZG-module M we would like to determine extensions E of
M by G realising the action. Let E be such an extension. Let {s, | g € G} be
a transversal for M in E such that p(s,) = g. Assume for convenience that

sy =1.Let g € G and let m € M. The action of g on m is written as g-m and

. _ 1
is given by g-m =s,ms,”".

Since p is a homomorphism, for any g, 7 € G, the elements s,s, and s,
have the same image gh under p. So

Sgsh = f(g’ h)sgh

for some unique element f(g, i) in M. Thus f: G x G — M and since s, =1,
we get that

fle, ) =1=f(1,h) (7.3)

for all g, h in G. The associative law in E also imposes certain conditions on
f. For

(Sgsh)sk = f(g, h)sghsk = f(g, h) f(gh, k)sghk
and
sg(shsk) = Sg(f(h’ k)sy) = ng(h’ k)sgilsgshk = (g-f(h, k) f(g, hk)sghk .
Consequently we must have

f(g, W) f(gh, k) = (g- f(h, k) f(g, hk) (7.4)

for all g, h, k € G. We say that a function f: G x G — M satisfying (7.3) and
(7.4) is a factor set.
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Let Z%(G, M) denote the set of all factor sets from G x G to M. We can
define an addition on Z?(G, M) as follows. Let f and f” be in Z*(G, M).
Define

(f+f)(g h) = f(g h)f' (g h)

for all g, h in G. It can be shown easily that under this addition Z*(G, M) is
an abelian group.

So given a ZG-module M, an extension E of M by G realising the module
action, and a transversal {s, | g € G} for M in E with the property that s, = 1
we get an element f of Z*(G, M). However, this element is dependent on
our choice of transversal for M in E.

Suppose we choose a different transversal {s, | g € G} for M in E with
the property that s; = 1. Then for any g € G, there exists a unique element
a(g) in M such that s, = a(g)s,. Thus we get a function a : G — M such that
a(1) = 1. Further, corresponding to the new transversal we get a new factor
set fin Z*(G, M).

Now for any g, & in G,

(g h) = s5)s "
= a(g)s, a(h)s, (a(gh)s,,)™
= a(g)(s,a(h)s,”")s, 5, a(gh)™
=a(g) (g-a(h)) f(g, h) a(gh)™
= (g-a(h)) a(gh)™" a(g) f(g, h). (7.5)

For any function a : G — M with a(1) =1, define 6a: G x G — M as
follows. For any g, h € G,

Sa(g, h) = (g-a(h))a(gh)™" a(g). (7.6)

Define B*(G, M) as follows: B*(G,M) ={da|a:G— Manda(l) =1}. Tt
is not difficult to check that a € Z>(G, M). Thus B*(G, M) C Z*(G, M).

Let a, b be functions from G to M satisfying a(1) =1 and b(1) = 1. For
any g € G, define (a+ b)(g) = a(g)b(g). This definition of addition makes
the set {a : G — M | a(1) = 1} into a group. It is easy to show that &
is a homomorphism from the above group to Z?(G, M). Hence the image
B2(G, M) of § is a subgroup of Z*(G, M).

Define H*(G, M) = Z*(G, M)/B*(G, M). This abelian group H*(G, M) is
called the 2-dimensional cohomology group of M with respect to G. Now
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(7.5) tells us that f'— f = 8a. So f'— f € B2(G, M) or f+ B*(G,M) =
f +B*(G,M). Thus f and f' determine the same element of H*(G, M).
Hence given a ZG-module M and an extension E of M by G realising the
action, E determines a unique element of H*(G, M). We are in a position to
state the following theorem.

Theorem 7.4 Two extensions of M by G are equivalent if and only if they
determine the same action of G on M and the same element of H*(G, M).

Proof: We have already mentioned in Note 7.2 that equivalent extensions
give rise to the same action and it also follows easily from the definition of
equivalence that they determine the same element of H*(G, M).

Let E and E’ be two extensions of M by G that realise the same action
of G on M and also determine the same element of H*(G, M). We wish to
construct a homomorphism ¢ from E to E’ such that diagram (7.2) commutes.

Let E determine an element f + B*(G, M) of H*(G, M). We shall show
that multiplication in E is completely determined by the action of G on M
and the element f + B?(G, M) and use this to define ¢.

Formally, let the extension E be given as in (7.1). As we had done earlier
we shall identify M with (M) and regard M as an abelian normal subgroup
of E. Let {s, | g € G} be a transversal for M in E with s, =1 and p(s,) = g

Every element of E can be represented uniquely as ms, for some m € M
and g € G. Multiplication in E is determined by the data we have collected,
because

(ms) (m's,) = m (sym's,”") (s,5,)
— (m(g-m)f(g. 1))} 5,1.

Now E’ determines the same action of G on M and the same element
f+B*(G, M) of H*(G, M). Let T' = {5, | g € G} be a transversal for M in
E’" with 5; = 1. Every element of E” can be represented uniquely as ms, for
some m € M and g € G. Define f'(g, h) = s,5),s ;,hfl for all g, h in G.

Since E and E’ give rise to the same element of the group H*(G, M), we
must have f'+ B*(G, M) = f + B*(G, M). Thus f' — f = 8a for some da €
B*(G, M). Define ¢ : E — E' as ¢(ms,) = ma(g)”™" s;,- We can show without
difficulty that ¢ is a homomorphism such that diagram (7.2) commutes. This
establishes the equivalence of E and E’.

Theorem 7.5 Let M be a ZG-module and let M be the set of extensions of
M by G realising the action of G on M. Then
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(1) There is a bijection between the set of equivalence classes of extensions
in M and elements of H*(G, M).

(ii) The number of isomorphism classes of extensions contained in M is at
most |H*(G, M)|.

Proof: We can define a map from the set of equivalence classes of ex-
tensions in M to H*(G, M) by associating the equivalence class of E with
f+B*(G, M), where f+ B*(G, M) is the unique element of H*(G, M) deter-
mined by E. Theorem 7.4 shows that this map is well-defined and injective.
We only have to show that it is also surjective.

Let f'+ B*(G, M) be an element of H>(G, M). Let E' = M x G and define
a multiplication in E’ as follows:

(m,g)(m', h) = (m(g-m') f'(g, h), gh)

for all m,m' in M and g, h in G.

It is easy to check that E’ is a group under this multiplication and is
an extension of M by G in M determining the element [’ + B*(G, M) of
H*(G, M). Hence our map is surjective. The second part of the theorem
follows by Note 7.1 and part (i).

We have explored previously extensions of an abelian group M by an
arbitrary group G. We now consider the special case when G is abelian and
focus on extensions of M by G that are abelian. Of course, M must be a
trivial ZG-module for abelian extensions to arise.

By Theorem 7.5 we may regard H?(G, M) as the group of equivalence
classes of extensions of M by G. We define Ext(G, M) to be the subset of
H*(G, M) consisting of equivalence classes of abelian extensions.

Note 7.6 An element f + B*(G, M) of H*(G, M) belongs to Ext(G, M) if
and only if f(g, h) = f(h, g) for all h, g € G. In other words, an extension
E is abelian if and only if a factor set f determined by it satisfies the

symmetry condition given above. The condition also clearly ensures that
Ext(G, M) < H*(G, M).

The second cohomology group is just one of an infinite family of groups
H"(G, M), defined for any positive integer n. We will make this gener-
alisation in the next section, but we finish this section by describing the
group H'(G, M) and its role in the classification of certain subgroups in the
semidirect product of M by G.
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Let G be a group and let M be a ZG-module. As above, we write the action
of g€ G on me M as g-m. Define Z'(G, M) to be the set of all functions
f: G — M such that f(1) =1 and such that

f(818) = (81 f(82))f(81)

for all g,, g, € G. Such functions are known as derivations from G to M. If
f» f' € ZY(G, M), we define the function f+ f’ from G to M by

(f+1))=ff ()

for all g € G. It is easy to check that f+ f’ is again a derivation, and this
definition of addition makes Z!(G, M) into an abelian group.
Let m € M. Then the function §,, : G — M defined by

8,(8) = (g-m™")m
for all g € G is a derivation, since clearly 6,,(1) = 1 and since

5,,(818) = (818" m_l)m = (g '((gz'm_l)mm_l))m
= (& ((&-m " Yym))(g,-m™"Yym = (g,-8,(2))8,(g)-

The functions 8,, are known as inner derivations. (Let E be an extension of M
by G. The derivation §,, is related to the inner automorphism of E obtained by
conjugation by x € E, where xM = g~!. Indeed, if E is a semidirect product
of M by G then 8,,(g) =[g~', m].) We write the set of inner derivations from
G to M as B'(G, M). It is not difficult to show that B'(G, M) is a subgroup
of Z'(G, M) (by showing that 8yimy = Oy, + 0, for all m;, m, € M). We
define H'(G, M) to be the quotient Z'(G, M)/B' (G, M).

Let E be the semidirect product E = M x G of M by G realising the action
of G on M. Recall that a subgroup X of E is a complement to M if E = MX
and MNX = {1}. So G, thought of as a subgroup of E, is a complement
to M in E. We will now show that the groups Z'(G, M) and H'(G, M) are
intimately associated with the complements of M in E.

Proposition 7.7 Let G be a group, let M be a Z.G-module and let E=M x G.
There is a bijection between the set Z'(G, M) of derivations from G to M
and the set of complements of M in E.

Proof: Let X be a complement to M in E. We will define a derivation f from
G to M as follows. The natural homomorphism from E onto G induces an
isomorphism ¢ : X — G. Let iy : G — X be the inverse of this isomorphism.
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Thinking of G as a subgroup of E, we note that ¢ is the unique map from G
to X such that §(g) € Mg for all g € G. We define f: G — M by

f(g) = g(¥(g))™

for all g € G. Note that /(g) = mg for some m € M, and so g((g))~! =
g(mg)~' =m~' € M. Thus f is well-defined. We find that f € Z!'(G, M) for,
since (1) = 1, we have that f(1) =1 and also

f(818) = £1&:((818)) ™
=81&W(g) " We))™!
=818 W(8) & e (W(g)) ™!
= (81 f(82))f(&1)-

Conversely, given f € Z'(G, M) we may define

X={f(¢9)'¢:g€G}.

We find that X is a subgroup, since

fg) g1 f(g) "8 = flg) '8 f(2) "8 ' g1%
= (g 'f(gz)f(gl))_lglgz
=f(81g2)7181g2-

Moreover, since f(g)~! € M the elements of X form a complete set of coset
representatives for M in E and so X is a complement for M in E.

It is not difficult to check that the two correspondences defined above are
inverses of each other, and so the proposition is established.

Theorem 7.8 Let G be a group, let M be a Z.G-module and let E =M x G.
There is a bijection between the set H'(G, M) and the conjugacy classes of
complements to M in E.

Proof: Let X, and X, be complements to M in E, and suppose that X,
and X, are conjugate. So X, = hX,h~! for some h € E. For i € {1,2}, let
Y, : G — X, be the unique isomorphism such that ;,(g) € Mg for all g€ G
and let f; € Z'(G, M) be the derivation corresponding to X;. We must show
that f, — f, € B'(G, M).

Since X, is a complement to M in E, we may write the element % defined
above in the form h = my'x, for some m, € M and x, € X,. But then
X, =my ' x,X,x5 ' my = my"' Xymy. So the isomorphism A : X, — X, given by
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A(x) = my'xm, for all x € X, is well-defined. Since m, € M, we have that
A(x) € Mx for all x € X,. But then both ¢, and Ay, are isomorphisms from
G to X, preserving cosets of M, and so ¢, = Ay,:

Pi(g) = mal¢2(8)m0
for all g € G. Thus for any g € G,

(fi = £)(8) = g1 ()" ha(9)g™"

= gmy P,(9) o (8)g™"

= g1, (8) " [¥2(8) ™" molUa(8)g™

= [4a(g)™", mo],
the last equality following since ¢,(g)g ™! and [i),(g) !, m,] lie in the abelian
group M and so commute. But ¢,(g) = gm for some m € M, and so

[a() " mol = [m™'g™", mg] = (g[m™", molg™)[g™", my]
=[g~" mol = (g-my"Yymy =18, (2).

Thus f, — f, =9, € B'(G, M). Reversing this argument shows that whenever

fi—f,=9,,¢ B'(G, M) we have that X, = m;"'X,m,. Hence the theorem
is proved.

7.2 Cohomology

In the previous section we defined the 1- and 2-dimensional cohomology
groups. As mentioned earlier, these groups are just two of an infinite family
H"(G, M), defined for any positive integer n. We shall describe these groups
here. For the rest of this section M will be written additively.

Let M be a ZG-module. Define C"(G, M) to be the set of all functions f
from G x G x --- x G (with n factors G) to M subject to the condition

[ 8,)=0 (7.7)

whenever there exists i € {1,2,...,n} such that g; = 1. The elements of
C"(G, M) are called n-dimensional (normalised) cochains. We define an
addition on C"(G, M) as follows. Let f, f* be in C"(G, M). Define

()& 8) =181 8) + (8155 8)

Under this operation C"(G, M) is an abelian group.
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For each cochain f in C"(G, M) we can define a function 6,f of n+1
variables as follows. Let g, € G fori=1, ..., n+ 1. Define

8,f(81s--»8ur1) =& 'f(gZ""’ng»I)

+Z(_1)if(gl’ cees 8im15 8i8it1 8ivas oo gn+l)

i=1

+ (=D fgrs -0 84) -

It is easy to check that 8, f belongs to C"*!(G, M). Further, it can be shown
that the map 6, : C*(G, M) — C"*!(G, M) is a homomorphism. This map 8§,
is called the coboundary operator and 8, f is called the coboundary of f.

Define Z"(G, M) as the kernel of §, and B"(G, M) as the image of J,_;.
Elements of Z"(G, M) are called n-dimensional cocycles and elements of
B"(G, M) are called n-dimensional coboundaries.

It is not difficult to check that 6,8,_, = 0. Thus the image of §,_; is
contained in the kernel of §,. So B"(G, M) < Z"(G, M). We define the
n-dimensional cohomology group H"(G, M) to be Z"(G, M)/B" (G, M).

Note 7.9 Equations (7.3) and (7.4) rewritten additively show that factor
sets are nothing but 2-dimensional cocycles. Again (7.6) rewritten additively
shows that 8a is a 2-dimensional coboundary. Thus our previous definitions
of Z*(G, M), B*(G, M) and H*(G, M) agree with our current definitions.
Similarly, our previous definitions of Z'(G, M), B'(G, M) and H'(G, M)
agree with our current definitions.

There is another approach used to define the n-dimensional cohomology
group which uses the concept of ‘free resolutions’. The rest of this section
is devoted to describing this method. Our main source of reference for the
material presented here is [89]. The advantages of using this approach over
the previous one will be evident when we consider the restriction and transfer
maps in the next section.

As in the previous case we are given a group G and a ZG-module M. We
can regard Z as a ZG-module by setting (3_,c; n,8)n = (3, 1, )n. Under
this action Z is called the trivial ZG-module. Before we present the definition
of a free resolution let us dwell briefly on the notion of a ‘free module’.

Let R be any ring. (We assume that all rings have a multiplicative identity.)
Let A be an R-module. Let X be a subset of A satisfying the property that any
map from X into any R-module M is uniquely extendable to an R-module
homomorphism from A to M. Then we say that A is a free R-module freely
generated by X.
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We now present a concrete construction of a free ZG-module on a set X,
so showing that free ZG-modules always exist. Let us denote by R the group
ring ZG and let X be any non-empty set. Consider the set (of formal linear
combinations)

RX:{Zrixiri€R7xi€X,n>O}_
i=1

Each element of RX has a (unique) expression as Y ,.y 7. x where r, =0
except for finitely many x € X.
We can define an addition between elements in RX by setting

dorx+Y sax=Y (r,+s)x.

xeX xeX xeX
Clearly under this addition RX is an abelian group. We can make it a left
R-module by defining r(3" .y r.x) = > cx (r7,)x.

It is easy to see that the module RX has the property that any map from
X into an R-module M extends uniquely to an R-module homomorphism
between RX and M. Thus RX is a free R-module freely generated by X.

Note that if X is taken as the empty set then the free module generated by
X is the zero module.

Any two free R-modules freely generated by X are isomorphic, as the
identity map on X extends to an isomorphism between any two such modules.
Moreover, it is easy to show that any R-module is a homomorphic image of
some free R-module.

It is easy to see that a free R-module RX has the following ‘projective’
property. Let M and N be R-modules, and let « : RX —- N and B: M — N
be homomorphisms. Then provided that im a € im  there exists a homomor-
phism 7 : RX — M such that B7 = a.

We say that a sequence X consisting of free ZG-modules X; and ZG-
module homomorphisms d; is a free resolution of the trivial ZG-module Z if
the sequence

d, dy_ d; dy
X: - —X,—X,_,— - —X —>X,—Z—0

is exact, that is, imd, =kerd,_, for all n > 1 and imd, = Z.

Note 7.10 Free resolutions exist. We can construct a sequence of free modules
and module-homomorphisms to get a free resolution by the following method.
The trivial ZG-module Z is the homomorphic image of some free Z.G-module,
say X,. Let X,/K, = Z. Then there exists a free ZG-module X, such that
K, is a homomorphic image of X,. So there is a submodule K, such that
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X,/K, = K,. Proceeding similarly we get a sequence of free ZG-modules
and Z.G-module homomorphisms such that the sequence

i X, —> X, —> Xy —> Z—> 0

is exact.

Keeping to the notation established in the paragraph preceding Note 7.10
we find that the ZG-module homomorphisms d; from X; to X, , induce
abelian group homomorphisms d; from Hom,;(X,_,, M) to Hom,;(X;, M).
For any f € Hom,;(X;_,, M) and x € X;, we have d;(f)(x) = f(d;(x)). Thus
d;(f) = f d;. Since the sequence X is exact, we find that d;d;,, =0 and so
d},  d7 = 0. Consequently, im d} is contained in ker d7, |.

We define the n-dimensional cohomology group H"(G, M) to be the quo-
tient ker d; , /im d;. This definition seems to depend on the free resolution
that we have chosen but this is not the case: this is the content of Theo-
rem 7.11 below. We have now given two definitions of a cohomology group.
That these definitions are compatible can be shown using the concept of
‘standard bar resolutions’: see the discussion after the proof of Theorem 7.11.

Theorem 7.11 The definition of an n-dimensional cohomology group does
not depend on the free resolution X.

Proof: Let X and X be two free resolutions of the trivial ZG-module Z.
We first show that there exists a morphism m: X — X; in other words, a
sequence 7, My, ... of ZG-module homomorphisms such that the following
diagram commutes:

[ d, dyy d dy
X: — X — X, — - — X, — Z — 0
I 4 7 47 Jid
= ZrH»l ~ Eu ~ gnfl EI X EU
X —- X — X, — - — X, — Z — 0

To see why 7 exists, note first that im d, = im d,,, and so the fact that X,, is free
implies that there exists a map 7, such that d, = d,,m,. Assume, as an inductive
hypothesis, that 7, 77,, ..., m,_, have been chosen so that d,m, = m,_,d, for
0 <i<n(whereweset7_, =id). Thend, ,m, ,d, =, ,d, ,d,=0andso
im, ,d, Ckerd, ,=imd,.So,since X, is free, there exists ahomomorphism
,suchthatd 7, = 7, ,d,.Hence,byinduction,amorphism 7: X’ — X exists.

For any non-negative integer n, we find that 7 induces a homomorphism
m* : Hom,(X,,, M) — Hom,;(X,, M) where 7*(f) = fr,. It is not difficult
to verify that W;‘(kerE:H) Ckerd;,, and 7 (im d)) Cimd?, and so 7 also

induces a homomorphism r,, : kerd, ,/imd, — kerd_,/imd;.
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Similarly, there exists a morphism 77 : X' — X that induces maps 7, :
kerd;,  /imd; — kerd,  /im d:. We aim to show that the maps 7/, are isomor-
phisms, by showing that 77/, = (7,)~". This is sufficient to prove the theorem.
Consider the morphism p : X — X defined by p =7m. So p, =7,7,,
pt =m7 and p/, = a7, for n > 0. We claim that p is ‘homotopic to the
identity’, namely that there exist homomorphisms o, : X, — X, such that
p,—id=d,  ,0,+0,_,d, for n >0 (where we set o_, =0). To see this, first

note that the following diagram commutes:

dyiy d, dy d; dy

— X, — X, — - — X, — Z — 0
d p,—id 4 puy—id d po—id o

dyiy d, [ d; dy

—_— X, — X, — - — X, — Z — 0

In particular, d,(p, —id) = 0, and so im (p, —id) C ker d, = im d,. Since X,,
is free, there exists a homomorphism oy such that d,0,, = p, — id, as required.
Assume, as an inductive hypothesis, that oy, o, . .., 0, have been chosen. Now,

dn+l (pn+l —id — o-ndnJrl) = (pn - id)dn+l - dn+lo-ndn+l
= (dnJrl g, + O-n—ldn)dnJrl - dn+10-ndn+l
=0
and so im (p,,, —id—o,d, ) Ckerd,,, =imd, ,. Since X, is free, there
exists a map o, such that d, ,o,,, =p,,, —id—o0,d, ., as required. So
the maps oy, 0, ... exist by induction, and our claim follows.

To prove that the homomorphisms p/, are identity maps, we need to show
that (p! —id)f € imd} whenever f € kerd?, . But

n+l1°
(p, —id)f = flp, —1d)
=fld,,0,+0,.,d,)
= fo,_,d, since f ekerd,
c€imd;.
Hence p/, = 77, = id. o
A similar argument based on the morphism p : X — X defined by p = 77

shows that 7,7, = id. Thus 7, = (w)~" and so 7, is an isomorphism
between ker d;; | /im d, and ker dz 41/im d:z. This proves the theorem.

The standard bar resolution of Z is defined as follows. Let n be any positive
integer. Consider the collection of all symbols [x,|x,]| - - - |x, ] where x; are non-
identity elements of G, and let B, be the free ZG-module generated freely
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by these symbols. We include the case when the x; are identity elements
by setting [x;]x,|---|x,] =0 if any x; is the identity. For n = 0, let B,
be the free ZG-module generated freely by a single symbol [ ]. Note that
B, = ZG. Therefore there exists a surjective ZG-module homomorphism
d, from B, to Z which corresponds to the mapping € : ZG — Z given by
€(2 gcG Mg8) = X_4c g For all positive integers n, define d, : B, — B,_; to
be the ZG-module homomorphism such that

AL || - - |, ] = xp - [x5|25] - - [ x, ]
+Z(_1)i[x1| sl | x]
i=1

+ (=D el 1]

for all x,, x,,...,x, € G\ {1}.

It is not difficult to check that the sequence B consisting of the free
Z.G-modules B, and ZG-module homomorphisms d, defines a free resolution
of Z. It is this free resolution that is called the standard bar resolution. Since
B, is the free ZG-module on the set of all symbols, we find that an element f
in Hom,;(B,,, M) is determined by its value at these [x,|---|x,]. Conversely,
we may assign arbitrary values in M to these symbols to produce an element
f in Homg,;(B,, M). Thus we find that Hom,;(B,, M) is isomorphic to
the additive group C"(G, M) defined above. Using this we can show that
the n-dimensional cohomology group arising from the free resolution B is
isomorphic to the quotient Z"(G, M)/B"(G, M), and so the two definitions
of H"(G, M) are compatible.

For the rest of this chapter H"(G, M) will be defined via free resolutions.
To end this section we prove a result regarding the cohomology group of a
sum of ZG-modules.

Proposition 7.12 Let A and B be ZG-modules. Then H"(G, A + B) =
H"(G,A)+H"(G, B).

Proof: Let {X,} be a free resolution of the trivial ZG-module Z. Then for
all n,

Hom,;(X,, A+ B) = Hom,;(X,, A) + Hom,;(X,, B)

as abelian groups. Let 6 represent the above isomorphism and 7, and 7g
the respective projections. It is easy to check that 7,(6) d; = d 7,(0) and
similarly 7;(0) d* = d* m(6). Consequently, 6 induces an isomorphism from
H"(G, A+ B) onto H"(G, A)+ H"(G, B).
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7.3 Restriction and transfer

Let M be a ZG-module and let H be a subgroup of G. Then M can also
be regarded as a ZH-module by restricting the module action to H, so
we can define H"(H, M). It is natural to ask if there is any connection
between H"(H, M) and H"(G, M). The answer lies in two homomorphisms,
the restriction map and the transfer, which connect the two.

Before we define these maps we need to note several facts. The first is that
if X is a free ZG-module then it is also a free ZH-module. So if we consider a
free resolution X of the trivial ZG-module Z, the free ZG-modules X; in the
resolution are free ZH-modules. Further, the ZG-module homomorphisms
d; in the resolution are also trivially ZH-module homomorphisms. Thus X
is also a free resolution of the trivial ZH-module Z. Consequently, we can
study simultaneously, cohomology groups of G and H using a single free
resolution X of the trivial ZG-module Z. Let us assume that X is a fixed
free resolution for the trivial ZG-module Z.

We define the restriction map p*: H'(G, M) — H"(H, M) as follows.
Let f € Homy;(X,, M). Then f is also a ZH-module homomorphism from
the ZH-module X, to the ZH-module M. We define pf to be the ele-
ment f viewed as a member of Homg, (X,, M), and so we have a map p :
Hom,;(X,, M) — Hom,y(X,, M). The map p is a homomorphism which sat-
isfies p d* = d* p. So p induces a homomorphism p* : H*(G, M) — H"(H, M);
this map is the restriction map from H"(G, M) to H"(H, M).

We define the transfer map v : H"(H, M) — H"(G, M) (also known as
induction, or corestriction) as follows. Let H be a subgroup of G such that
|G : H| =k. Let M be a ZG-module and let {7, ..., #,} be a right transversal
for H in G. Define 7: Hom,, (X,, M) — Hom,;(X,, M) as follows. For any
f €eHom,,(X,, M) and x € X,, let

n?

k
(D) = L1 (0, 3).

It can be shown that 7 is independent of the choice of transversal and is a
homomorphism satisfying 7d* = d* 7. So 7 induces a homomorphism 7* :
H"(H, M) — H"(G, M); this is the transfer map from H"(H, M) to H" (G, M).

With the definitions and notations established above, the following theorem
of Gaschiitz and Eckmann holds:

Theorem 7.13 Let H be a subgroup of finite index k in a group G. Then, for
any element f of H"(G, M), we have

™(p*f) = kf .
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Proof: Let f = f+im d; for some f e kerd; . Then 7*(p*f) =71(pf) +
imd;.
Now for any x € X,,,

k

7(pf)(x) = Ztiil pf(t;- x)

Il
-1

St x)

k
S 17 (4 f(x)) since f € Hom,g(X,. M)
i=1

(X)

I
T M

=kf(x).
Consequently 7* (p*f )= kf .

Keeping to the notation of Theorem 7.13 we have the following corollaries.

Corollary 7.14 Every element f of H'(G, M) that is contained in ker p*
satisfies kf = 0.

Corollary 7.15 If G has finite order then every element f of H'(G, M) has
finite order dividing |G|.

Proof: Let H be the identity subgroup of G. Now
> 0->0->0->2Z—->7Z—0

is a free resolution {X;} of the trivial ZH-module. So Hom,,(X,, M) =
Hom,, (0, M) = {0}, and hence H"(H, M) = {0}, for any posmve integer n.
Therefore by Theorem 7.13 we get that |G|f =0 for all f € H"(G, M).

Corollary 7.16 Let G be a finite group and let P be a Sylow p-subgroup of G
for some prime p. Then H"(G, M) ), the p-primary component of H"(G, M),
is isomorphic to a subgroup of H"(P, M).

Proof: Since P is a Sylow p-subgroup of G, we have that ged(|G : P|, p) = 1.
Further, by Corollary 7.14, for all f in ker p*, we have (|G : P|)f =0. So
ker p* has no p-elements other than the identity. Consequently, p* restricted to
H"(G, M), is an injective homomorphism from H"(G, M), to H"(P, M).
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The following corollary is due to Schur.

Corollary 7.17 Let G be a group and let M be a finite Z.G-module. Suppose
that gcd (|G|, |M|) = 1. Let E be an extension of M by G realising the action of
G on M. Then E is equivalent to a semidirect product of M by G (and so M has
a complement in E). Moreover, all the complements to M in E are conjugate.

Proof: Corollary 7.15 implies that every element of H"(G, M) has order
dividing |G|. But every element of H"(G, M) has order dividing |M| (since
H"(G, M) is a quotient of a group Z"(G, M) of functions to M under point-
wise addition). This implies that every element of H"(G, M) has order divid-
ing gcd(|G|, |M]). Since ged(|G|, [M]) =1 we find that H"(G, M) = 0. In
particular, since H*>(G, M) = {0}, Theorem 7.5 implies that every extension
E of M by G is equivalent to the semidirect product of M by G. Since
H'(G, M) = {0}, Theorem 7.8 implies that all the complements to M in E
are conjugate. So the corollary follows.

We remark that the conditions of Corollary 7.17 may be weakened to the case
when E is an extension of a group M by a group G with ged(|G|, [M]) =1
and where one of G and M is soluble. Indeed, the proof of Corollary 7.17 is
the main part of the proof of this more general result. By the Feit-Thompson
Theorem [33], we can then drop the assumption that one of G and M is soluble.

7.4 The Mclver and Neumann bound

In this section we shall discuss a bound (Theorem 7.18) proved by Mclver and
Neumann [67] on the number of isomorphism classes of finite A-groups. We
shall, however, restrict ourselves to presenting the proof of the enumeration
for soluble A-groups. Let f, ,(n) denote the number of soluble A-groups
of order n up to isomorphism. Recall that, for any positive integer n, the
integer A = A(n) is defined to be the number of prime divisors of n including
multiplicities.

Theorem 7.18 We have that fy ., (n) < n*™.

Proof: Let G be a soluble A-group of order n and let n = Hf;l p;“ be the
prime factorisation of n. Let M be a minimal normal subgroup. Note that
since G is soluble, M is elementary abelian. Define ¢ = |M|, where g = p*
and p = p; for some i € {1,...,k}. Let H= G/M. Since M is a minimal
normal subgroup of G, we find that it is an irreducible F,H-module.
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Thus G is determined by a quadruple (g, H, M, E) where g is a p-power
divisor of n for some prime p, H is a soluble A-group of order n/q, M is an
irreducible F, H-module of order g and E is a cohomology class corresponding
to an extension of M by H whose Sylow p-subgroups are abelian.

Given ¢, the number of possibilities for H is f, ,,(n/g) and as inductive
hypothesis we assume that

n A(n/q)+1 n A—a+1
fA,sol(n/q) < <_> = (_) .
q q

Up to isomorphism, there are at most |H| irreducible I, H-modules. This
is because of the following. Since an irreducible module is cyclic, it is a
homomorphic image of IF,H (as a module). By the Jordan—-Holder theorem,
the number of simple composition factors of F,H is, up to isomorphism, at
most dim[F,H, which is |H|. Thus once we have made our choice of H there
are at most n/q choices for M.

Let H*(H, M) denote the second cohomology group which counts the
equivalence classes of extensions of M by H and let H3(H, M) denote
the subset of H?(H, M) corresponding to those extensions which are A-
groups. Let O be a Sylow p-subgroup of H. If Q does not centralise M then
HZ(H, M) = . So assume that Q centralises M. Keeping to the notation es-
tablished in Section 7.1, it is not difficult to see that an element f + B>(H, M)
of H*(H, M) belongs to H3(H, M) if and only if f(g, h) = f(h, g) forall , g
that are elements of any Sylow p-subgroup of H. In other words, an extension
E of M by H is an A-group if and only if a factor set f determined by E
satisfies the condition given above. The condition also clearly ensures that
H2(H,M) < H*(H, M).

Consider the standard bar resolution for the trivial ZH-module Z. Since
Hom,, (B,, M) is a group of functions into an abelian group of exponent p,
we find that Hom,, (B,, M) is abelian of exponent p. Since a function in
Hom,, (B,, M) is determined by its values on a (finite) free generating set of
B,, we find that Hom,, (B,, M) is a finite p-group, and so H*(H, M) is a finite
p-group. By Corollary 7.16, the restriction map induces an injection from
H*(H, M) to H*(Q, M). Moreover, this map takes an element of H3(H, M)
to an element of H3(Q, M), and so |H3(H, M)| < |H%(Q, M)|. But H3(Q, M)
is simply the group Ext(Q, M).

Let i be such that p = p,, and define 8 = «;. Then |[Ext(Q, M)| < ¢#~*. We
can indicate why this is true as follows. Let d be the number of generators
of 0. We may present Q as

O=(x,....x; | x\"=x2=...=x)"=1)
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in the category of abelian groups. An abelian extension P of M by Q can be
presented in the form

P=<yls""yd’M|y;nl =Zpsees Vg =Zd>
where z,, ..., 2z, € M. Clearly there are at most |M| possibilities for each of
the z;, and so we get that [Ext(Q, M)| < |M|* < ¢#~* < ¢ .
Now if we put these estimates together, we see that the number of quadru-
ples (¢, H, M, E) as specified above is at most

ZfA,sol(n/Q) <g) q/\—a

where ¢ runs over the prime-power divisors of n. So

n A—a+1 n .
fA,sol(n) < Z (—) (_) q)\foz < n)\+1 Z ;
q

. \q q

< (%2 — 1) n*t! (7.8)

pun
<n

>

and the theorem follows.

Note 7.19 In fact, f,(n) < n**'. This can be shown by estimating the number
of A-groups which have no non-trivial abelian normal subgroups. It was
shown in [67] that the number of such A-groups of order n (up to isomorphism)
is less than in"“. Combining this bound with (7.8) we get the required result.
Later we shall see that in fact there are bounds of the form f,(n) < n®+?,
where = w(n). See Corollary 16.22.

Note 7.20 By counting groups that are extensions of an elementary abelian
p-group by an elementary abelian g-group for certain fixed primes p and q,
we will show in Theorem 18.4 that there exists ¢ > 0 such that

fA, sol(n) > nCM

for infinitely many n, with arbitrarily large u. The discussion at the end of
Section 18.1 shows that we may take c to be very close to 3 —2+/2.
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Some representation theory

In Chapters 9 and 13 we will develop some of the structure theory of soluble
subgroups of the general linear group. The aim of this chapter is to review
the representation theory that we need for this task.

We assume that the reader is familiar with some of the basics of representa-
tion theory. In particular, we assume that the reader knows about such objects
as algebras and modules, has understood the notions of indecomposable,
irreducible and completely reducible modules and the connection between
representations of a group and modules of the corresponding group algebra.
All this material may be found in Chapter II of Curtis and Reiner [20]; see
also Collins [18] or James and Liebeck [53]. We also assume that the reader
has met the theory of semisimple algebras and some of the theory of induced
modules. The first two sections of this chapter are intended as reminders of
the structure theory of semisimple algebras and of Clifford’s theorem respec-
tively. We omit the proofs of many standard results in these two sections. For
a full treatment, see Chapters IV and VII of Curtis and Reiner [20]. The final
two sections contain proofs of two more advanced results that we require,
namely the Skolem—Noether theorem and Wedderburn’s theorem that a finite
skew field is a field. For the most part, these sections follow the approach
given in Cohn [17, Section 7.1].

8.1 Semisimple algebras

Let F be a field, and let R be a finite-dimensional F-algebra. From now on,
we will assume that all vector spaces are finite-dimensional and refer to a
finite-dimensional F-algebra simply as an F-algebra. We say that an ideal /
of R is nilpotent if I* = {0} for some positive integer k. In other words, I is
nilpotent if there exists a positive integer k such that

78
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rry---r,=0forall r,,r,,...,1, €L

We define the radical radR of R to be the sum of all nilpotent left ideals of
R. The radical is, in fact, a nilpotent two-sided ideal of R and R/(radR) has
zero radical (see [20, Theorem 24.4]).

An F-algebra R is called semisimple if radR = {0}. By the statement at
the end of the previous paragraph, R/(radR) is always semisimple. An F-
algebra R is semisimple if and only if every R-module is completely reducible
(see [20, (25.8)]). We now state the main structure theorem for semisimple
algebras. Here, and in future, by an R-module we mean a left R-module.
Recall that a non-trivial F-algebra R is simple if it has no two-sided ideals
other than {0} and R.

Theorem 8.1 Let R be a semisimple F-algebra. Then

(i) There are finitely many isomorphism classes of irreducible R-modules.
Let r be the number of such isomorphism classes and let M\, M,, ..., M,
be irreducible R-modules that are pairwise non-isomorphic.

(ii) Foranyie{l,2,...,r}, define S, to be the sum of all minimal left ideals
of R that are isomorphic (as R-modules) to M,. Then S; is a simple
F-algebra. Moreover, S; is a two-sided ideal in R and

R=S5,8S8,® - ®S,. (8.1)

We call S; the simple component of R corresponding to M,.
(iii) Foralli,je{l,2,...,r},

{0} ifis,
S’M/_{ M; ifi=]

Theorem 8.1 parts (i) and (ii) follow directly from Theorems 25.10 and 25.15
of Curtis and Reiner [20]. To show part (iii) of the theorem, observe that M;
is isomorphic to a minimal left ideal L of R contained in S;. But now (8.1)
implies that S;L = {0} whenever i # j and so S;M; = {0} when i # j. Since
M; is an irreducible R-module, RM; # {0} and so S;M; # {0}. But S;M,
is an R-submodule of M ; since S ; is a left ideal of R. Hence, since M f is
irreducible, S jM = M i

This structure theorem allows us to prove the following proposition, which
is part of Exercise 26.2 in Curtis and Reiner [20].

Proposition 8.2 Let R be an F-algebra. If there exists a faithful irreducible
R-module M, then R is simple.
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Proof: Suppose M is a faithful irreducible R-module. Since radR is a left
ideal of R, we find that (radR) M is a submodule of M. Since M is irreducible,
(radR)M = {0} or (radR)M = M. But the second case cannot occur, since by
the nilpotency of radR we would then have that

M = (radR)M = (radR)’M = --- = {0}M =0.

Thus (radR)M = {0}. This implies, since M is faithful, that radR = {0} and
s0 R is semisimple.

Define the integer r, the irreducible R-modules M; and the simple compo-
nents S; of R as in Theorem 8.1. Suppose, for a contradiction, that » > 1. Now,
Theorem 8.1 (i) implies that M is isomorphic to M; for some j € {1,2,...,r}.
Letie{1,2,...,r}\{j}. Then, by Theorem 8.1 (iii), S;M = {0}. Since M is
faithful, this implies that S; = {0}, which is a contradiction. Hence r = 1 and
R is simple, as required.

Theorem 8.1 reduces the structure theory of semi-simple F-algebras to
the case when S is a simple F-algebra. The following theorem of Wed-
derburn examines this case. Recall that a skew field is an object satis-
fying the axioms of a field except that multiplication is not necessarily
commutative.

Theorem 8.3 Let S be a simple F-algebra. Then there exists a unique positive
integer k such that S is isomorphic to the ring M, (T) of k x k matrices over
a skew field T. The isomorphism class of T is uniquely determined by S.

This theorem appears as Theorem 26.4 in Curtis and Reiner [20].

Let S be a simple F-algebra; so S = M, (T) for some skew field T and
positive integer k. Let I, € M ,(T) be the k x k identity matrix. It is easy to
prove that the centre of M ,(7) is isomorphic to the centre of 7, where an
element d in the centre of T corresponds to the scalar matrix di, € M (7).
Since F lies in the centre of S, we find that F is isomorphic to a subfield of
the centre of 7.

8.2 Clifford’s theorem

This section aims to give a brief reminder of Clifford’s theorem, a theorem
which describes the FN-module structure of an irreducible FG-module, where
N is a normal subgroup of a finite group G.
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Theorem 8.4 (Clifford’s theorem) Let N be a normal subgroup of a finite
group G and let V be an irreducible FG-module for some field F. Then

V=Y, ® - ®Y,

as an FN-module, where the subspaces Y; are permuted transitively under
the action of G, there exist a multiplicity m and non-isomorphic irreducible
FN-modules X, ..., X, such that

Y, = mX;
(where mX, =X, ®---® X, (m copies)).

Clifford’s theorem is proved in Section 49 of Curtis and Reiner [20]. We
provide a sketch proof of the theorem.

Sketch proof: Choose a minimal FN-submodule X of V. Then gX is an
FN-submodule of V for any g in G by normality of N. (Note that h(gX) =
g(g7'hg)X for h in N.) Now > ¢cc X is a G-invariant submodule of V. So
by the irreducibility of V we have that
V=> gX.
geG

Since gX is an irreducible FN-submodule, V may be expressed as a direct sum
of some of the gX. Let X, ..., X, be the non-isomorphic modules occurring
among the gX and for each i let ¥, be the homogeneous FN-submodule of V
which is the sum of the gX that are isomorphic to X;. Then

V=Y,® - ®Y,.

It is not difficult to see that the subspaces Y, ..., ¥, are permuted transitively
under the action of G. Therefore the Y, have the same dimension and so we
get a multiplicity m such that ¥, = mX, fori=1,... k.

8.3 The Skolem—Noether theorem

This section aims to prove some results concerning simple F-algebras that
we will need in the chapters to come. In particular, we aim to prove the
Skolem—Noether theorem which asserts that isomorphic simple F-subalgebras
of certain F-algebras are conjugate. We also prove a theorem to the effect
that every automorphism of a simple F-algebra that fixes its centre is inner.
The proofs in this section make use of the notion of a tensor product R® S
of F-algebras R and S. We begin with a brief reminder of this notion.
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Informally, the elements of R® S are F-linear combinations of elements
of the form r ® s where r € R and s € S with the rules that

r@(s,+s,) =r®s,+rQs, forall € R and all s,,s, € S
(n+rn)®s=rQ®s+r,®sforall r,r, e R and all s € § and
(ar)®@s=r®(as)=a(r®s) forallre R,se S and a € F.
Multiplication in R® S is the bilinear operation such that
(1 ®s51)(r, ®s,) = (11, ®515,)

for all r;,r, € R and s, s, € S. For a proof that this multiplication is well-
defined, see Curtis and Reiner [20] Section 12, especially page 72. We now
summarise some of the basic properties of the tensor product of F-algebras
that we will use in this section.

Ifx,,x,,...,x,and y;, y,, ..., y, are F-bases of R and S respectively, then
an F-basis of R® S is given by X, ®Y; where 1 <i<kand 1 < j< ¥ Thus
dim; R® S = (dim R)(dim, §). Using the basis x; ® y;, it is easy to show
that any element z € R® S may be written uniquely in the form

k
=) x®s
i=1

for some s,, 5,,..., 5 €S.

The F-subalgebras R® 1 and 1® S of R® S are isomorphic to R and §
respectively; these subalgebras together generate R ®@ S as an F-algebra. Let
M be both an R-module and an S-module, and suppose the actions commute,
o)

r(sm) = s(rm) for all re R, s € S and m € M.
Then M is naturally an R ® S-module by defining
(r®s)ym = r(sm)

forall r € R, s € S and m € M. One important special case of this construction
is as follows. We have that R is naturally a (left) R-module. Moreover, R
is also a right R-module, and hence a left R°-module. (Recall that R°, the
opposite algebra of R, has the same underlying set and addition as R but
with multiplication * defined by r, *r, = r,r; for all |, r, € R.) The actions
of R and R’ on R commute since multiplication is associative, so R is an
R ® R’-module. The algebra R ® R’ is known as the enveloping algebra R¢
of R. Our first proposition characterises R ® R° and its action on R, in the
case when R is a simple F-algebra with centre F.
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Proposition 8.5 Let R be a simple F-algebra, and suppose the centre of R
is F. Let k = dimg R. Then the homomorphism from the enveloping algebra
R? to End(R) induced by the natural action of R® on R is an isomorphism.
In particular, R® = M (F).

Proof: It is enough to show that the homomorphism from R¢ to End.(R) is
surjective, for the fact that dim, R¢ = dim, M, (F) = k* then implies we have
an isomorphism.

Let x,, x,, ..., x, be an F-basis for R.Let £ € {1,2, ..., k}andlety,, y,, ...,
v, € R. We claim that there exists ¢ € R® mapping x; to y, for all i €
{1,2,...,¢}. The case £ = k of our claim implies that the homomorphism
from R¢ to End.(R) is onto, as required.

Consider the case when £ = 1. Now, Rx, R is a non-zero two-sided ideal of
R, and so Rx;R =R as Ris simple. So y; € R=Rx;R thus y, =37_, r;x;7; =
Z;’zl(rj ®r;)x;, and so we may take ¢ = Z;;l(rj@rj/.) in this case. So our
claim holds when ¢ = 1.

Suppose that £ > 1 and our claim holds for all smaller values of ¢. So there
exist ¢, ¥y, ..., ¥,_, € R® such that for all 7, j € {1,2,...,£—1}

| oiti=,
= { 0 otherwise.
Define z;, 25, ...,2,_; € R by z;, = {;x,.

We now show that there exists iy € R such that x, = ¢x, =--- =fx,_; =
0 and such that ¢x, # 0. We consider two cases. Firstly, suppose that z,, & F for
some u € {1,2,...,£—1}. Then (since F is the centre of R) there exists r € R
that does not commute with z, and we may take ¢y = (r@ )¢y, — (1 @ r)i,.
Secondly, suppose that z; € F forall i € {1, 2, ..., £—1}. Then we may define
=" (x;®1);— (1®1). Here x, is mapped to a non-zero element by i
because the x; are linearly independent over F.

Let ' € R° map x, to 1. Such an element exists, by the argument used
for the case when £ = 1. Let ¢, = /' and define ¢, ¢,, ..., d,_, by ¢, =
Y, — (z; ® 1)¢,. It is easy to check that for all i, j € {1,2,..., £},

1 ifi=],
¢fxf_{ 0 ifi].

Butthensettingp = 3", (y;® 1), we find that ¢x; = y, foralli € {1,2, ..., £},
asrequired. Our claim, and hence the proposition, now follows by induction on £.

Proposition 8.6 Let R and S be simple F-algebras. Suppose that the centre
of Ris F. Then R® S is a simple F-algebra.
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Proof: Let I be a two-sided ideal in R® S, and suppose that there exists z € /
that is non-zero. We must show that / = R®S. Let x,, x,, ..., x, be a basis for
R. We may write z =Y, x;®s; for some elements s; € S. Since z # 0, there
exists u € {1,2, ..., k} such that s, # 0. Let ¢ be the linear transformation
of R mapping x, to 1 and mapping x; to O if i # u. By Proposition 8.5, there
is an element of R° that induces this linear transformation. Hence there exist
Pt Ty, By, oo, Ty, T € R such that

k o
1 ifj=u,
> orxrl= { Y (8.2)
= 0 if j#u.
Let y e R® S be defined by
k
y=Y (@D ®1).
i=1

Since I is a two-sided ideal, y € I. But (8.2) implies that y=1®s, and so y
is a non-zero element of (1®S)NI. So IN(1®S) is a non-zero two-sided
ideal of 1 ® S. Since 1 ® S is isomorphic to the simple F-algebra S, 1®S C 1.
But, since [ is a left ideal,

RRS=RQNI®SH S RNI=1
Hence I = R® S and so R® S is simple, as required.
Theorem 8.7 Let R and S be simple F-algebras, and suppose that the centre

of Ris F. Let 0,,0,:S — R be F-algebra homomorphisms. Then there exists
a unit u € R such that

0,(s) =u""'(6,(s))u forall s€S. (8.3)

We recall that the definition of an F-algebra homomorphism means that 6,
mustmap leStoleR.

Proof: We may regard R as an R® S°-module V, by defining
(r@s)m =rm(6,(s)) forall ,me Rand all s € S

and extending the action by linearity to the whole of R ® S°. Similarly, we
may regard R as an R ® S°-module V, by defining

(r@s)m =rm(6,(s)) for all r,m € R and all s € S.

We claim that V|, =V, as R ® S’-modules. Now, S is a simple F-algebra
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since S is a simple F-algebra. By Proposition 8.6, R® S’ is a simple F-
algebra. By Theorem 8.1, there is a unique irreducible R ® S°-module V.
Since R® S° is semisimple, every R ® S°-module is completely reducible. So

V,=k,Vand V, = k,V

for some positive integers k, and k,. But the F-dimensions of V, and V, are
equal, and so k; =k, and therefore V;, = V,. This proves our claim.

Let ¢ : V, — V, be an R® $°-module isomorphism from V, to V,. So for
allr,meRand all s € S,

b (rm(0,(s))) = r(d(m))(0,(s))- (8.4)

Define u = ¢(1). Then (8.4) with m =1 and s = 1 implies that ¢ (r) = ru for
all » € R. When r = ¢~!(1), this equality shows that u is a unit. Setting r = 1
and m =1 in (8.4) we find that

0,(s)u = u(6,(s))
for all s € S. Thus Equation (8.3) holds and the theorem is established.

We finish this section by proving two corollaries. Corollary 8.8 will be
used in the next section, and Corollary 8.9 will be used in Chapter 13.

Corollary 8.8 Let R be a simple F-algebra with centre F. Let S, and S, be
isomorphic simple F-subalgebras of R. Then there exists a unit u € R such
that S, = u™'Su.

Proof: Let «: S, — S, be an isomorphism of F-algebras. The corollary
follows from Theorem 8.7, where we take 6, : S| — R to be the inclusion
mapping for S}, and 6, : S| — R to be the composition of « with the inclusion
mapping for S,.

Corollary 8.9 (Skolem—Noether) Let R be a simple F-algebra with centre F.
Let a be an F-algebra automorphism of R. Then a is an inner automorphism.

Proof: The corollary follows by applying Theorem 8.7 in the case when
S = R, the homomorphism 6, is the identity mapping and 6, = «.

8.4 Every finite skew field is a field

This section aims to prove Wedderburn’s theorem that a finite skew field is a
field. The theorem is proved at the end of Section 68 of Curtis and Reiner [20],
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using properties of cyclotomic polynomials. We give a different proof, based
on Corollary 8.8 above. We first prove a result that gives structural information
about skew fields that are not necessarily finite (but are finite-dimensional
over their centre).

Proposition 8.10 Let T be a skew field with centre F. Let K be a maximal
subfield of T. Then dim, T = (dim. K)>.

Proof: Let k = dim, K. We must show that dim, T = k.

Consider the algebra M, (T) of k x k matrices over T. Note that M, (T) is
a simple F-algebra with centre F. We begin by exhibiting two subalgebras S,
and S, of M (T) that are isomorphic to K, and computing their centralisers
in M (7).

Let I, € M (T) be the k x k identity matrix. Let S|, = {al, : a € K}. Then S,
is an F-subalgebra of M (7) that is isomorphic to K. Since K is a maximal
subfield of T, we have that K is its own centraliser in 7. Using this fact, it
is not difficult to check that the centraliser of S, in M, (T) is M, (K).

We may regard K as a k-dimensional vector space over F. We choose
an F-basis a,, a,,...,a, of K such that a; = 1. Every element of K gives
rise to an F-linear transformation on K by associating a € K with the map
x +— ax. We may represent this map by a k x k matrix ¢(a) with respect to
the basis a,, a,, ..., a,. If we write ¢; for the ith standard basis vector, we
have that ¢(a;)e, = ¢;. The map ¢ : K — M (F) € M, (T) is an injective
homomorphism of F-algebras. Define S, = ¢(K). Then S, is an F-subalgebra
of M, (T) that is isomorphic to K.

We claim that the centraliser of S, in M (7) is the set (S,), of all T-linear
combinations of elements in §,. Note that any two matrices in S, commute.
Since all the elements of S, are matrices over F, and F is contained in the
centre of 7, it is clear that (S,), is contained in the centraliser.

Let ¢ be an element of the centraliser of S, in M, (7). We must show that
¢ € (S,)r. We remarked above that, writing e; for the ith standard basis vector,
¢(a;) € S, maps ¢, to e;. So for any vector v=(t, t,, ..., t,)" € T there exists
an element of (S,), that maps e, to v, namely the matrix >t #,¢(a,). Hence

i=1"i

there exists d € (S,), such that ce; = de,. But now, for all i € {1, 2, ..., k},

ce; = cd(a;)e; = Pp(a;)ce, (since ¢ centralises S,)
= ¢(a;)de, = dd(a;)e, (since d centralises S,)
=de,,

and so ¢ =d € (S,),. Thus the centraliser of S, in M (7T) is (S,),, and so
our claim follows.
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Since §; = K = §,, and since both S, and S, are simple F-subalgebras of
M, (T), Corollary 8.8 implies that S, and S, are conjugate, and hence their
centralisers are conjugate. In particular, the centralisers of S, and S, have the
same F-dimension. Now, dim; M, (K) = k*dim; K = k* and dim; (S,), =
kdim, T (since ¢(a,), d(a,), ..., ¢(a;) form a T-basis for (S,);). Hence
k* = kdim, T, and so dim, T = k?, as required.

Theorem 8.11 (Wedderburn) Let T be a finite skew field. Then T is a field.

Proof: Suppose, for a contradiction, that 7 is not a field. Let F be the centre
of T. Then F is a finite field of order ¢, where ¢ is a power of some prime.
By Proposition 8.10 the F-dimension dim, T of T is a square: k* say, where
k > 1. Moreover, every maximal subfield of T has F-dimension k. Hence any
maximal subfield of 7" is isomorphic to Fx and so Corollary 8.8 implies that
the maximal subfields of T are all conjugate. Let K be a maximal subfield of
T. The number of conjugates of K is at most the index (¢ —1)/(¢* —1) of
the centraliser of K \ {0} in the multiplicative group T \ {0} of 7. But then,
considering the union of the maximal subfields L of T, we find that

UL Ll =g+ UL L\F| < g+ (¢" —9)(¢" —1)/(¢" —1) < ¢~,

since k > 1. So there exists an element x € T that is not contained in a
subfield of T. But x is contained in the subfield F(x) of T. This contradiction
establishes the theorem.
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Primitive soluble linear groups

This chapter proves some basic facts about soluble subgroups of a gen-
eral linear group over a finite field. Our approach parallels that of D.A.
Suprunenko [88]. Throughout this chapter IF, is a finite field with g elements.
We take G to be a finite soluble group and V' to be a primitive F,G-module
which is faithful as a G-module.

In fact, all the results of this chapter are valid for any field if the final asser-
tion of Proposition 9.1 is dropped and if the word ‘cyclic’ in Proposition 9.4
is replaced by ‘abelian’.

We fix the following notation:

e V —anF G-module on which G acts faithfully and primitively. We identify
G with a subset of Endy V', the algebra of all ¥, -linear transformations on V;

e d — the dimension of V over IFq;

e A — a subgroup of G that is maximal subject to being abelian and normal
in G,

e K — the [ -subalgebra (A)Fq of EnquV generated by A;

e X — an irreducible IF,A-submodule of V (which is unique up to isomor-
phism, by Clifford’s theorem);

e d, — the F -dimension of X;

e d, — the multiplicity of X in the F,A-module V (by Clifford’s theorem we
have that V = d,X, and so d, = d/d,);

e C — the centraliser C;(A) of A in G;

e B — a subgroup of C that is maximal with respect to B/A being an abelian
normal subgroup of G/A.

9.1 Some basic structure theory

Proposition 9.1 The algebra K is isomorphic (as an F ,-algebra) to the field
F,u. The subgroup A is cyclic.

88
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Proof: The IE‘qA—rnodule X is naturally a K-module. Indeed, X is an irre-
ducible K-module, since A C K. Since V is faithful as a K-module, and since
V =d, X, we find that X is faithful as a K-module. So K is an [ -algebra with
a faithful irreducible representation, which means that K is simple by Propo-
sition 8.2. Theorem 8.3 now implies that K is isomorphic as an F_-algebra to
M (T) for some integer k and some skew field 7. Since A is abelian, K is
commutative. Thus 7 must be a field, and k = 1. But then K = T and so K
is a field.

Now, X is an irreducible K-module, and so is a vector space over K of
dimension 1. Hence diqu K= diqu X =d, and K has order ¢“'. Finally, A
is a multiplicative subgroup of the group of units of a finite field, and so A
is cyclic.

Proposition 9.2 The subgroup C of G may be realised as a subgroup of
GL(d,, K), by regarding V as a K-module. From this perspective, the field
K is identified with the set of scalar transformations on V.

Proof: We observed above that V is a K-module — a vector space over K.
Since dimy, V = d we have that dim, V = (diqu V)/(dimg, K)=d,.

We remarked in the proof of Proposition 9.1 that V = d, X as an A-module,
where X is irreducible. So A, and therefore K, acts in the same way on each
factor X in this decomposition. Hence K acts as the set of scalar transforma-
tions when V is regarded as a K-module.

Since C centralises A, and A is a spanning set for K, we have that C
centralises K. Hence for all g € C and z € K,

g(zu) = z(gu) for all u € V.

Moreover, g(u+v) = gu+ gv for all u,v € V since C acts F-linearly on V.
Thus C may be regarded as a group of K-linear transformations of V, and so
C is isomorphic to a subgroup of GL(d,, g™).

Proposition 9.3 The quotient G/C is isomorphic to a subgroup of the Galois
group Gal(K : ).

Proof: We define a homomorphism ¢ : G — Gal(K : ) by mapping g € G
to the automorphism ¢(g) such that x — gxg~! for all x € K. We see that
this map is well-defined as follows. Firstly, since K is spanned by A and
A is normal in G, conjugation by G permutes the elements of K and so
¢(g) : K — K for all g € G. Secondly, conjugation respects addition and
multiplication, and so ¢(g) is a field automorphism for all g € G. Finally, F, C
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K is represented by the scalar transformations in EnquV, and G centralises
the scalar transformations associated with Fq, so the elements of F , are fixed
by ¢(g). Thus ¢(g) € Gal(K : F) for all g € G.

Since K is spanned by A, the automorphism ¢(g) is the identity if and only
if g € C;(A) = C. Hence ker ¢ = C and the proposition follows.

9.2 The subgroup B

Recall that the subgroup B is defined to be a subgroup of C that is maximal
subject to B/A being abelian and normal in G/A. The aim of this section is
to provide some structural information about B.

Proposition 9.4 The subgroup B is nilpotent of class at most 2, and
Z(B) = A. Let p be a prime dividing |B| and let P be the Sylow p-subgroup
of B. Then either P is cyclic or P/Z(P) has exponent p and |P'| = p.

We comment that if the word ‘cyclic’ is replaced by the word ‘abelian’ in
the statement of Proposition 9.4, the resulting statement is true over any field.

Proof: Since B < C, the subgroup A is centralised by B and so A < Z(B). But
Z(B), being a characteristic subgroup of a normal subgroup of G, is normal
in G. Since Z(B) is abelian, we must have Z(B) = A by the maximality of A.

The quotient B/A is abelian by our choice of B, and so B' C A = Z(B).
Hence B is nilpotent of class at most 2.

Let p be a prime dividing |B| and let P be the Sylow p-subgroup of B (we
know that P is unique since B is nilpotent). Note that P is a characteristic
subgroup of the normal subgroup B, and so P is normal in G. Moreover,
Z(P)=PNA.If P is abelian, then P = Z(P) < A and so P is cyclic. Suppose
that P is not abelian; so P is nilpotent of class 2. We claim that the exponent
of P’ divides the exponent of P/Z(P). Let the exponent of P/Z(P) be p’.
Since P is nilpotent of class 2, Equation (3.8) in Lemma 3.3 implies that

[, y] =[x, ] =[x, ¥]
for all integers i and all x, y € P. In particular, for all x, y € P,
[x7 y][’( = [xP(’ y] = 1’

since x”' € Z (P). Thus P’ is an abelian group generated by elements of order
dividing p*, and our claim follows.
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Assume, for a contradiction, that £ > 1. We claim that P”H, the subgroup
generated by the set {x”" ' : x € P}, is abelian. For let x” ', y*" ' € PP""" where
x,y € P. Then

-1 1 20—2

=l P =yl =1
since P’ has exponent dividing p® and 2¢ —2 > £. Thus PP is abelian, as
required.

Now, P*""' is a characteristic subgroup of the normal subgroup P, and
so PP is normal in G. Thus P?""' A is normal in G, and is abelian since
P < B<C. By the maximality of A, we have that PP < A. Hence
PP < Z(P). So the exponent of P/Z(P) divides p‘~'. This contradiction
shows that P/Z(P) has exponent p.

Since P has nilpotency class 2, we have that P’ is non-trivial and P’ <
Z(P) < A, and so P’ is cyclic. Moreover, P’ has exponent p since we have
shown that the exponent of P’ divides the exponent of P/Z(P). Since P’ is
non-trivial, |P'| = p as required.

plz—l p/z
[x" .,y

Proposition 9.5 Let M = (B), the subset of Endy (V) consisting of all
K-linear combinations of B. Then |B/A| = dimy M. In particular, we have
that |B/A| < d3.

Proof: Let k = |B/A| and let x|, x,, ..., x, be a transversal of A in B. We
claim that this set forms a K-basis for M. Clearly B C (x, X, ..., X;)g, as
every element of B may be written in the form zx; for some z € A C K
and some i € {1,2,...,k}. Hence x,, x,, ..., x, form a K-spanning set for
M. To prove our claim, it suffices to show that x, x,, ..., x, are linearly
independent.

Suppose, for a contradiction, that there exist z;, z,, ..., z; € K such that

z,x1+22x2+~--+zkxk=0, (91)

where not all of the z; are 0. Moreover, suppose that the number of non-zero
coefficients z; is as small as possible.

Note that we cannot have z;x; =0 where z; # 0, as both z; and x; are
invertible linear transformations. Hence at least two of the z; are non-zero:
let u,ve{l,2,...,k} be such that z, #0, z,7# 0 and u # v.

Let y € B be such that [x,, y] # [x,, y]. We may choose such an element
y, for if no such y exists then (since B has nilpotency class at most 2)

(x5 v =[x, yllx,. ] =1



92 Primitive soluble linear groups

for all y € B. But this would imply that x,x; " lies in Z(B) = A. This cannot
happen since x;, x,, ..., x, form a transversal for A in B.
Since B/A is abelian, there exist ry, 15, ..., r, € A C K such that

_1 _
Yy Xy =X

forallie{1,2,...,k}. Since [x;, y] = r;, our choice of y implies that r, # r,.
But now, using (9.1) we find that

0=r,(z1% + 2%+ +2;) _y_l(zlxl +2pXy + 2 )Y
= (r, = r)z;%, + (r, = 1) z% + -+ (1, — 1) 2%

Since z, # 0 and r, # r,, the coefficient (r, —r,)z, of x, in this sum is non-
zero. However, the coefficient (r, —r,)z, of x, is zero and so the number
of non-zero coefficients has strictly decreased when compared to (9.1). This
contradicts our choice of the coefficients z;,, and so x,, x,,..., x, form a
K-basis for M. Hence |B/A| = k = dimy M, as required.

To prove the final statement of the proposition, note that Proposition 9.2
implies that B C C € GL(d,, K). This implies that M is a K-subspace of the
set of all d, x d, matrices over K and so dimy M < d5.

Proposition 9.6 Let o € Aut (B), and suppose that « fixes A pointwise and
induces the identity automorphism on B/A. Then « is inner.

Proof: By Proposition 9.4, B is a direct product of its (characteristic) Sylow
p-subgroups. Hence it is sufficient to consider a prime p dividing |B| and the
Sylow p-subgroup P of B, and to prove that an automorphism «, € Aut (P)
that fixes Z(P) pointwise and induces the identity automorphism on P/Z(P)
is inner.

Let a; € Aut(P) be one such automorphism. If P = Z(P) the result
is trivial, and so we may suppose that P is non-abelian. Let the inte-
ger r be defined by |P/Z(P)| = p" and let y,,y,,...,y, € P be such that
wZ(P), y,Z(P),...,y,Z(P) generate P/Z(P). Since «, fixes the elements
of Z(P), the automorphism «, is determined by the images «,(y;) where
ie{l,2,...,r}. Since «, induces the identity automorphism on P/Z(P),
there exist z,, z, ..., 2, € Z(P) such that

a,(y;) = y:z;

for all i € {1, 2, ..., r}. Proposition 9.4 implies that P/Z(P) has exponent p,
and so «, fixes the elements y?. Thus

)’ip = al()’f)) = (a; ()" = (y;z)" = ylpzf’
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and hence z/ = 1. Since Z(P) is cyclic, there are at most p choices for each
element z;. Thus the number of automorphisms «; that fix Z(P) pointwise
and induce the identity automorphism on P/Z(P) is at most p”. But there are
|P/Z(P)| = p" inner automorphisms (and they all have the right form). So «,
is always inner. This establishes the proposition.

Proposition 9.7 The quotient C/B acts faithfully by conjugation on B/ A.

Proof: Let ¢ : C — Aut(B/A) be the map that takes g € C to the auto-
morphism of B/A induced by conjugation by g. To prove the proposition, it
suffices to show that ker ¢ = B. We will first show that ker ¢ = BD, where
D is the centraliser of B in C.

Clearly BD C ker ¢p. We prove the reverse inclusion as follows. Let g €
ker ¢. The automorphism « of B arising from conjugation by g fixes A
pointwise since g € C and induces the identity automorphism on B/A since
g € ker ¢p. By Proposition 9.6, the automorphism « is inner — let conjugating
by h € B give rise to a. But now 2~'g € D, and so g € BD, as required.

To show that ker ¢ = B, it suffices to show that D < B. Suppose, for
a contradiction, that BD/B is non-trivial. Define Z < C as the subgroup
containing B such that Z/B is the last non-trivial term in the derived series
of BD/B. Note that D is normal in G, as it is the intersection of the normal
subgroups C and Cg;(B). Hence Z is normal in G. Since Z/B is abelian,
Z' < B. Moreover, since Z < BD and D centralises B, we have that Z' <
B'D' < AD' < D. Thus Z' < BND = Z(B) = A. Hence Z is a normal subgroup
of G contained in C, it strictly contains B and Z/A is abelian. This contradicts
the maximality of B. Hence ker ¢ = B and so the proposition follows.

We comment that we are now able to deduce a significant amount of struc-
tural information about C/B. Proposition 9.4 shows that B/A = P,/Z(P,) x
P,/Z(P,) x --- X P,/Z(P,), where P, is a non-abelian Sylow p,-subgroup of
B for 1 < i< k. Now, P,/Z(P;) is of exponent p; and so may be regarded as
a vector space over I, ; moreover, P; has order p; and so may be identified
with ¥, . The process of forming commutators in P; induces a non-degenerate
alternating form on P;/Z(P;), and so the rank r; of P;/Z(P;) is even. Since
conjugation behaves well with respect to forming commutators and since C
centralises P;, we find that C/B preserves the alternating form on P;/Z(P;).
Hence Proposition 9.7 implies that C/B is isomorphic to a subgroup of

Sp(ry, p1) x Sp(ra, pa) X - x Sp(ry, py)-
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The orders of groups

This chapter provides upper bounds on the order of a soluble subgroup of a
symmetric group and of a general linear group. The first theorem we prove
is due to John Dixon [23].

Theorem 10.1 If G < Sym(n) and G is soluble then
|G| < kn—l
where k =~/24=2.88...

Proof: We use induction on n. Take Q = {1, ..., n} and let G < Sym(Q).
Suppose that G is not transitive. Then Q = Q, U Q, where Q, and Q, are
non-empty G-invariant subsets of . Define G, = G and G, = G*2. Then
G is isomorphic to a subgroup of G, x G,. For i € {1, 2}, we have that G, is a
soluble subgroup of Sym({};) and |Q),| < n. So, by the inductive hypothesis,

G <G| x |Gy <k ~Tk™!

where n; = |Q,| and n, = |Q,|. Hence |G| < k"' and the result follows in
this case.

Suppose that G is transitive but not primitive. (Recall the discussion in
Section 6.3 on imprimitive permutation groups.) In this case, there is a G-
invariant equivalence relation p on ) which is non-trivial and non-universal.
Let « be a fixed element of (2, let (2, be the congruence class of p containing
« and let Q, be the set of congruence classes of p. Let G, = G and take
N to be the kernel of the map from G to G,, so

N={geG:o~,go foral weQ}.
Now Q= O, x Q,,soif n, =|Q,|, n, =|Q,|, then n =nn,. Let A, A,, ...,

A,, be the distinct congruence classes under p and let N; = N4 Then N is

94
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isomorphic to a subgroup of Ny x N, x --- x N,,. Note that for all i, we have
that N, is a soluble subgroup of Sym(4A;) and |A;| = n, < n. Hence, by the
inductive hypothesis,

|G| — |N| |G2| < (knl—l)"z knz—l — kn—l,

as required.

Suppose finally that G is primitive. Let M be a minimal normal subgroup
of G, let « € Q) and define H = G,. Since G is soluble and primitive,
Proposition 6.13 implies that G is the semidirect product of M by H and n =
|Q| = |M| = p? for some prime number p and positive integer d. Moreover,
H is isomorphic to a soluble subgroup of GL(d, p). Hence

|G| = [M||H|
< n|GL(d, p)|

2
< I’lpd

I+logn
<n TR
< k!

provided that n > 32. For n < 32 we check by hand that |G| < k"' with
equality only for Sym(4) of degree 4. The result is almost trivial if # is prime
since then |G| < n(n—1). This leaves only the cases n =4, 8,9, 16, 25, 27,
which are easy to deal with.

We remark that the bound of Theorem 10.1 is achieved whenever n is a
power of 4, the group being the iterated wreath product of Sym(4).

The following theorem was proved independently by P.P. Pilfy and T.R.
Wolf [80, 97].

Theorem 10.2 If G < GL(d, q) and G is both soluble and completely re-
ducible, then

|G| < q3d—2.

Proof: We use induction and assume that the result holds for groups of
smaller degree (perhaps over larger fields). Let V = (]Fq)d, and let G act
faithfully on V.

Suppose first that G is not irreducible, so V =V, @ V,, where V, and V, are
non-trivial FF, G-modules. Define d, and d, by d; =dimV,, so d, +d, =d.
Then G is isomorphic to a subgroup of the direct product of a soluble
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subgroup of GL(d,,q) and a soluble subgroup of GL(d,, q). Hence our
inductive hypothesis implies that

|G| < q3d172q3d272 < q3(d1+d2)72 _ q3d’2,

We may therefore assume that G is irreducible.
Suppose that G is imprimitive, so G preserves a decomposition

V=V,® --aV,,

where dimV, = m, for all i. Note that in this case we have that m, > 1 and
d = m;m,. By Proposition 6.15 we have that G < G,wr G,, where G, is a
soluble subgroup of GL(m,, g) and G, is a (transitive) soluble subgroup of
Sym(m,). So
1G] = 1G\[™1Go] < (¢ 2)" k™! < g2,

since m, > 2 (where k is as in Theorem 10.1).

Finally, suppose that G is primitive. Let d be the degree of G. Let A be
a maximal abelian normal subgroup of G, let C = C;(A) and let K be the
subalgebra of End]Fq V generated by A. By Proposition 9.1, K = 4 for some
positive divisor d, of d. Define d, = d/d,. Propositions 9.2 and 9.3 imply
that C may be thought of as a (soluble) subgroup of GL(d,, ¢*') and G/C
may be identified with a subgroup of the Galois group Gal(F ., : F,) of F 4,
over IF,. Thus G/C is a cyclic group of order at most d,. When d, > 1, our
inductive hypothesis implies that

3dy—2 _ _
|Gl =1G/Clx|Cl<d, (¢")" < g =g,

and so we may assume that d, = 1. In particular, this implies that G = C and
Al <g—1.

Let the subgroup B of G have the property that B/A is a maximal abelian
normal subgroup of G/A. Propositions 9.5 and 9.7 imply that

|B/A| < &’
and that G/B acts faithfully on B/A. So
|G/B| < |Aut(B/A)| < d**.
Hence
|G| = |Al < |B/A| < |G/B]
< (g —1)d2a*ed

1+2log d+4(log d)?

N

q
g2

N
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if d >45. Now if d <45 then d € {4,9, 16, 25,36} and G/B is isomorphic to
a subgroup of Sp(2,2), Sp(2, 3), Sp(4, 2), Sp(2, 5) and Sp(2, 2) x Sp(2, 3)
accordingly; see the comment after the proof of Theorem 9.7. In each of these
cases it may be checked that the theorem holds.

Theorem 10.3 If G < Sym(n) is soluble and primitive then |G| < n®.

Proof: Let G be a soluble primitive subgroup of Sym(n), let M be a minimal
normal subgroup of G and let H be the stabiliser of a point . Proposition 6.13
shows that n = p? = |M| for some prime p, and that |G| = |M||H|, where
H may be identified with an irreducible soluble subgroup of GL(d, p). In
particular, H is completely reducible and so Theorem 10.2 implies that

|H| < de—Z < (pd)3 — I’l3.
Thus |G| = |M||H| < nn® = n*, as required.

In fact, by arguing more carefully, the upper bound of Theorem 10.3 may
be reduced to 24~'/3n¢, where c is approximately 3.24399...; see Palfy [80,
Theorem 1].
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Conjugacy classes of maximal soluble
subgroups of symmetric groups

In this chapter we shall give bounds for the number of conjugacy classes
of maximal soluble subgroups in symmetric groups. We begin by proving a
simple combinatorial lemma.

Let n be a positive integer. An ordered multiplicative partition of n is a
sequence (n,, n,, ..., n,) of integers such that n; > 1 for all i and such that

k
[Tieyni=n.

Lemma 11.1 Let m(n) be the number of ordered multiplicative partitions
of n. Then m(n) < n?.

Proof: We shall prove the lemma by induction. The only multiplicative
partition of 1 arises from the empty sequence. So m(1) = 1. Assume that the
result holds for all numbers less than n. Then

m(n)= 3  m(n/n)

ny|n and ny >2

0~

n . . .
< )Y = (by our inductive hypothesis)
ny|n and ny >2 "
< 22 1 2, si 2/6—1<1
<n t2<n,smce7‘r/ < 1.
>2
We now state and prove a theorem due to L. Pyber [82]. We introduce the

following notation:

my,(n) = the number of conjugacy classes of primitive maximal soluble
subgroups in Sym(n);

m(n) = the number of conjugacy classes of transitive maximal soluble
subgroups in Sym(n);

mg(n) = the number of conjugacy classes of maximal soluble subgroups
in Sym(n).
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Theorem 11.2 Using the above notation,

mps(n) < 2(105’1)2(310gn—2),
mts(n) < 23(logn)3’

my(n) <2'°".

Proof: We note that m,(n) =0 unless n = p? for some prime p.

Let G be a primitive soluble subgroup of Sym(n), let M be a minimal
normal subgroup of G and let H be the stabiliser of a point. Proposition 6.13
implies that M is transitive and n = p? = |M| for some prime p. Moreover,
G = HM and H may be identified with a soluble subgroup of GL(d, p).

The conjugacy class of G in Sym(n) is determined by the conjugacy class
of H in GL(d, p). We know from Theorem 10.2 that

3
n
|H| <p3d—2 < Z

Let d(H) be the minimal number of generators of H. Then we have
d(H) < 3log(n)—2.
Therefore

m,(n) < the number of (3log(n) —2) generator subgroups of GL(d, p)

d?(3log(n)—2)

N

p
2

(log(n))? (3log(n)—2) .

N

Now let O ={1,2,...,n} and let G be a transitive maximal soluble sub-
group of Sym(Q). Further, let p, < p; < --- < p, be a maximal chain of
congruences on ). So p, must be the trivial congruence and p, is the uni-
versal congruence. If we define sets (); and primitive permutation groups
G; C Sym({),) as in the statement of Proposition 6.14, then Proposition 6.14
implies that we may identify ) with Q; x Q, x --- x , in such a way
that G < G,wr G,wr ---wr G,. Since G is a maximal soluble subgroup of
Sym(Q), each G, is a maximal primitive soluble subgroup of Sym((};) and
G = G,wr G,wr ---wr G,. In particular, the conjugacy class of G in Sym(Q)
is determined by the conjugacy classes of the subgroups G, in Sym((),).

Let n, = |Q,|. Then (n,, ..., n;) is an ordered multiplicative partition of n.
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So

Now,

Let ¢ be a constant and let x|, x,, ..

Conjugacy classes of maximal soluble subgroups

k
m(m= ¥ TImn)

(Ryseees ny)i=1
k

< Y1 (zsaog(nof—2<log<nf>>2) _
(nyyeny) i=1

k
[ 23000 < 232k loetn)® — p30toe(n)”

i=1

(11.1)

., x; be real variables. If x; > 1 for all i and

S x;=c then YX , x? > c. Using this fact with ¢ = logn and x; = logn;,

we find that

k
1_[2—210g(n,»)2 < p—2logn _ -2

i=1

The inequalities (11.1) and (11.2) together imply that

m (I’l) < Z 23(10g(n))3 n_2
(i)

— },’,1(71)2’3(10g(n))3 n—Z

3
< 23(10g(n))

by Lemma 11.1.
Now let G be an arbitrary maximal soluble subgroup of Sym({). Then G

has orbits ), ..

(11.2)

., Q, where if n; = || then the n, form a partition of n and

if G, = G"% then G = G, x --- x G,. As before, the G, are maximal soluble
subgroups of Sym((};) and are also transitive. Further, the conjugacy class of
G is determined by the (unordered) set of conjugacy classes of the G;. Thus

mss(n) = Z l_[mts(ni)
n,}i=l

< ) ﬁZ's"f (since (log(n))® < 5n)

— p(i’l) 215n,
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where p(n) is the number of (unordered additive) partitions of n. But p(n) <
2"=1 by Corollary 5.10, and so m(n) < 2'%", as required.

Comments

1.

The constant 3 appearing in the bounds for m,(n) and m(n) may be
reduced considerably, by improving the upper bound on d(H) in the
proof of Theorem 11.2. Indeed, this upper bound may be reduced by first
bounding w(|H|) (using a little of the structure theory of irreducible soluble
subgroups of GL(d, p)) and then using Kovdcs’ theorem [59] which states
that d(X) < w(|X])+ 1) for a finite soluble group X.

. One may conjecture that m_ (n) < 2" and that in fact m_ (n) = 2°4"_ One

may also be able to show that there exists a constant £ such that

my (1)

—>k as n—> 0.
p(n)

. Since the number of maximal soluble subgroups of Sym(n) is at most

n!mg(n), Theorem 11.2 shows that the number of maximal soluble sub-
groups of Sym(n) is polynomial in n!. This contrasts with the situation
when we count all soluble subgroups of Sym (7). The number of subgroups
(all soluble) of C, x - - x C, (d times) is greater than 2i¢. So there are at
least 23" soluble subgroups of Sym(2d), a number which is not bounded
by a polynomial in (2d)!.
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Enumeration of finite groups with abelian
Sylow subgroups

In this chapter we will concentrate on enumeration of finite soluble A-groups.
There are two reasons for doing this. The first is that A-groups form an
important subclass of groups, especially from the enumeration point of view.
The behaviour of the enumeration function on this subclass is very different
from its behaviour on the class of p-groups or the class of all groups. The
second is that some of the techniques used in the enumeration of finite soluble
A-groups will serve as an introduction to the techniques used in enumerating
finite groups in the class of all groups.

As in Section 7.4, let f,(n) denote the number of (isomorphism classes of)
A-groups of order n and let f, ., (n) denote the number of soluble A-groups
of order n up to isomorphism.

We shall show that f, .,(n) < n''*3. Since u(n) < A(n), in most cases
this bound will be better than the bound for the isomorphism classes of soluble
A-groups given in Chapter 7, Theorem 7.18. A similar bound will arise from
Corollary 15.6 of Theorem 15.5 in Chapter 15. This bound in fact has a better
leading term though it is worse in the error term. On the other hand, the tools
required to prove Pyber’s theorem are much more complicated than those
used in this chapter.

We shall prove our bound for f, .,(n) in Section 12.4. The methods
used here will be an adaptation to soluble A-groups of the techniques used
by Pyber [82]. His approach in turn draws on an earlier work of G.A.
Dickenson [21]. We shall also use some of the results proved in previ-
ous chapters and so will end up with a weaker bound than that given by
Venkataraman [94]. But the main aim of the section will be to understand the
essential aspects of Pyber’s proof by working within the easier framework of
soluble A-groups.
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12.1 Counting soluble A-groups: an overview

Let n be a positive integer and let n = ]_[f.‘:1 p;% be the prime factorisation of
n. Consider a soluble A-group G of order n. We can embed G into a soluble
A-group G which is a direct product of k ‘nice’ soluble A-groups éi, where
i=1,...,k

By ‘nice’ we mean that for each i, the group Gi has as its Sylow p;-
subgroup a group P; which is isomorphic to the Sylow p;-subgroup of G.
Further, éi can be regarded as a semidirect product of P; by M;, where M, is
a maximal soluble p,-A-subgroup of A; = Aut (P,).

Let ®(P;) denote the Frattini subgroup of P,. There is a natural homo-
morphism from A; to Aut (P,/®(P;)), and by Lemma 3.13 the kernel of this
homomorphism is a p,-subgroup. Also, as a consequence of Lemma 3.12, we
have that Aut (P;/®P(P;)) is isomorphic to GL(d,, p;) where d, is the minimal
number of generators required to generate P;.

We estimate the choices for G as a subgroup of G using a method of
‘Sylow systems’ which was introduced by Pyber in [82]. The choices for G
depend on those for the groups éi. Once P; is fixed we need to enumerate
the choices for M; as a maximal soluble p,'-A-subgroup of A,. The natural
homomorphism described above and some simple results in Section 12.3 help
us to ‘linearise’ the environment for counting the choices for M,. Finally,
putting together the various estimates gives us an upper bound for f, (7).

In the next section we count the number of conjugacy classes of subgroups
that are maximal amongst soluble p’-A-subgroups of GL(d, ¢), where p is a
prime and ¢q is a power of p.

12.2 Soluble A-subgroups of the general linear group
and the symmetric group

Lemma 12.1 The number of transitive soluble subgroups of Sym(n) is at
most 3(11271)/2 2nlog(n)+3(lug(n))3'

Proof: Let H be a transitive soluble subgroup of Sym(n). Then H is con-
tained in a transitive maximal soluble subgroup M of Sym(n). By The-
orem 11.2, the number m(n) of conjugacy classes of transitive maximal
soluble subgroups of Sym(n) is at most 23(0g(m)’ Any conjugacy class of
transitive maximal soluble subgroups of Sym(n) can contain at most n! sub-
groups. Thus we have less than or equal to 2"°eM+3(oe()® chojces for M.
Also by Theorem 10.1 we know that |[M| < 3"~!. By Theorem 6.11, any
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subgroup of Sym(n) can be generated by (rn+ 1)/2 elements. Thus once M
is chosen, we have at most 3(*~1/2 choices for H. Putting together all these
estimates we get the required upper bound.

In the next proposition we will bound the number of conjugacy classes of
subgroups of GL(d, g) that are maximal amongst irreducible soluble p’-A-
subgroups. The structure of such A-groups is relatively simple as compared
with that of maximal soluble subgroups of GL(d, ¢) that are irreducible. So
there is much less theory involved in the proof of this proposition.

Proposition 12.2 Let T = GL(d, q), where q is a power of some prime p.
Then the number of conjugacy classes of irreducible soluble p'-A-subgroups

of T is at most q6d2213d.

Proof: Let G be a subgroup of T that is maximal among irreducible soluble
p’-A-subgroups of T. Let V = (IE"q)d and let F = F(G), where F(G) is the
Fitting subgroup of G. (Section 6.2 of Chapter 6 contains information on the
Fitting subgroup.) By Proposition 6.3, the Fitting subgroup of G is the unique
maximal normal nilpotent subgroup of G and since G is an A-group, F is
abelian. In the first part of this proof we show that there are relatively few
possibilities for F up to conjugacy.

By Clifford’s theorem (Theorem 8.4), regarding V as an F-module we have

V=Y, ®Y,d 87,

where the subspaces Y, are permuted transitively by the action of G. Further,
there is a multiplicity £ and there are pairwise non-isomorphic irreducible
[F,F-submodules X, ..., X, of V such that ¥; = £X; for all i.

Now let K; be the kernel of the action of F' on Y;. Since Y; = £X;, when
we restrict the action of F' to X;, we find that the kernel of this action is still
K,. Thus F/K; acts faithfully on ¥; and when its action is restricted to X,, it
acts faithfully and irreducibly on X;. Let E; denote the subalgebra generated
by F/K; in Endg, (Y)). As ¥, = £X; we find that X; is a faithful E;-module.
Thus E; is an [ -algebra with a faithful irreducible representation and so E,
is simple by Proposition 8.2. Since F/K, is abelian, E; is commutative. Thus
(see Theorem 8.3) E, is a field.

Now, X; is an irreducible E;-module, and so is a vector space over E; of
dimension 1. Hence diqu E = diqu X,. Thus if diqu X;=s,then E; =F .
Note that d = ¢rs. We will bound the number of possibilities for F (up to
conjugacy), once £, r and s are fixed.
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Let E} denote the multiplicative group of the field E;. Now F/K; < E} <
GL(Y;). Therefore

F<F/K,xF/K,x - x F/K,
<EfXE;x---xE}
< GL(Y)) x GL(Y,) x --- x GL(Y,)
<GL(V).
Let E=E} x --- x E}. Then |E| = (¢* — 1)". Note that as an [, E-module
V=tX6-- X,

where for all i, E} acts faithfully and irreducibly on X; and dim; X; = 1.
Further, for i # j, E} acts trivially on X ;- It is not difficult to show that there
is only one conjugacy class of subgroups like E in GL(V).

So once ¢, r and s are chosen such that d = £rs, up to conjugacy there
is only one choice for E. Since E is a direct product of » isomorphic cyclic
groups, any subgroup of E can be generated by r elements. In particular, F'
can be generated by r elements and so the number of choices for F as a
subgroup of E is at most |E|", that is (¢° — 1)'"2.

Now G acts transitively on {Y, ..., ¥,}. So we have a homomorphism from
G into Sym(r). Let N be the kernel of this map. Then G/N is a transitive
soluble A-subgroup of Sym(r). Clearly F < N.

For any g in G, if g¥; =Y; then gK.g™' = K;. Further, since E; is the
subalgebra generated by F/K; in End]Fq(Yi), we will have gE,g~' = E;. Thus
for all g € N, since gY; = Y;, we get that gK,g~' = K, and gE,g~' = E; for all
i. Thus N acts by conjugation on each E; and this action clearly leaves each
element of the ground field IF, fixed. So for each i, we have a homomorphism
from N into Gal(E; : ) with kernel N; = Cy(E;). We claim that O,_; N; = F.

Since F' is abelian and E; is the subalgebra generated by F/K;, we have
that F < N, for all i. On the other hand, let € (\;_; N; and let & € F. Then
for all i,

hK; = t(hK)t™" = tht "tK,t "' = tht ' K;.

Thus h~'tht™' € N_, K; = {1}. So for all h in F we have th = ht. Thus
t € C;(F). But since G is soluble we have that C,;(F) < F, by Corollary 6.5.
Hence we have proved our claim.

So N/F is isomorphic to a subgroup of Gal(E, : F,) x --- x Gal(E, : F,).
Since for each i, Gal(E, : ) is isomorphic to a cyclic group of order s, we
can regard N/F as a subgroup of a direct product of r isomorphic cyclic
groups. Consequently, N/F can be generated by r elements.



106 Enumeration of finite groups with abelian Sylow subgroups

We now proceed to bound the choices for N given a choice of F. Let X be
the subgroup of T = GL(d, ¢) which normalises F and preserves the direct
sum decomposition

V=Y,® -8Y,.

So X ={x € N;(F) | xY; =Y, for all i}. Note that since F is fixed, X is known
and F < N < X. We will now determine the choices for N as a subgroup
of X.

It is easy to see that for each i, we have that X acts by conjugation on E; and
leaves each element of the ground field F, fixed. So we have a homomorphism
from X into Gal(E; : F) with kernel Cy(E,). Let C =(_; Cx(E;). Note that
NNC =N, =F. Also we can regard X/C as a subgroup of Gal(E, :
F,) x---xGal(E, : F ). So |X/C| < s". Further, for each i we have that C
centralises E; and so we have a homomorphism from C into GLg (Y;). Thus
we get that C is isomorphic to a subgroup of GLg (Y)) x -+ x GL (Y,).
Since dim Y, = ¢ and E; =, we get that |C| < ¢*"" and |X| < 5"

Now NC/C = N/(NNC) = N/F.So NC/C can be generated by r elements
and we have | X/C|" choices for NC/C as a subgroup of X/C and this is clearly
less than or equal to 57

Once a choice of NC/C is made as a subgroup of X/C, we choose a set
of r (or fewer) generators for NC/C. Since NNC = F, as a subgroup of X,
N is determined by F and r other elements that map to the generating set of
NC/C that we have chosen. There are |C| choices for an element of X that
maps to any fixed member of X/C. So there are at most |C|" possibilities in
all for N as a subgroup of X once NC/C has been chosen. Putting all the
estimates together, once F' is fixed we have at most q“zrzs"2 choices for N as
a subgroup of X.

We are now left with determining the choices for G given that F and N
are fixed. Let Y be the subgroup of T that permutes the Y; and normalises F.
So N < G < Y. Further, there is a homomorphism from Y into Sym(r) with
kernel X. Thus Y/X may be regarded as a subgroup of Sym(r).

Clearly GNX =N and so GX/X = G/N. Thus GX/X is a transitive
soluble A-subgroup of Sym(r) and by Lemma 12.1 we have at most 302 =0/2
2rlog(N+3(1ee(M)’” choices for GX/X as a subgroup of ¥/X. Theorem 6.11 shows
that GX/X can be generated by (r+ 1)/2 elements. Once the choice for
GX/X as a subgroup of Y/X is fixed and (r+1)/2 generators for GX/X
have been chosen, G is determined as a subgroup of ¥ by N and (r+1)/2
elements of Y that map to the generating set of GX/X. Thus we have at most
|X|"+D/2 choices for G as a subgroup of Y. This implies that once F and
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N are fixed we have at most 3(7—1/2 2r1og(+3(10g(n)’ gr(r+1)/2 gsrr+1)/2. choices
for G as a subgroup of Y.

Putting together all the estimates, we get the following. The number of
conjugacy classes of subgroups that are maximal amongst irreducible soluble
p'-A-subgroups of T is at most

Z (qs _ l)rz qs(2r2 srz 3(;’271)/2 2;’]0g(r)+3(log(r))3 Sr(r+l)/2 qsﬁzr(r+l)/2
(€,r,s)

where (¢, r, s) ranges over the ordered triples of positive integers satisfying
d=Urs.
This part is devoted to simplifying the above expression. We note that

o (¢—1)" 5" < g (since s < ¢*V);
o 3(7-12 < 2 =1).

It is easy to see that we have at most 64°® choices for (¢, r,s). Also
logr < r — 1. Therefore the number of conjugacy classes of subgroups that
are maximal amongst irreducible soluble p’-A-subgroups of T is at most

6d5/° q()dz 23(logd)371

Using the fact that 3(log(d))® + (5/6) log(d) +log(6) — 1 is at most 13d,
we get the required result.

Corollary 12.3 Let g be a power of a prime p and let T = GL(d, q). Then the
number of conjugacy classes of subgroups that are maximal amongst soluble

p'-A-subgroups of T is at most qe‘”i2 214d=1,

Proof: Let G be maximal amongst soluble p’-A-subgroups of 7. Now G
is completely reducible, by Maschke’s theorem. Thus G = G| x --- X G,
where for each i, we have that G, is maximal amongst irreducible soluble
p'-A-subgroups of GL(d,, ¢) and d = d, + - - - + d,. Further, the conjugacy
classes of G; in GL(d;, q) respectively determine the conjugacy class of G
in T. Therefore the number of conjugacy classes of subgroups of T that are
maximal among soluble p’-A-subgroups of T is at most

Zﬁqﬁd,?zwd, < Zqﬁdz 13d
i=1

where the sum is over all (unordered) partitions d,, d,, ..., d, of d. Since
the number of partitions of d is at most 29! by Corollary 5.10, the result
follows.
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12.3 Maximal soluble p’-A-subgroups

We require three more small results to establish our upper bound for f, ., (n).
These are presented in this section.

For any group G and a prime p, let M; , ,(G) be the set of subgroups of G
that are maximal amongst soluble p'-A-subgroups of G and let [M, , ,(G)]
denote the set of conjugacy classes of subgroups of G that are maximal
amongst soluble p’-A-subgroups of G.

Lemma 12.4 Let G be a finite group and let H be a subgroup of G. Then
|M, y A()| < M 1y A(G)].

Proof: Let M belong to M, , ,(H). Then there exists M e M; , A(G) such
that M < M. If M, € M, ,, ,(H) and M, < M then

T=(MM)<MNH.

Consequently, T is a soluble p’-A-subgroup of H and hence T =M = M,.
Therefore |M; , A (H)| < [M , A(G)|.

Lemma 12.5 Let G be a finite group and N a normal p-subgroup of G. Then
|[Ms,p’,A(G)]| < |[Ms‘,p’,A(G/A7)]|'

Proof: Let M belong to M; , ,(G). Since MN/N = M/(M NN) =M we
have that MN/N is a soluble p’-A-subgroup of G/N. We prove that MN/N
is maximal with respect to this property.

Now let T/N be any soluble p’-A-subgroup of G/N such that MN/N <
T/N. Clearly T is soluble and N is the Sylow p-subgroup of 7. So by
the Schur—Zassenhaus theorem (see Corollary 7.17 and the remark following
it), there exists a p’-subgroup H of T such that T = HN. Clearly H is a
Hall p’-subgroup of T. So by Theorem 6.1 we have that M < tHt™' for
some ¢ in T. But H is a soluble p'-A-subgroup of G and M € M; , ,(G),
so M = tHt~!. Therefore T/N = HN/N = tHt"'N/N = MN/N and thus
MN/N € M, , ,(G/N).

We can now define a map from [M, , ,(G)] to [M; , ,(G/N)] which takes
[M] in [M, , ,(G)] to [MN/N] in [M, , ,(G/N)]. We shall show that this
map 1s 1njective.

Suppose [M;N/N] = [M,N/N] for some M, and M, in M , ,(G). Then
there exists g in G such that gM,g"'N = M, N. It is easy to see that M, N is
a soluble subgroup of G and by the Schur—Zassenhaus theorem there exists
b in M,N such that gM,g~' = bM,b~"'. Consequently [M,] = [M,] and the
lemma follows.
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For a group G and a prime p, let O,(G) denote the largest normal p'-
subgroup of G and let O,(G) denote the largest normal p-subgroup of G.
Recall from Section 6.2 of Chapter 6 that for a finite group G of order n,
the Fitting subgroup of G, denoted by F(G), is the direct product of the
subgroups O,(G) for all primes p dividing n.

Lemma 12.6 Let G be a soluble A-group of order I—[f:l pi* where the p; are

distinct primes and let G, = G/Op;(G). Then G, is a soluble A-group and

(i) G <G, x---x G, as a subdirect product;

(i) 0,(G)) = {1} and G, is a semidirect product of its Sylow p,-subgroup
by a pi-subgroup and any Sylow p;-subgroup of G, is isomorphic to a
Sylow p;-subgroup of G.

Proof: Part (i) follows from the fact that ﬂf.‘:l 0,/ (G) = {1}. It is obvious
that O,(G;) = {1} and this implies that F(G;) = O,,(G,). Let P; be a Sylow
p;-subgroup of G,. Since G; is a soluble A-group, by Corollary 6.5 we have

P; < Cg,(0,(G)) = C6, (F(G))) = F(G)).
Thus P; = 0, (G;) and so G; is an extension of a p;-subgroup by a pj-

1

subgroup. The result follows by the Schur—Zassenhaus theorem.

Note 12.7 Let G; and P; be as in Lemma 12.6. Let H; be a Hall p!-subgroup
of G,. Then G, = P;H; and H, acts on P; by conjugation. By Lemma 12.6 (ii)
this action is faithful. Thus H; is isomorphic to a subgroup of Aut (P;).

Note 12.8 Let ®(P;) denote the Frattini subgroup of P; and let A; = Aut(P;).
Then there exists a natural homomorphism from A; into Aut(P;/®(P;)). By
Lemma 3.13, the kernel B; of this homomorphism is a p;-group. If d, =
d(P;)) = d(P;/®(P;)) then Aut(P;/D(P;)) = GL(d,, p;) and so we can regard
A;/B; as a subgroup of GL(d,, p;).

12.4 Enumeration of soluble A-groups

We shall prove an upper bound for f, .,(n) here. Pyber’s paper [82] has
been the main source of inspiration for the proof of Theorem 12.9.

Theorem 12.9 Let n = Hf;l p;“i be the prime factorisation of n. Then

k
fA,sol(n) g n3#+13 l_[piSa%.

i=1
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Proof: Let G be a soluble A-group of order n and let G; = G/O,,(G). Then
by Lemma 12.6, we have that G < G| x - -- x G,. Further by Note 12.7, for
each i, we have G, = P,H; where P, is the Sylow pi—subgroup of G, and H,
is a pi-A-subgroup of A; = Aut(P;). So there exists M; < A; such that M, is
maximal among soluble p;-A- subgroups of A; and H; < M Let G =PM,
and let G = G1 xG « Then G < G. By our construction G is a soluble
A-group.

We shall first enumerate the possibilities for G up to isomorphism and
then estimate the number of subgroups of G of order n up to isomorphism.
For the former we need to count the number of éi up to isomorphism and
this depends only on the isomorphism class of the P, and the conjugacy
class of M, in A;. So the number of choices for éi up to isomorphism is

1

at most

oM, A(AD]]- (12.1)

|Pi| = P?i
P; abelian

Fix P,. Let d;, and B; be as in Note 12.8 and let T; = GL(d,, p;). By
Lemma 12.5 we have |[M; , A(A)]| < |[M; , A(A;/B))]|. But

|[M 1y A (Ai/ BT < M 4 (Ai/B))

< M, A(TH)] (by Lemma 12.4)
dZ

<P M A(T)]

< pl M (by Corollary 12.3)
< pﬁ*? lda—1

Thus
7a? ai—
My A(AD]] < pi 21 (12.2)

The number of choices for P, is equal to the number of unordered partitions
of @; and by Corollary 5.10 this is at most 2%~!. Thus by (12.1) and (12.2)
the number of choices for G; up to isomorphism is less than or equal to

77 5150;—2
i 1 2
and the number of choices for G is at most

k
2 —
l_[pi7ai 215&, 2 .

i=1
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Now let G be fixed. Let {S,,...,S,} be a Sylow system for G. So S,
is a Sylow p;-subgroup of G and for all i, j we have S5, =S.S;. Thus
G =3S5,S,---S,. Further, by Theorem 6.2 there exist O, ..., O, part of a
Sylow system for G, such that S; < Q;. Any two Sylow systems for G are
conjugate. Consequently the number of choices for G as a subgroup of G
(and up to conjugacy) is at most

k
{81, ... SIS, < Qiand || = pi*}| < [T10i
i=1

where Q, is a Sylow p,-subgroup of G and the Q; form part of a Sylow
system for G.

For each i, we have O, = R;; x --- x R, for some Sylow p;-subgroups R
of G Note that |R;| = p;". Let

k
X;=[1R;.
i=1
i#j

Since the Q, form part of a Sylow system for G, we have that 0,0, =0,0;
So X; is well-defined as (a soluble p)-A-) subgroup of G; = P;M;. So X; is
isomorphic to a subgroup of M;. Further,

M;= M,B;/B; < A,/B; <GL(d,, p,).

Note that by Maschke’s theorem M; may be regarded as a completely re-
ducible soluble subgroup of GL(d;, p;). Thus by Theorem 10.2

|XJ| |M| pj3d 2<pj 2'

Let w = w(n). Then
k

k k k
[T10:1% = TTITIRI“ < TT(R.I*) ([TIR,D"
i=1

i=1j=1 t=1 i#j

k
H |1 X;1*,

n:»

since |X,| = I, |R;;|. Hence
i#j

=~

L +3a/.L 2;1, 3 u a?—2u 3u—2 u o?
[Tle <ITp" ™ n [Ip ™ <n* = []p)"
i=1

i=1 i=1 i=1
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Putting together all the estimates, we get

k
Fasor(n) < (number of choices for G ) n**=2 [ p,*

i=1

k
— 2 —
< l’l3M 2 Hpi{%a, 2150(/ 2

i=1

k
3u—2 8a2+15a;
< n I le i i,

i=1

Therefore

k
2
fA,sol(n) < n3ﬂ+13 Hpigai .

i=1

We have the following obvious corollary to the above theorem:

Corollary 12.10

fA, sol(n) g }’l“M+13 .

We need to deliberate on whether a bound of the form n®**?, as in Corol-
lary 12.10, is a ‘good’ bound for the number of soluble A-groups up to
isomorphism.

For any prime p and any @ € N, f,(p®) is just the number of isomorphism
classes of abelian groups of order p®. Thus f,(p®) = fa (1) (P*) < p*.
Therefore there exist infinitely many n with {u(n)} unbounded such that
fa.sol(n) < n. Thus it is impossible to find a constant ¢ > 0 such that n* <
fa.sor(n) for all n.

Let

t= mn~>oo 10ng, sol (n)/(lu’(n) log I’l)

Then given any € > 0, for all sufficiently large n we have f, ., (n) < n(tFORm
and given any positive integer m, there exists n > m such that f, ., (n) >
n=9#M Tt would be interesting to determine the exact value of £. An upper
bound for £ is a consequence of Corollary 12.10, and a lower bound follows
from the results contained in Chapter 18; see the discussion at the end of
Section 18.1.

A correct leading term in the case of soluble A-groups should lead us to
the correct leading term for A-groups in general. As suggested in Pyber’s
paper [82], this in turn should lead to better estimates for the error term in
the bound for f(n).
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Maximal soluble linear groups

In Chapter 9, we established some of the structure of a soluble primitive
subgroup G of GL(d, g). In this chapter, we will assume in addition that G is
maximal subject to being soluble. This allows us to prove more comprehensive
structural results about G. We will use the notation of Chapter 9. In particular,
we define ¢, d, V, A, B, C, K, d, and d, in the same way. In addition, we
define the following notation:

e (H) — for any subset H C GL(d, q), we write (H) for the [F -subalgebra
of Enqu(V) generated by H;

e L — the centre of (G);

e ( — the dimension of L over F,.

13.1 The field K and a subfield of K

Proposition 13.1 The subgroup A is cyclic of order ¢* — 1. Moreover, K =
AU{0}.

Proof: Proposition 9.1 shows that A is cyclic, and that |K| = ¢91. So it is
sufficient to show that K = AU{0}.

Let K* = K\ {0}. Since K is a field, K* is a cyclic subgroup of GL(d, q).
Since G normalises A, the definition of K implies that K is preserved under
conjugation by elements of G. Hence K* is normalised by G and so GK* <
GL(d, g). Moreover, GK* is soluble, since K* is abelian and since GK*/K*
is isomorphic to the quotient G/G N K* of the soluble group G. By the
maximality of G we have that K* < G. But K* is abelian, normal in G and
contains A. So the definition of A implies that K* = A. Thus K = AU {0}, as
required.

113



114 Maximal soluble linear groups

Proposition 13.2 The algebra L is a subfield of K, and (G) is isomorphic
to the algebra M ;,,(L) of d/€ x d /€ matrices over L.

Proof: Since G acts irreducibly, V is a faithful irreducible (G)-module and
so {(G) is simple by Proposition 8.2. Hence by Theorem 8.3 we have that (G)
is isomorphic to the set M, (F) of all r x r matrices over a skew field F, for
some integer r. Since F' is finite, F' is a field by Theorem 8.11. The centre
of a full matrix ring over a field consists of the set of scalar matrices, and
so the centre L of (G) is isomorphic to F. Thus (G) = M ,(L). The natural
M, (L)-module (where r x r matrices over L act on the vector space L") is
irreducible. Since M, (L) is simple, Theorem 8.1 implies that all irreducible
M, (L)-modules are isomorphic and so, in particular, their I -dimensions
are equal. But V is an irreducible M ,(L) module, so d = r¢ and therefore
r = d/{. This establishes the second statement of the proposition.

Now, L* is an abelian subgroup of GL(d, g). Since L commutes with
every element of (G), the subgroup L* is centralised by G. As in the proof
of Proposition 13.1, the group GL* is soluble, and so L* < G. Hence

L"<Z(G) < A< K",

and so L is a subfield of K. This establishes the proposition.

13.2 The quotient G/C and the algebra (C)
Lemma 13.3 Let (C) be the F -subalgebra of EndJFq(V) generated by C.
Then
dim; (G) =|G/C|-dim; (C).

Proof: Let g, g,,..., g, be a transversal for C in G. Clearly
(G)=(C)&i+(C) &+ +(C)g,.

To establish the lemma, it suffices to show that this sum is direct. So suppose,
for a contradiction, that

g tegt +cg =0 (13.1)

for some elements ¢, ¢;, ..., ¢, € (C) that are not all zero. Assume that the
number of elements c; that are non-zero is as small as possible.

There must exist distinct u, v € {1, 2, ..., r} such that ¢, # 0 and ¢, # 0 (for
c;8; = 0 implies that ¢; = 0g;' = 0). Since g, and g, lie in distinct cosets of
C, conjugation by g, ' and conjugation by g, yield distinct automorphisms

u
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of A. So there exists z € A such that g,zg,' # g,zg,". Forallie {1,2,...,r},
define z; € A by z;, = g;zg; . Then

0=(c1g+e8+ -+cg)z—z,(c8+68+-+¢8)

= Z (cigiz—2,¢:8)
i=1

= Z (cizi8i — 2.:8:1)
i=1

= Z(Zi —2,)Ci8»
i=1

the last equality following since c; is a linear combination of elements in C
and so commutes with z; € A. But the equality

Z(Zi —2z,)c8 =0
i=1

contradicts the minimality of the number of non-zero coefficients in (13.1),
since the coefficient corresponding to g, is zero but the coefficient corre-
sponding to g, is non-zero. Thus the lemma follows.

Proposition 13.4 The quotient G/C is isomorphic to Gal(K : L). The F -
algebra (C) is isomorphic to M ,, (K).

Proof: The fact that K* C C implies that (C) is equal to the set (C), of K-
linear combinations of elements of C. Since C may be regarded as a subgroup
of GL(d,, K), we must have that (C), € M, (K). Hence

dimg (C) < d3dim;, K = d,d,

with equality if and only if (C) = M ,, (K).

By Proposition 9.3, the quotient G/C may be realised as a subgroup of
Gal(K : F,) by associating gC € G /C with the field automorphism x — gxg™'
of K. Since L is centralised by G, we have in fact embedded G/C into
Gal(K : L). Now, |Gal(K : L)| =d,/¢. Thus |G/C| < d,/¢, and G/C =
Gal(K : L) if and only if |G/C|=d, /.

By Proposition 13.2, we have that (G) is isomorphic to M ,,(L). Hence

dim, (G) = (a*/€%)dim; L =d*/L.
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But by Lemma 13.3,
dimg, (G) = |G/C|diqu (C)
< (d,/0) d,d
=d*/¢,

and since equality holds we must have that |G/C| =d, /¢ and dim; (C)=d,d.
By the last sentences of the previous two paragraphs, this establishes the
proposition.

13.3 The quotient B/A

Lemma 13.5 The F -subalgebra (B) is simple with centre K.

Proof: The subgroup B is a normal subgroup of the primitive group G. Hence
we may argue, just as we did for A in the proof of Proposition 9.1, that V
may be decomposed as a direct sum of one or more copies of a (B)-module
X, and (B) acts faithfully and irreducibly on X. So, since X is an irreducible
faithful (B)-module, we find that (B) is simple.

Since K* = A < B € (B), and since B centralises A, we have that K is
contained in the centre of (B). Conversely, suppose that ¢ is an element in
the centre of (B). Let x,, x,, ..., x, be a transversal of A in B where x, = 1.
We may write

c=z1x t 20X+ 2y

for some z,, z5, ..., 2, € K. To show that ¢ € K, it is sufficient to show that
7, =0 whenever u # 1. Let u € {2,3, ..., k} be fixed. Since x, ¢ A = Z(B),
there exists an element y € B that does not commute with x,. For all i €
{1,2,...,k}, define r, € A by r, = [y, x;']. Note that r; € A for all i, since
B/A is abelian. Moreover, note that r, # 1, by our choice of y. Since c is in
the centre of (B), we have that

O=c—y ey
k
= Zzi(l — )X,
i=1
The proof of Proposition 9.5 showed that the elements x; are linearly inde-

pendent over K. So z,(1—r;) =0 for all i € {1,2,...,k}. Since r, # 1, we
find that z, = 0, as required.
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Lemma 13.6 Let (B) and (C) be the ¥ -subalgebras of Endg (V) generated
by B and C respectively. Then (B) = (C).

Proof: Clearly (B) C (C). To show the reverse inclusion, it suffices to show
that C C (B).

We define a function ¢ : C/A — Cgp 4, (B)/A as follows. Let u € C.
The map x — uxu~! is an automorphism of (B) that fixes K. Lemma 13.5
states that K is the centre of (B). Further, since K=Z({B)), the subalgebra
(B) is also a K-subalgebra and by Lemma 13.5 it is simple. The Skolem—
Noether theorem (Corollary 8.9) now implies that x — uxu™!
automorphism: let v € (B) be such that vxv™! = uxu~! for all x € (B). Note
that v is determined up to multiplication by an invertible element in the centre

is an inner

of (B); in other words, v is determined up to multiplication by an element of
A. We define ¢(uA) = v~ 'uA. Note that ¢ is well-defined, since conjugation
by u gives rise to the same automorphism as conjugation by uz for any z € A.

Now, ¢ is a homomorphism. For let u,, u, € C and let v, v, € (B) be such
that u,xu;' = vxv; ! for all x € (B). So ¢(u;A) =v; 'u;A. For all x € (B) we
find that

(uluz)x(’/‘l”z)il = ul(uzxuz’l)ufl
= 1, (w007 7
= v, (v, vy,

the last equality following since v,xv,' € (B). This shows that ¢(u,u,A)=
(v,v,)'uu,A. Since vy € (B) and v;'u; € Cgy (4, (B), we find that v;' and
vy 'u, commute and so

d(uuA) = Uz_lvl_luluzA
= v, 'uyv, 'u, A
= ¢(u; A)p(u,A).

Thus ¢ is indeed a homomorphism.

We claim that gAd(uA)(gA)~! = ¢p(gug'A) for all u € C and all g € G.
To see this, let v € (B) be such that uxu™' = vxv~! for all x € (B); so
¢(uA) = v 'uA. Note that g~'xg € g~! (B) g = (B) since ¢! normalises B. It
is now easy to check, as in the previous paragraph, that (gug=")x(gug=")"' =
(gvg~"x(gug=")~! for all x € (B) and so

Pd(gug'A) = (gvg ") 'gug ' A=gv'ug ' A= gAd(u)(gA)",

and our claim follows.
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Let D < Cgy (4, (B) be such that D/A = im ¢. Since ¢ is a homomorphism,
im ¢ is soluble and so D is soluble. Moreover, since

d(gug™'A) = gAdp(uA)(gA)™' forallue Candge G,

we find that G /A normalises im ¢ and so G normalises D. Hence G D is soluble
and so by the maximality of G we know that D < G. We now use, three times,
the fact that D centralises B. Firstly,

D < Cy(B) < Cy(A) =C.

Secondly, since we now know that D is contained in the centraliser of B in
C, Proposition 9.7 implies that D < B. Finally, we find that D < Z(B) = A.
By the definition of ¢, we have that for all u € C there exists v € (B) such
that v-'uA € D/A = A. Hence u € vA C (B) A = (B). Thus C C (B) and the
proposition follows.

Proposition 13.7 The quotient B/ A has order d5 and {B) is isomorphic (as
an I -algebra) to M ;,(K).

Proof: By Proposition 13.4, we have that (C) is isomorphic to M, (K). By
Lemma 13.6, (B) = (C) and so the second statement of the proposition
follows. Note that since K* = A < B, we have that (B) = (B), the subset
of Endy (V') consisting of K-linear combinations of B. Proposition 9.5 and
Lemma 13.6 now imply that

|B/A| = dimy (B) = dimy (C) = d3,

and the proposition follows.

Proposition 13.8 The quotient B/A is its own centraliser in Cgy 4, (A)/A.

Proof: Define C = Coria,g(A). Let y € C and suppose that yA centralises
B/A. We must show that yA € B/A.

Since y € C we have that y centralises K and so y may be regarded as an
element of GL(d,, K). Hence

y € GL(dy, K) < (B),

by Proposition 13.7.

Now the automorphism « : B — B defined by a(x) = y~'xy fixes A since
y € C and induces the identity automorphism on B/A since yA centralises
B/A. By Proposition 9.6, this automorphism is inner: let 4 € B be such
that a(x) = h~'xh for all x € B. But now yh~!' centralises B. Moreover,
yh~! € (B), and so yh~! is contained in the centre of (B). But the centre of
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(B) is K, and so yh~! is an invertible element in K. Hence yh~! € A and so
yA = hA € B/A, as required.

13.4 The subgroup B

In this section, we determine the structure of the subgroup B. We begin by
considering B as an abstract group, and then consider its representation as a
subgroup of GL(d, g).

We define the following groups (which will occur as possible Sylow sub-
groups of B). Let p be a prime (not, for the purposes of this section, the
characteristic of IF,) and let r and s be positive integers. We define M(p, r, s)
to be the group with generating set {x,, x,, ..., X,, Y| Y2, - - - » ¥,» 2} Subject to
the following relations:

x'=1forallie{l,2,...,r}, (13.2)
yY=1foralie{l,2,...,r}, (13.3)
=1, (13.4)
[x;,z]=1forallie{1,2,...,r}, (13.5)
[visz]=1forallie{1,2,...,r}, (13.6)
[x;,x;]=1foralli,je{l1,2,...,r}, (13.7)
[viyj]=1foralli,je{l,2,...,r}, (13.8)
[x,, y]] =1forall i, je{l1,2,...,r} such that i # j and (13.9)
[x,y]=2""forallie{1,2,...,r}. (13.10)

It is not difficult to see that |M(p, r, s)| < p**S, since every word in the
generators and their inverses can be brought into the form

XS xRy

where «;,3; € {0,1,...,p—1} and where y € {0, 1,..., p* — 1}. In fact,
|M(p, r,s)| = p*** and the elements of M(p,r,s) may be written in the
form above in a unique manner. This may be established by using similar
techniques to those in Section 4.1. It is not difficult to show that M(p, r, 5)
is an amalgamated product of M(p, r, 1) with a cyclic group of order p°,
amalgamating the central subgroup of order p.

When s =1 and p =2, we define N(r) to be the group generated by the
set {xy, Xy, ..., X0 ¥y, Yas - - -5 Vis 2} SUDbject to the relations (13.4) to (13.10)
together with the relations
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xi =1z, (13.11)
x;=1forallie{2,3,...,1}, (13.12)
y: =z and (13.13)
yi=1forallie{2,3,...,r}. (13.14)

It is easy to see that every word in the generators and their inverses may be
brought into the form

X xRy
where a;, B;, v € {0, 1} and so N(r) has order at most 2*"*!. In fact, as before,
|N(7)| =22+!. Moreover, N(r) and M(2, r, 1) are not isomorphic: it is possible
to show that they contain a different number of elements of order 2.

Proposition 13.9 The subgroup B has order d3(q" — 1) and is the direct
product of its Sylow subgroups. Let p be a prime dividing |B|. Let r be the
largest power of p dividing d, and let s be the largest power of p dividing
g™ — 1. Let P be the Sylow p-subgroup of B; so |P| = p¥™*. Let z generate
Z(P). Then one of the following cases occurs.

(1) P is cyclic and r =0.

(2) >0, s> 0 and there exist x,,...,X,, Y|, Y, --., Y, € P that generate P
modulo Z(P) and satisfy the relations (13.2) to (13.10). In particular,
P=M(p,r,s).

(3) p=2 r>0, s=1 and there exist x|,...,X,, Y|, Y3,--.,¥, € P that
generate P modulo Z(P) and satisfy the relations (13.11) to (13.14) and
(13.4) to (13.10). In particular, P = N(r).

In particular, Proposition 13.9 shows that once ¢, d, and d, are fixed the iso-
morphism class of the Sylow p-subgroup of B is determined when p > 2 and
there are at most two possibilities for the Sylow 2-subgroup of B. So there are
at most two choices for the isomorphism class of B once ¢, d, and d, are fixed.

Proof of Proposition 13.9: Proposition 13.7 implies that |B/A| = d3, and
|A| = gt — 1 by Proposition 13.1. So |B| = d3(q" — 1). Proposition 9.4 im-
plies that B is nilpotent and so B is the direct product of its Sylow subgroups.
It remains to show that for a fixed prime p and Sylow p-subgroup P of B,
one of the cases listed at the end of the statement of the proposition holds.
Proposition 9.4 implies that Z(B) = A, and that Z(P) = PN A. Now, |PN
A| = p* and A is cyclic. Hence Z(P) is cyclic of order p*. Since |P| = p***
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we have that P is abelian (and cyclic) if and only if » = 0. Thus when r =0,
Case 1 holds. From now on, we assume that » > 0 and so P is non-abelian.
We must show that either Case 2 or Case 3 holds.

Since P is non-abelian, Proposition 9.4 implies that |P’| = p and P/Z(P)
is elementary abelian of order p*". Note that P’ < Z(P), and so s > 0.

We will now use some of the theory of alternating forms that we developed
in Section 3.4. Since z generates Z(P), the subgroup P’ is generated by [
By identifying i € ', with 27 we may regard the elements of P’ as elements
of IF,. Since P/Z(P) is elementary abelian, P/Z(P) may be thought of as a
vector space over F,. The process of forming commutators in P induces a
map [, ]: P/Z(P) x P/Z(P) — P’; regarding the elements of P’ as elements of
[F,, it is easy to check that this map is an alternating form — this follows from
the fact that [ab, c] = [a, c][b, c] and [a, bc] = [a, b][a, c] for all a, b, c € P
since P is nilpotent of class 2. Moreover, the representative of any coset of
Z(P) corresponding to an element in the radical of [, ] commutes with every
element of P and so lies in Z(P). Hence the radical of [, ] is trivial, and so
[,] is non-degenerate.

Let x;, Xy, s X5 ¥1» Ya» - - - » ¥, € P be chosen so that their images x;Z(P)
and y,Z(P) form a symplectic basis for P/Z(P). We say that the elements x;
and y; have the symplectic basis property. The definition of the alternating
form in terms of commutators, together with the fact that z is central, imply
that the relations (13.5) to (13.10) hold. Moreover, (13.4) holds since z € Z(P)
and Z(P) has order p*. Since the cosets x;,Z(P) and y,Z(P) form a basis of
P/Z(P), the elements x; and y; generate P modulo Z(P). Since z generates
Z(P), we find that z, x,, x5, ..., X,, Y|, Ya, . .. , ¥, form a generating set for P.

Assume we are not in the situation when s =1 and p = 2. We must show
that Case 2 always occurs. We claim that for all x € P, there exists z’ € Z(P)
such that x” = (z')?. Establishing this claim suffices to prove the proposition
in the situation we are considering; we may see this as follows. Our claim
implies that for all i € {1,2,..., r} there exists z; € Z(P) such that 7/’ = x.
Replacing x; by x,z;' does not affect the symplectic basis property, and so
we may assume that x” = 1. Similarly, we may assume that y’ = 1 for all
ie€{l,2,...,r}. But now the elements z, x;, X, ..., X,, Y1, V5, - - - » ¥, g€NETAtE
P and satisfy the relations (13.2) and (13.3) in addition to the relations (13.4)
to (13.10). Hence P is a quotient of M(p, r, s). But [M(p, r, s)| < p*** =|P|,
so |P| = |M(p, r, s)| and therefore P = M(p, r, s).

We now establish our claim. Let 7: P/Z(P) — Z(P)/Z(P)? be defined by
w(xZ(P)) = xPZ(P)? for all x € P. Note that 7 is well-defined since P/Z(P)
has exponent p and since for all x € P and ¢ € Z(P) we have that (xc)’ =
x? mod Z(P)?. Our claim may be rephrased as the statement that 7 is trivial.
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We show that the map 7 is a homomorphism. For since P has nilpotency
class 2, Lemma 3.3 implies that

(xy)? = xPy"[y, x]%p(pfl)'

Now, [y, x] € P’ and |P’| = p, so [y, x] has order dividing p. When p > 2, we
have that p divides %p(p— 1) and so (xy)? = xPy”. So 1 is a homomorphism
when p > 2. When p =2, we are assuming that s > 1 and so P’ < Z(P)?
since Z(P) is cyclic. In this case (xy)2Z(P)? = x*>y*Z(P)? and so 1 is a
homomorphism when p = 2.

Suppose, for a contradiction, that 7 is not trivial. Since |Z(P)/Z(P)?| = p,
the kernel of 7 has index p in P/Z(P). So there exists a normal subgroup N
of P such that ker 7 = N/Z(P), and clearly N has index p in P. Indeed, the
definition of 7r shows that N is a characteristic subgroup of P, and so Z(N)
is a characteristic subgroup of P. Moreover, P is a characteristic subgroup of
B and B is normal in G, so Z(N) is normal in G. Hence Z(N )A is an abelian
normal subgroup of G and so Z(N) < A. Now, Z(N)/Z(P) is the radical
of the restriction of the alternating form [,] to N/Z(P). Since Z(N) < A,
we have shown that the radical of the restriction of the form is trivial and
so [,] is non-degenerate on N/Z(P). But since N has index p in P, the
subspace N/Z(P) has codimension 1 in P/Z(P). In particular, N/Z(P) has
odd dimension and so (see Proposition 3.18) there can be no non-degenerate
alternating form defined on it. This contradiction establishes our claim, and
so the proposition follows whenever we do not have both p =2 and s = 1.

It remains to consider the situation when s =1 and p = 2. Note that
Z(P) = P' = {1, z} in this case, so that x? € {1, z} for all x € P. If we are
allowed to use the theory of extra-special groups (see [36, Section 5.5] for
example), we may deduce that Case 2 or Case 3 must occur since P is extra-
special and since M(2, r, 1) and N(r) are the two non-isomorphic extra-special
groups of order 22+!. However, for those readers unfamiliar with this theory,
we give a direct proof as follows.

We claim that we may choose our elements x;, y; so that x7 = y? for all
i€{l,2,...,r}. For suppose that x* = z and y7 = 1. Then replacing x; by
x;y; preserves the symplectic basis property and

(xy) =xy [y x]=zlz=1.

Similarly, if x* =1 and y?> = z we may replace y; by y;x;. Thus our claim

follows and we may assume that x> = y? for all i € {1,2,...,r}.
We claim that we may choose our elements x; and y; to have the property
that x2 = y2 = z for at most one value of u € {1,2,...,r}. For suppose

that there exists u, v € {1,2, ..., r} such that u # v and such that x> = y*> =
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x> = y?> = z. Replacing x,,y,,x, and y, by x,x,, X, X,V,, X,»,y, and y,y,
respectively, it is not difficult to check that we still have the symplectic basis
property but now x> = y* = x2 = y? = 1. Each time we modify the elements x;
and y, in this way, the number of values u € {1, 2, ..., r} such that x> = y* =z
is reduced by two, and so our claim follows. By relabelling our indices if
necessary, we may assume that x? = y? = 1 whenever i > 1.

Suppose that x? = y? =1 fori € {1, 2, ..., r}. Then the relations (13.2) and
(13.3) hold. Hence P is a quotient of M(p, r, 1). Since M(p, r, 1) has order
at most p>*! and P has order p**!, we find that P = M(p, r, 1) and Case 2
holds.

Suppose that x{ =y} =z and x? = y? =1 forall i € {2,3, ..., r}. Then the
relations (13.11) to (13.14) hold. Hence P is a quotient of N(r). Since N(r)
has order at most p**! and P has order p**!, we find that P = N(r) and
Case 3 holds.

We have shown that when s = 1 and p = 2, either Case 2 or Case 3 holds.
This establishes the proposition.

Corollary 13.10 Let B,, B, < GL(d,, K) be such that Z(B,) = Z(B,) and
B, = B, = B. Define Z by Z = Z(B,) = Z(B,). Then there exist elements
hyyshy s by € By, elements hy 5, hy,, ..., h, € B, and prime numbers
Pi> P2 - - - » Dy With the following properties.

1. For a € {1,2}, every element of B,/Z may be written uniquely in the
form

h(lx,la hg,za e h:kaz
where a; € {0, 1, ..., p;—1}.
2. Forallie{1,2,...,k},
hffl = hf’z (13.15)
Moreover, h| € Z.
3. Foralli,je{l,2,...,k},
[hi,l’hj,l]z[hi,bhj,2]' (13~16)
Moreover, all these commutators lie in Z.
Proof: For each prime p dividing d,, let z, be a generator of the Sylow

p-subgroup of Z. Let P, and P, be the Sylow p-subgroups of B, and B,,
respectively.
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Suppose that P, = P, = M(p, r, s). Let a € {1, 2}. Then Proposition 13.9
applied to P, implies that there exist elements x; ,,y;, € P, of order p that
generate P, modulo Z and satisfy the commutator relations

[Xi %] =1foralli,je{1,2,....r}, (13.17)
[ViarVia] =1foralli,je{1,2,....7}, (13.18)
[Xia»Via] =1forall i, je{1,2,...,r} such that i # j, (13.19)
[Xias Via] = (z,)7 forallie{1,2,...,7}. (13.20)

Note that every element of P,/Z(P,) may be expressed uniquely in
the form

XPX X yﬁ‘a ygfa Ly zZ(P,)
where «;, B; €{0, 1, ..., p—1}. The relations (13.17) to (13.20) imply that the
commutator of any pair of elements in the set {x; |, y;} is equal to the com-
mutator of the corresponding pair of elements in the set {x; ,, y;,}. Moreover,
the pth power of an element in the set {x;,,y;,} is equal to the pth power
of the corresponding element in the set {x;,,;,}, as all pth powers are
trivial.

In the same way, by Proposition 13.9, when P, = N(r) for a € {1, 2} there
exist elements x; |, y;; € P, and elements x; ,, y; , € P, whose corresponding
commutators and squares are equal. (The proposition implies that we may
choose x{ , = y7 , =z, and all the other elements to be of order 2, and so the
squares of corresponding elements are still equal even though not all of the
elements have order 2.)

The corollary now follows, by taking the set of elements #; | to be equal to
the union of the sets {x;,,y;,} € B, over each prime p dividing d, and the
elements £, , to be the corresponding elements of B,.

We have already proved (in Proposition 13.9) that there are at most two
possibilities for the subgroup B as an abstract group. We now show that there
are at most two possibilities for B as a linear group.

Proposition 13.11 Let the isomorphism class of B be fixed. Then there is
a unique choice for B as a subgroup of GL(d,, K), up to conjugation in
GL(d,, K).

Proof: By Propositions 9.2 and 13.1, the subgroup A is equal to the set of
non-zero scalar matrices in GL(d,, K). Clearly, any representation of B that
we are considering must contain A.



13.5 Structure of G determined by B 125

Let B, and B, be subgroups of GL(d,, K) such that A < B;, A < B, and
such that B, = B, = B. We must show that there exists g € GL(d,, K) such
that g~'B,g = B,.

Let the elements i, ,,..., h;, € B, the elements A, ,,..., h, € B, and
integers p, ..., p, satisfy the conditions in the statement of Corollary 13.10.

Define, for a € {1, 2}, the set S, by

S, ={niLh3% -t €{0,1, ..., p,—1}}

Since S, is a transversal for A in B,/A, Propositions 9.5 and 13.7 imply that
S, is a basis for the set M of d, x d, matrices over K. Define 8: M — M to
be the K-linear transformation such that

H(htlx,]lhg,zl o h:kl) = h?,lzhg,zz T h:kz

forall ¢; € {0, 1,..., p;,—1}. Since S, and S, are bases of M, we find that 6 is
a bijection. Given two elements of M that are expressed as linear combinations
of the elements of the basis S,, we may write their product in M with respect
to the basis S, using only our knowledge of A", and [h, . h; ,]. Thus the
equalities (13.15) and (13.16) imply that 0 is a K-algebra isomorphism of
M. Clearly 6 fixes K, and so the Skolem—Noether theorem (Corollary 8.9)
implies that there exists g € GL(d,, K) such that g~'xg = 6(x) for all x € M.

But 0(B,) = B,, and so the proposition follows.

13.5 Structure of G determined by B

The following proposition shows that once the subgroup B has been chosen,
the number of possibilities for G is rather restricted: B < G < N, where N is
the normaliser of B in GL(d, ¢) and where |N/B| is quite small.

Proposition 13.12 Let G be a maximal soluble subgroup of GL(d, q), and
suppose that G acts primitively. Let A be a maximal abelian normal subgroup
of G. Let B be a maximal subgroup of C;(A) subject to being normal in G
and to B/ A being abelian. Define N = N, (; ,(B). Then |N/B| < d*D+!.

Proof: By Proposition 13.1, A is cyclic of order gt — 1, where d, divides
d. Moreover, defining K = AU {0} we have that K is isomorphic (as an
[F,-algebra) to F,« by Propositions 9.1 and 13.1. By Proposition 9.4, we
have that A = Z(B) and so N normalises A. Since conjugation by an element
of GL(d, g) respects matrix multiplication and IF-linear operations, we find
that for all 2 € N the map ¢(h) : K — K defined by z +— hzh~! forall z € K is
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contained in Gal(K : F,). It is easy to check that the map ¢ : N —
Gal(K : ) is a homomorphism. Define c=cC v (A). Then clearly ker ¢ = C.
Since Z(B) = A we find that B < C. We have that

IN/C| < [im | < |Gal(K : F,)| = d,

and so to prove the proposition it remains to show that |6/B| < dyd* 9,
where d, =d/d,.

Let S < Aut(B/A) be the subgroup induced by those automorphisms of
B that centralise A. Define the homomorphism i : C—S by setting (h)
to be the automorphism of B/A induced by the map x — hxh~' in Aut (B).
Proposition 13.8 implies that ker ¢y = B. Thus c /B is isomorphic to a subgroup
of S, and so the proposition will follow if we can show that |S| < d,d**@.

Let d, = p;' p5* -+ - p;* be the decomposition of d, into a product of distinct
primes p,. By Propositions 13.9 and 9.4, the quotient B/A has order d3 and
is the direct product of elementary abelian p;-groups V|, V,, ..., V, where
Vil = p;.

Now, the process of forming commutators in B equips V, with a non-
degenerate alternating form that is preserved by S. Hence S is contained in
the direct product

Sp(2ay, py) x Sp(2a,, p,) X -+ X Sp(2ay, py)-
By Proposition 3.19,

20; 2a;-1, 20;-2 2a;—-3
ISp(2a;, p;)| = (I’ia - 1)Pia (I’ia - I)Pia e (17,2 - Dp;
<P T i,
a;(2a;+1
_ parth),

Hence

i i

k k k
|S| g Hpai(zai+1) Zdzl_[(p;l,’)zai < dzl_[(pgi)ZM(dZ) < dzdip,(dz) < dzdzlogd’
i=1 i=1

i=1

and so the proposition follows.
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Conjugacy classes of maximal soluble
subgroups of the general linear group

We define the following notation:

my,(d, q) = the number of conjugacy classes of maximal soluble
subgroups of GL(d, ¢) which are primitive;

my;s(d, g) = the number of conjugacy classes of maximal soluble
subgroups of GL(d, g) which are irreducible;

my(d, g) = the number of conjugacy classes of maximal soluble
subgroups of GL(d, g).

This chapter aims to prove the following result, due to P. P. Palfy, which
provides upper bounds on these values.

Theorem 14.1 With the notation defined above, there exists ¢ > 0 such that
forall g and d

mlps( d, q) < d4(]ogd)3+4(logd)2+logd+2’
mlis(d’ q) < d4(10gd)3+4(10gd)2+logd+3’

mlss(d’ q) < 2“1'

Proof: We begin by proving the bound on m,(d, g). The theorem is trivial
when d = 1, since GL(d, g) is soluble in this case. Hence we may assume
that d > 1.

Let G be a maximal soluble subgroup of GL(d, ¢) which is also primitive.
Let A be a maximal abelian normal subgroup of G, let B be a subgroup of
C;(A) that is maximal subject to being normal in G and having the property
that B/A is abelian.

By Proposition 13.1, A has order g — 1 where d, divides d. There are at
most d possibilities for d,. Once d, is fixed, Proposition 13.9 implies that there

127



128 Conjugacy classes of maximal soluble subgroups

are at most two possibilities for the isomorphism class of B; Proposition 13.11
implies that each possibility may be embedded in GL(d/d,, g"') in precisely
one way up to conjugacy. Since we may regard GL(d/d,, g¢*!) as a subgroup
of GL(d, g), once d, is fixed there are at most two choices for B as a subgroup
of GL(d, ¢), up to conjugacy.

Suppose that B is fixed, and let N = Ng; (4, (B). Clearly, B< G <N, and so
G is determined by the corresponding subgroup G/B of N/B. Now, N/B has
at most |N/B|"°¢IV/Bl subgroups (as every subgroup of N/B can be generated
by log |N/B| elements). Proposition 13.12 implies that |N/B| < d**¥*!, and
so the number of choices for G/B once B is fixed is at most

(dZ;L(d)+l)log(d2”(d)+]) — (dZM(d)+l)(2;L(d)+l)logd < d4(logd)3+4(logd)2+logd’

the inequality following from the fact that w(d) < logd. Since the number of
choices for B is at most 2d, and 2d < d?, we find that the number of choices
my,(d, q) for G is at most dHlosd)’ +4(logd)*Hogd+2 g5 required.

We prove the remaining two bounds of the theorem by induction on d. As
we observed above, the theorem is trivial when d = 1. Assume, as an induc-
tive hypothesis, that the theorem is true for all smaller dimensions d. An irre-
ducible but imprimitive linear group G preserves a direct sum decomposition

V=V, ® @V,

Choose a decomposition where k is as large as possible, and let m = dim V.
By Proposition 6.15, such a group is conjugate to a subgroup of Hwr Q where
Q < Sym(k) is the transitive permutation group induced by the action of G
on the direct summands V;, and where H < GL(m, g) is the irreducible group
induced by the stabiliser of V, in G. Indeed H is primitive, by the remark
after the proof of Proposition 6.15. Since G is soluble, Q and H are soluble.
Since G is a maximal soluble subgroup, G is conjugate to Hwr Q, rather than
to a general subgroup of Hwr Q. Moreover, the maximality of G implies that
Q is a maximal soluble subgroup of Sym(k) and H is a maximal soluble
subgroup of GL(V)).

So for any maximal soluble irreducible subgroup G of GL(d, ¢) we have
that G is conjugate to Hwr Q where H is a maximal soluble subgroup of
GL(m, gq) for some divisor m of d, where H is primitive and where Q is a
transitive subgroup of Sym(d/m). Hence

mlis(d’ q) < Z mlps(m’ q)mts(d/m)
m|d

4(log m)>+4(log m)?+log m+2 ~3(log d—log m)?
<Zm(g) (logm)”+log 23(log g),

m|d
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the second inequality following from Theorem 11.2. Each term in the sum
above is at most ¢4(ced)’+4(ogd)*Hogd+2 (Thig is trivial when m = d. When
m < d, this follows from the fact that m < d/2 and 3(logd — logm)? <
4(log d)® +4(logd)* +1ogd +2.) Since there are at most d terms in the sum,

mlis( d, q) < d4(logd)3+4(logd)2+10ga'+3’

as required.
Finally, let G be a (possibly reducible) maximal soluble subgroup of
GL(d, q). Let

{O}=V0<V]<-~~<Vk=IE‘Z

be an F G composition series. Let G; be the group induced by G on V;/V,_;.
Note that G, is isomorphic to a quotient of G, and so is soluble. Moreover,
G, acts irreducibly on V;/V,_, since the V; form a composition series. Let
d, =dim(V,/V,_,). With respect to a suitable basis, G is a group of matrices
of the form

Alolo...]o
214,00

20 ] . 1o
712 72 1A

where the d; x d; matrices A, represent the groups G,. Now, it is not difficult
to check that the set L of all matrices of the form

I,]olo.]o
2 (1, [0...]0

20 1 .o
RN

k

where I, is the m x m identity matrix, is a soluble group (indeed it is a p-group
and so it is nilpotent). Moreover, since G preserves the subspaces V;, G
normalises L, and so L < G by the maximality of G. Thus the conjugacy class
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of G is determined by the conjugacy classes of the groups G, in GL(d,, q).
Moreover, the groups G; must be maximal in order that G is maximal. So

mlss(d’ q) < Z 1_[ mlis(di’ q)
(dy,d>,....dy)

where (d,, d,, ..., d,) runs over the ordered partitions of d

4(logd;)+4(logd;)>+logd;+3
< X [l4
(dy,ds,....dy)

= ¥ 9Tk (4(togd) +4(log d;)* +(log d;)*+3log d; )

(dy.dy,....dy)

We wish to find an upper bound on the sum
(4(logd,)* +4(logd;)* + (logd,)* + 3log d;) . (14.1)
i=1
If (d,,d,, ...,d,) is an ordered partition of d that maximises the sum (14.1),
for all i we must have that
(4(log di)4 +4(log di)3 + (log di)2 +3logd,))

> |d;/2](4(log2)* +4(log2)* + (log2)* +3log2)

=12(d,/2],
for otherwise we may replace d; by |d;/2| parts equal to 2 or 3 and the
sum (14.1) increases. But this inequality implies that d, is bounded. Indeed, we
must have that d; < 2'°. Because (d,, d,, ..., d,) has at most d parts, we there-

fore find that the sum (14.1) is at most d(4(16)* +4(16)* + (16)*+3-16) =
278832d. Hence

me(d,q) < Y DXL (4(logd))*+4(log d;)* +(log d;)*+3log d;)

(dy.d;,....dy)
< Z 2278832d
(dy,d,,....dy)

d—1+278832d 278833d
=292 <2 ,

since (by Lemma 5.9) there are 297! ordered partitions of d. So the last
statement of the theorem follows (and we may take ¢ =278 833 in our upper
bound on m(d, g)).
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Commentary:

1. Pyber [82, Lemma 3.4] gives this theorem (with attribution to Pélfy) for
g = p (prime) and with 20(log d)? as the leading term of the exponent for
the bounds on my, (d, ) and my; (d, q) (and some other minor changes).
We should remark that Pyber claims a slightly better bound for m,(d, q)
than that of Theorem 14.1. However, the proof he gives contains a small
error, which when corrected leads to the bound we give here.

2. Tt is highly significant for our purposes that the bounds depend only
on d and not on g. What lies behind this fact is that solubility of a
subgroup of GL(n, F) is, in general, inherited by its closure in the Zariski
topology. Therefore maximal soluble subgroups are Zariski-closed, and
so they are algebraic subgroups. Just as the maximal algebraic subgroups
of an algebraic group can be classified into finitely many types (hence
conjugacy classes), so the same is true of the maximal soluble subgroups.

3. It is possible to give a slightly better upper bound on the maximal
number of generators required to generate a subgroup of N/B, by first
deriving an upper bound on w(|Sp(2e, p)|) and then using facts about
N/B established in the proof of Proposition 13.12 together with the
result (see Corollary 16.7) that a group G of order n may be generated
by w(n)+ 1 elements. This leads to an improvement of the bounds
of Theorem 14.1. However, the leading terms of the exponents of the
bounds for my, (d, q) and my (d, q) are unchanged, and the resulting
explicit value of ¢ is not significantly smaller than the value given
above.

4. Our estimation of the sum (14.1) is very crude. In fact, we think the
following may well be true:

my(d, q) < 0(2°d);  perhaps even my(d,q) <0 (2d"?).
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Pyber’s theorem: the soluble case

Let § be a family of groups, one for each prime power order. We want to
enumerate soluble groups of order n = p;'--- p;* whose Sylow subgroups
are isomorphic to groups in §.

The technical machinery required to prove our main result is in place except
for a few lemmas. We present these in Section 15.1. The next section will
contain the proof of Pyber’s theorem (for the soluble case). But first we set
up notation that will be used throughout this chapter.

As before, we have u = max{«,, ..., @, }. We focus on a soluble group G
of order n whose Sylow subgroups are isomorphic to groups in 8. The material
presented in Section 6.2 of Chapter 6 can be referred to for information on
F(G), the Fitting subgroup of G.

Fori=1,...,klet

F,=0,(G),

F=FG)=F, xF,x--- X F,

A, = Aut(F),

A=Aut(F)=A, xA, x---x A, and
B,={o€A,|og=g mod ®(F,) forall g€ F;}.

For each i, there is a natural homomorphism from A; into Aut (F;/P(F;)). By
Lemma 3.13 the kernel B, of this homomorphism is a p;-group. Now let

d;=d(F))= d(Fz/(D(Fz)) .

Then by Lemma 3.12, Aut(F;/P(F;)) is isomorphic to GL(d;, p;) and so
A,/B; may be regarded as a subgroup of GL(d,, p;).

132



15.1 Extensions and soluble subgroups 133

Let Z=Z(F) and Z, = ZNF,. Note that Z; is the Sylow p;-subgroup of
Z. Further, let H = G/Z and for P, ..., P,, Sylow p;-subgroups of G, let
Q,=P;/Z,. So the Q, are isomorphic to Sylow p,-subgroups of H.

15.1 Extensions and soluble subgroups

Lemma 15.1 Suppose that Z, H are given (as is an action of H on Z).
Then the number of groups G with Sylow subgroups Py, ..., P, which are

2
extensions of Z by H is at most ]_[f:1 p?’ and hence it is at most n*.

Proof: Let H2(H, Z) be the set of equivalence classes of extensions
E:l—Z7Z—G—H—1

with Sylow subgroups P,, ..., P,. Since Z =2, X Z, X - -+ X Z;, by Proposi-
tion 7.12,

H*(H,Z)=H*(H,Z,)x H*(H, Z,) x ---x H*(H, Z}) .

It is obvious that this isomorphism gives a one-to-one correspondence between
H;(H,Z) and H; (H, Z,) x Hg (H, Z,) x - -- x H; (H, Z), where 8, has p;-
group P; and p;-group Q; for j#i.

Since Z; is a p;-subgroup, we get that H*(H, Z,) is an abelian p,-group.
Thus for each i, by Corollary 7.16, the restriction map from H*(H, Z;) into
H*(Q,, Z;) is an injection. But we are only interested in extensions

| —Z72,— P — Q0,— 1. (15.1)

If |Z,| = pfg " then the number of injective homomorphisms from Z; into P;
(and whose images are normal subgroups of P;) is less than p?"ﬁ . Now P,
can be generated by «; — 3, generators together with Z;,. So the number of
homomorphisms from P; onto Q, with kernel Z, is less than |Q;|“ . But

|0:| = pf"'_ﬁ '. Hence the number of exact sequences given by (15.1) is at most

. —B,)> . —B; 2 2
plfnﬁlpl(.a, Bi) < p‘.”ﬁ‘pf’(a’ Bi) _ P Thus |H[2P,}(Qi’ Z)| < p% and so

k
HX(H, Z) <[] p < n*.
i=1

For any group G, let Mss(G) denote the set of maximal soluble sub-
groups of G.

Lemma 15.2 Let G be a group and H a subgroup of G. Then |Mss(H)| <
|[Mss(G).
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Proof: Let X, be a maximal soluble subgroup of H. Then there is a maximal
soluble subgroup M of G such that X; < M. Now if X, is also a member
of Mss(H) such that X, < M, then (X,, X,) is a soluble subgroup of H
containing X, and X,. So by maximality we get that X, = X,. This shows
that [Mss(H)| < |[Mss(G)|.

Lemma 15.3

() If M is a soluble subgroup of A; and |M| = p;"x; where p; does not
.. 3a;
divide x;, then x; < p; .

(1-2 nled
(i) [Mss(A,)] < pi 755,

Proof: (i) By Theorem 6.1 we get that M has a Hall p,’-subgroup, say X;.
So |X;| = x;. We have seen that A,/B; may be regarded as a subgroup of
GL(d;, p;). Since B; is a p;-group, we get that X; is isomorphic to a subgroup
of A,/B;. Now p, does not divide x;, so by Maschke’s theorem X, is a
completely reducible subgroup of GL(d;, p;) and is also soluble. Thus by
Theorem 10.2 we have

3a;
i

3d,—2
i

IX;| <p <p

(i1) We claim that [Mss(A;)| = |Mss(A,/B;)|. This can be seen using the
following argument. Let M be a maximal soluble subgroup of A;. Then MB,
is also a soluble subgroup of A; and so M = MB,. Thus B, is contained in
M and the map taking M to M/B; gives a bijective map from Mss(A4;) to
Mss(A;/B;).

It follows from Lemma 15.2 that

IMss(A;)| = [Mss(A,/B;)| < [Mss(GL(d;, p;))| -

We know from Theorem 14.1 that there exists an explicit constant ¢ > 0
such that the number of conjugacy classes of maximal soluble subgroups of
GL(d, g) is at most 2°?. It was shown in the proof of the theorem that ¢ could
be taken to be equal to 278 833. Thus

[Mss(A,)| < [Mss(GL(d;, p;))|

d? 4278833,
pi'2 '

d?+278833d;
i

N

N
]

0742788330
Pi :

N

2 .
Corollary 15.4 |Mss(A)| <[]L, p;" TSR 278833,

l
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Proof: Since a maximal soluble subgroup of A is a direct product of maximal
soluble subgroups of each of the A;, we get that

Mss(A) =Mss(A;) X --- x Mss(A,) .
Thus

k
[Mss(A)] =[] [Mss(A,)]

—_

a?+2788330;

<]lp

-

I
—

k
o (u+278833)
< H 123
i=1
— pHr883,

as required.

In their paper [10], Borovik, Pyber and Shalev have proved a conjecture of
Laci Pyber that there is a constant ¢ such that for all finite groups G we have

[Mss(G)| < [GI".

Pyber now makes the conjecture that in fact |[Mss(G)| < |G|.

15.2 Pyber’s theorem

Theorem 15.5 The number of soluble groups of order n with Sylow subgroups

Py, ..., P, is at most n®+278833,

Proof: Before we embark on the details of a proof of Pyber’s theorem, it
is worthwhile to consider the main stages of the proof. We first present a
summary of these.

Let n = ]_[f;l p;% be the decomposition of n into primes. Suppose that
P,,..., P, are p;-groups such that |P;| = p;". Let G be a soluble group of
order n with Sylow subgroups P,.

Now G acts by conjugation on F, the Fitting subgroup of G, and so there
is a homomorphism ¢ from G into A, the automorphism group of F. Clearly
ker ¢ = C;(F). Further, since G is soluble, by Corollary 6.5 we know that
C;(F) < F. Thus ker ¢ = Z, the centre of F. Consequently, we may regard
H = G/Z as a subgroup of A.
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Hence G is an extension of Z by H and so G is determined by H, Z, the
action of H on Z and by E, an element of HZ(H, Z). Note that the action of
H on Z is determined by the action of H on F and once a choice for F is
made, we know Z and A. Further, the choices for H and the action of H on
F are taken into account by counting the choices for H as a subgroup of A.

Since the Sylow subgroups of G are isomorphic to the P,, it is easy to
determine the choices for F. Once this is done, we know Z and A. The main
task lies in counting the choices for H as a subgroup of A. Since H is soluble,
it will be contained in some maximal soluble subgroup M of A. So we first
choose a maximal soluble subgroup M of A and then count the choices for
H as a subgroup of M. This is done by considering Sylow systems (see
Theorem 6.2) for H. It can be shown that the number of Sylow systems for
M is fairly small and they contain the Sylow systems of H.

Let Q,,..., O, be a Sylow system for H and let R,, ..., R, be part of a
Sylow system for M such that Q; < R;, for each i. Once M has been chosen
and a Sylow system for M has been fixed, we could estimate the choices
for H (up to conjugacy) as a subgroup of M by enumerating the possibilities
for Q, as a subgroup of R,. Unfortunately, the R; can be ‘too large’ for the
purpose of enumerating the choices of O, and so instead of using Sylow
systems for M, a small number of ‘approximating Sylow systems’ S|, ..., S,
are found such that S; are p;-subgroups of M of ‘small enough order’ and
such that O, < S, fori=1,...,k.

In order to estimate the choices for H, as outlined above, we need to
explore in depth the structural properties that H satisfies as a subgroup of A.
Since H is soluble, there will be a maximal soluble subgroup M of A such
that H < M. Further, M = M, X M, x --- x M, where M; = MNA; and M, is
a maximal soluble subgroup of A;. By Theorem 6.2, we can choose a Sylow
system Q, ..., Q, for H and (part of) a Sylow system R, ..., R, for M such
that O, = HNR,.

Since M =M, x M, x---x M,, we getthat fori=1,...,k,

R, =Ry XRyp X xRy

where R;; is a Sylow p;-subgroup of M;.
Let X ]_[ | R;;. Since the R, form part of a Sylow system for M, we

have that R, R = R R,. So X; is well-defined as a soluble p’-subgroup of A;.

So by part (i) of Lemma 15 3, we get that |X;| < pf“f Thus for i # j, we
find that R;; is ‘small’ but unfortunately the R;; may be ‘large’. So we replace
the Sylow system R, for M by an ‘approximate Sylow system’ S; as follows.
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Since H = G/Z, for each i we have that Q, is a conjugate of P,Z/Z. By
choosing suitable conjugates of P, in G, we can have Sylow p,-subgroups for
G, say f’l, R f’k, such that Q; = f’iZ/Z. So without loss of generality let us
assume that Q, = P,Z/Z for each i.

Define

¢ | Ry ifi#j
Y ¢:(P) ifi=]
where ¢; = m;0¢ and ; is the projection map from A to A;. Note that
¢;(P;) = m(P,Z/Z) = m(Q,). Define

S, =8, xSy x---xS,.

Then S; is a p;-group and clearly O, < ;.
For i # j, we have defined §;; to be R;; so

k k k
l_[ |Si| = H |Xj| l_[ |Sii|
i=1 j=1 i=1

=

k
<p; a’npia’
i=1

.
I

4a;
pi

=

1

n’.

The group Q; is a subgroup of S, generated by at most «; elements, so the
number of possibilities for the sequence Q,, ..., O, is at most

k
[TI8i1*.
i=1

This is at most [TE, [S;[* < n*.
Let

n, = the number of possibilities for F.
Given F, let

n, = the number of possibilities for M.

Given F and M, let

n; = the number of possibilities for S, ..., S,.
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Given F, M, S,, ..., S,, let
n, = the number of possibilities for O, ..., O, .

We have shown above that n, < .
Since F = F| x F, x - -- x F;, where F; = 0, (G) < P;, we get that

k k
ny < H|Pi|a' = l_[Pi“'z <nt.
i=1

i=1
By Corollary 15.4 we have

n, = [MssA| < nt+278833,

As all Sylow systems of M are conjugate, their number is at most |M|.
Also

M| < |A|

i=1
k 2
o
<[Ip"
i=1

< nt.

So the number of choices for the R; is at most n*. Further, when a choice for
F was made, we fixed the embedding of F; into P;. The homomorphism ¢,
is clearly just the map induced by the conjugation action of P; on F; and so
this is fixed once F has been chosen. Thus the S; are uniquely determined by
the R;. Consequently,

Thus the number of possibilities for H (as a subgroup of Aut F) is at most
n'#+278833 Now, by Lemma 15.1, given P,, ..., P,, Z and H and the action
of H on Z, the number of extensions of Z by H with Sylow subgroups
isomorphic to the P; is at most n*. Hence we have the required result.

Corollary 15.6
Faw(n) < nBHH2T8834
Proof: By Corollary 17.3 there are at most m choices for an abelian group

of order m up to isomorphism. Hence there will be at most n choices that
can be made for the abelian p;-groups that will serve as the Sylow subgroups
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of a soluble A-group of order n. The result now follows from applying
Theorem 15.5.

Comments

1.

When w(n) is large this corollary represents an improvement on Corol-
lary 12.10. Moreover, it seems very likely that a combination of the
methods of Mclver and Neumann [67] with the methods of this chapter
should yield the stronger theorem that f, (n) < n8+27883 but we believe
that this would still be quite far from best possible—see Question 22.22
on p. 266.

It seems likely that the exponent 8u + 278833 in Theorem 15.5 should
come down considerably, at least as far as 2+ O(1), and probably further.

. Let § be a family of groups, one for each prime power order, and let

fs(n) denote the number of groups of order n whose Sylow subgroups are
isomorphic to groups in 8. Let n = p{" - - p;* be the prime decomposition
of n. It had been hoped that in fact

Filn) < i D D ot

but Pyber in [82] has shown that this is false.
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Pyber’s theorem: the general case

In this chapter we aim to prove the general version of Pyber’s theorem:
the proof is contained in the final section. The three sections preceding the
proof each deal with a different ingredient that is needed there. Section 16.1
contains theorems that bound the number of generators of a group in various
contexts. Section 16.2 is concerned with central extensions (especially of
perfect groups). Finally, in Section 16.3 we define and explore the notion of
the generalised Fitting subgroup of a group.

16.1 Three theorems on group generation

This section contains proofs of three theorems, each of which makes state-
ments about the existence of certain kinds of generating sets for finite groups.
The first, due to Wolfgang Gaschiitz [35], will be needed to prove the third
theorem of this section. The second and third depend on the Classification of
Finite Simple Groups; they will be used in the proof of the general case of
Pyber’s theorem in Section 16.4.

Theorem 16.1 Let G be a finite group, and let N be a normal subgroup of
G. Suppose that G may be generated by r elements, and let g,, 8,,...,8, € G
be such that g|N, g,N, ..., g,N generate G/N. Then there exist generators
{hy, hy, ..., h,} for G such that h, € g;N foriec{1,2,...,r}.

Proof: We aim to show that the number of choices for A, h,, ..., h, does
not depend on g, g, ..., g, (but only on G, N and r). This will establish
the result, since when g,, g,, ..., g, generate G there is clearly at least one
choice for the h;, namely h; = g; fori € {1,2,...,r}.
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Define the set X by
X={(h,hyy....h,) | h;egN forie{l,2,...,r}}.
For a subgroup U of G, define the subset X, of X by
Xy={(h;,h,y,....,h,)eX|h,eUforie{l,2,...,r}}
={(h, hys ..., h,) | h;e (gN)NU forie{l1,2,...,r}}.

Note that Xy, = Xy, N Xy, for any subgroups U, and U, of G. We claim
that
0 if UN #G,

| Xyl =€y, INNU|", where eU:{ | fUN<=G

To prove this claim, first note that if UN # G then (g;N) N U = ¢ for some
ie{l,2,...,r}, since the elements g;N generate G/N. Thus X, = ¢ and
the claim follows in this case. Moreover, if UN = G then there exists u; €
(&N)NU for all i € {1,2,...,r}. But then the map x — u;'x provides a
bijection between the sets (g;N)NU and NN U. Therefore there are |[NNU|
choices for each component of (h,, h,, ..., h,) € X,;, and so the claim follows.

Let M|, M,, ..., M, be the maximal subgroups of G. For I C {1, 2, ..., k}
define M; = (N;¢; M;. Now {hy, h,,...,h.} € G is a generating set for G if
and only if it is not contained in any maximal subgroup M, of G. Hence, by the
inclusion—exclusion principle (see, for example, Cameron [13, Section 5.1]),
the number ¢ of elements (4, h,, ..., h,) € X such that i, h,, ..., h, generate
G is given by

c=|X|+ Z (_1)‘1‘ |miel XM[|
1C{1,2,...k}

=IxI+ X (=D"|x,,|
1€{1,2,....k}

=IN"+ Y (=D, INNM,|".
1€{1,2,...,k}

In particular, ¢ does not depend on g, g, ..., g,., and so the theorem follows.

We remark that Gaschiitz [35] proves the stronger theorem, where G is
no longer necessarily finite but where N is still assumed to be finite. The
above argument establishes this more general result, once the observation
is made that there are only finitely many maximal subgroups M of G such
that MN = G (as such a subgroup M is determined by the intersections
(g;N)NM forie{l,2,...,r} together with the intersection N N M) and that
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only maximal subgroups of this form are needed in the inclusion—exclusion
argument.

The two remaining theorems we will prove in this section depend on the
Classification of Finite Simple Groups. In both cases, the Classification is
only needed to establish the truth of the following result:

Theorem 16.2 Let L be a finite non-abelian simple group. Then there exists
a Sylow 2-subgroup P of L and an element x € L such that L is generated
by P and xPx™".

Theorem 16.2 is due to Robert Guralnick. We do not give the proof here;
the interested reader can consult Guralnick’s paper [38]. We remark that the
next theorem we consider, a theorem due to Michael Aschbacher and Robert
Guralnick [2], follows from the weaker result where ‘2’ is replaced by ‘p’.
Indeed, a proof of this weaker result makes up a significant proportion of
the Aschbacher—Guralnick paper. In fact, we use the following corollary of
Guralnick’s theorem:

Corollary 16.3 Let M be a direct product L X L X --- X L of several copies
of a finite non-abelian simple group L. Then there exists a Sylow 2-subgroup

P of M and an element x € M such that M is generated by P and xPx~.

Proof: By Theorem 16.2, there exists a Sylow 2-subgroup Q of L and an
element x € L such that Q and yQy~! generate L. Butthen P=Q0x Q0 x---xQ
is a Sylow 2-subgroup of M, and it is easy to check that P and xPx~! generate
M, where x = (y,y,...,).

Theorem 16.4 Let G be a finite group. Then there exists a soluble subgroup

S of G and an element x € G such that G is generated by S and xSx™".

Proof: We prove the result by induction on the order of G. Assume as an
inductive hypothesis that the theorem holds for all groups of order smaller
than |G|. Let M be a minimal normal subgroup of G. Suppose M is soluble.
By our inductive hypothesis, there exists a subgroup S containing M and an
element x € G such that G/M is generated by S/M and (xM)(S/M)(xM)~!
and such that §/M is soluble. But then S is soluble and G is generated by S
and xSx~'. So the theorem holds for G in the case when M is soluble.
Suppose now that M is not soluble. We may identify M with a direct product
L xLx---xL of copies of a non-abelian simple group L. By Corollary 16.3,
there exists a Sylow 2-subgroup P of M and an element x € M such that M

is generated by P and xPx~".
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Let N be the normaliser of P in G. By the Frattini argument (see Goren-
stein [36, page 12, Theorem 3.7]) we find that G = MN. Now, P is not normal
in G (by the minimality of M) and so N is a proper subgroup of G. By our
inductive hypothesis, there exists a soluble subgroup S of N and an element
z € N such that N is generated by S and zSz~!. Since PS is also a soluble
subgroup of N, we may assume that P < S. Let H be the subgroup of G
generated by S and xzS(xz)~!. We claim that H = G. To see this, first note
that xzS(xz) ™' > xzP(xz)~' = xPx~!, the equality following since z € N. So
H contains both P and xPx~!, hence H contains M. In particular x € H, so
H contains zSz~! in addition to S. Therefore H contains N. Since G = MN,
we find that H = G and our claim follows. So the theorem holds for G in
this case also. The theorem now follows by induction on the order of G.

We now turn to the final theorem of this section, a theorem proved indepen-
dently by Robert Guralnick [39] and Andrea Lucchini [62], which provides a
bound on the number of generators of a finite group in terms of the maximum
number of elements needed to generate a Sylow subgroup. The theorem uses
some of the theory of the first cohomology group H!(G, M) from Chapter 7,
and we begin by making some easy observations about this group.

Let G be a group and let M be a finite G-module. Recall that the first
cohomology group H!(G, M) may be defined as the quotient of Z'(G, M) by
B'(G, M), where Z'(G, M) is the group of all derivations f: G — M, and
where B' (G, M) < Z'(G, M) is the subgroup of all inner derivations §,, : G —
M (where m runs through M). Now, a derivation f: G — M is determined by
the images of a generating set of G. So if G can be generated by d elements,
then |Z'(G, M)| < [M|?. The definition of an inner derivation makes clear that
|B'(G, M)| < |M|. Moreover, the definition shows that B'(G, M) is trivial
if and only if M is a trivial G-module. So |H'(G, M)| < |Z' (G, M)|, with
equality if and only if M is a trivial G-module.

Lemma 16.5 Let G be a finite group. Let p(G) be the smallest integer k
such that every Sylow subgroup of G can be generated by k elements. Let M
be a normal p-subgroup of G and let r be an integer. Suppose that

(1) p=2and r = p(G), or

(ii) p#2and r > p(G) + 1.

Then whenever G/M can be generated by r elements, G can be generated
by r elements.

Proof: We prove the lemma in the case when M is a minimal normal
subgroup of G (and so is elementary abelian). It is clear that the lemma
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follows from this special case by induction on the length of a G-invariant
composition series for M.

Let g,, &5, ..., g, generate G modulo M. Let H be the subgroup generated
by 81585+, 8- S0 G = HM. The subgroup H N M is clearly normalised by
H, and is also normalised by M since M is abelian. But G = HM and so
HNM is normal in G. Since M is a minimal normal subgroup of G we find
that HNM =M or HNM ={1}. f HONM = M then G = HM = H, and
so G is generated by the r elements g, g,, ..., g,- SO we may assume that
HNM ={1}. Thus H is a complement of M in G, and G is isomorphic to
the semidirect product M x H of M by H.

Let ¢ = p* = |M|, where p is a prime. There are ¢" sequences of the form
&1X15> 8 X35 -+ 8%, With X, X5, ..., x, € M. The argument of the paragraph
above shows that the lemma follows when g, x,, g,%,, ..., g.X, generates a
non-complement to M in G. So we may assume that all such sequences gen-
erate such a complement. Distinct sequences generate distinct complements,
and every complement arises from such a sequence. Hence M has ¢" com-
plements in G, so |Z!(H, M)| = ¢" by Proposition 7.7. We aim to derive a
contradiction from this equality.

We aim to give an upper bound on the order of Z!(H, M). Let P be a Sylow
p-subgroup of H. Defining Q = PM, we see that Q is a Sylow p-subgroup
of G. Corollary 7.16 states that H'(H, M) is isomorphic to a subgroup of
H'(P, M), and so

|Z'(H. M)| = |H'(H, M)||B'(H, M)| < |[H' (P, M)|| B' (H, M)].

Let d be the minimum number of generators required to generate P. We
remarked above the statement of the lemma that |H' (P, M)| < |Z'(P, M)| <
q°. Moreover, since |B'(H, M)| < g, we find that

q =|Z"(H,M)| < ¢

Recall the Frattini subgroup ®(P) of a group P introduced in Section 3.3. We
have that |P/®(P)| = p¢, by Lemma 3.12. Moreover, by Lemma 3.12 we have
that ®(Q) = Q?Q’. Using this it is easy to check that ®(Q) = ®(P)[P, M].
Writing p¢ for the index of [P, M] in M, we find that |Q/®(Q)| = p**¢, so any
generating set for Q has at least d + a generators. In particular, d +a < p(G)
and so

q =|Z"(H, M)| < "7+, (16.1)
Note that [P, M] is a proper subgroup of M since P and M are p-groups, and

soa>1.So (16.1) gives us our required contradiction whenever r > p(G) +1.
This proves the lemma when p # 2. Indeed, we have our required contradiction
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when p = 2, except in the case when a =1 and r = p(G). We now aim to
derive a contradiction in this case.

Suppose that M is a non-trivial P-module. The remark above the statement
of the lemma shows that |H' (P, M)| < |Z' (P, M)| < g¢ in this case, and the
argument above then shows that ¢" = |Z'(H, M)| < ¢*@~'*! = ¢#(9)_ This
gives the contradiction we require. So we may assume that M is a trivial
P-module. In this case [P, M] = {1}, and so |M| =29 =2. Thus M is also a
trivial H-module, so |B'(H, M)| = 1. Therefore

¢ =1Z'(H,M)| = |H'(H,M)| < |H' (P, M)| < ¢ < g"O " = ¢" 9.

Again we have a contradiction, and so the lemma follows.

Theorem 16.6 Let G be a finite group. Let p(G) be the smallest integer k such
that every Sylow subgroup of G can be generated by k elements. Then there
exist generarors g, & .- - 8y(Gy+1 Jor G such that the subgroup generated
by 815 8- 8p(c) contains a Sylow 2-subgroup of G. In particular, G can
be generated by p(G)+ 1 elements.

Proof: We prove the result by induction on the order of G. Suppose the
theorem holds for all groups of order smaller than |G|. Let M be a minimal
normal subgroup of G. By the inductive hypothesis, there exist elements
hy,hys ... hyg € G that generate G modulo M and such that hM,
h,M, ..., h, M generate a subgroup of G/M containing a Sylow 2-subgroup
of G/M.

Firstly, suppose that M is a 2-group. Let H be the group generated
by hy, hy, ..., h,G and M. Then H contains a Sylow 2-subgroup of G.
Moreover, H/M can be generated by p(G) elements and p(H) < p(G),
so there exist generators gy, &, ..., &, for H by Lemma 16.5. If we set
8p(G)+1 = Np(Gy+1> We have found generators for G that satisfy the conditions
of the theorem. So the inductive step follows in this case.

Secondly, suppose that M is a p-group, where p # 2. By Lemma 16.5, G can
be generated by p(G) + 1 elements. By Gaschiitz’s theorem (Theorem 16.1),
there exist generators g, &, ..., 8,41 for G such that g, € h,M for i €
{1,2,...,p(G)+1}. So g;M, g, M, ..., g,,M generate a subgroup of G/M
containing a Sylow 2-subgroup of G/M, by our choice of the generators #;.
Since M has odd order, this implies that g, &,, ..., g,(G) generate a subgroup
containing a Sylow 2-subgroup of G, and so the inductive step follows in this
case also.

Finally, we assume that M is isomorphic to a direct product of copies of
a non-abelian finite simple group. By Corollary 16.3, there exist a Sylow
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2-subgroup P of M and an element x € M such that M is generated by
P and xPx~!'. By the Frattini argument, G = MN, where N is the nor-
maliser of P in G. So, without loss of generality, we may assume that
h; € N for i € {1,2,...,p(G)+ 1}. Let H be the subgroup generated by
hy, h,, ...,hp(G) and P. Note that H contains a Sylow 2-subgroup of G.
Since H < N, we have that P is normal in H and so H may be generated
by p(G) elements g, g, ..., 8, by Lemma 16.5. Set g, 11 = XhpGy41-
We claim that g, g5, ..., §,(G)+1 generate G. The subgroup U generated by
8158 - 8p(G)+1 contains H, and so U contains both P and gp(G)Jrng;('G)+l =
xPx~" (the last equality following since /,;),; € N). So M < U. Moreover,
G/M is generated by HM/M and h g, M. Since h,G 1M = 8,1 M, we
find that U/M = G/M. So U = G and our claim follows. Since H contains
a Sylow 2-subgroup of G, the generators g, g, - - -, 8,1 Satisfy the con-
ditions of the theorem. The theorem now follows by induction on the order
of G.

Corollary 16.7 Let G be a finite group of order n. Then G may be generated
by pu(n)+1 elements.

16.2 Universal central extensions and covering groups

This section contains some results on the structure of central extensions by a
perfect group G. (Recall: G is perfect if G = G'.) We will see that much of
the structure of such extensions can be described by a universal object, the
universal covering group G of G. This material will be useful (in the case
where G is a finite simple group) when we investigate the generalised Fitting
subgroup in Section 16.3.

Recall the formal notion of a group extension, namely a short exact se-
quence

l— M -5E 26 —1 (16.2)

of group homomorphisms. In this section, we will always assume that M, is
contained in E|, and that the map i is inclusion. We say that the extension
(16.2) is a central extension by G if M; < Z(E,). Suppose that (16.2) is a
central extension by G, and let

l— M-S E 61 (16.3)

be a second central extension by G. We say a homomorphism a : E;, — E,
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is a morphism of central extensions if p, = p,a. So « is a morphism if the
following diagram commutes:

1—>M1—>Ell>G—>l

»L « id \L (164)

1—>M2—>E2£>G—>1

where the left vertical arrow is the restriction of a to M,.

A central extension (16.2) by G is universal if for all central extensions
(16.3) by G there exists a unique morphism « : E; — E,. Note that if a
universal central extension exists, then it is unique up to isomorphism of
central extensions. For if both (16.2) and (16.3) are universal, then there exist
morphisms « : E;, — E, and B: E, — E,. Since Ba and the identity map on
E, are both morphisms from E; to E,, we find that S« is the identity map on
E,. Similarly af is the identity map on E,. Hence « is an isomorphism and
so the diagram (16.4) is an isomorphism of central extensions.

Not all groups G possess a universal central extension. Indeed, G possesses
such an extension if and only if G is perfect. This fact is a consequence of
Lemma 16.8 and Theorem 16.10 below.

Lemma 16.8 Let G be a group, and let
1—M—G -5 G—>1 (16.5)
be a universal central extension by G. Then G and G are perfect.

Proof: Let H=G x (G /C~}/). The mapping p : H — G defined by p((x, y)) =
o(x) is surjective. Defining N = ker p, we have that N < Z(H) and so

1—>N—>H—p>G—>1

is a central extension by G. Let a, 8:G — H be defined by a(x) = (x, 16/)
and B(x) = (x, xé/) respectively. Then both o and 8 are morphisms. As (16.5)
is universal, & = 8 and hence G /(~}/ is trivial. So G is perfect and therefore
G (being isomorphic to a quotient of a perfect group) is also perfect. This
proves the lemma.

We now aim to construct a universal central extension whenever G is a
perfect group. The following lemma will be useful.

Lemma 16.9 Let G be a perfect group. Let E be a group (not necessarily
finite) and let M be a subgroup of Z(E) such that E/M = G. Then E =E'M,
and E' is perfect.
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Proof: We have that E'M/M = (E/M) =G’ = G = E/M. Since E'M clearly
contains M, this implies that £ = E'M.

To prove that E" is perfect, note that for g,, g, € E’ and z,,2, € M, we
have that [g,z,, £,2,] = [g;» &] since M < Z(E). Thus (E') = (E'M) = F’,
so E’ is perfect.

Theorem 16.10 Let G be a perfect group. Let G = F/R where F is a free
group and R is a normal subgroup of F. Then there exists a universal central
extension by G of the form (16.5) where M = (F' N R)/[R, F] and where
G =F'/[R, F).

Proof: Define K = R/[R, F] and E = F/[R, F]. Note that G = E’, and M =
E'NK. Also note that K < Z(E). Now, E/K = F/R = G and so there exists
a natural central extension

|l -K—E->5G—1

by G. Here 7 is the map induced from the natural homomorphism 7: F — G.
This map is well-defined since [R, F] < R = ker .
Let o be the restriction of 7 to G. Now

kero =G Nkert=E NK = M.

Moreover,
imo=7G)=7E)=G =G,

since 7 is surjective and since G is perfect. Moreover, M is central in G since
K is central in E. Thus (16.5) is a central extension. We note for later use
that, since G = E’, Lemma 16.9 implies that G is perfect.

We must now show that (16.5) is universal. To this end, suppose that

1—>N—>H—p>G—>1

is a central extension by G. We construct a morphism « : G — H as follows.
Let X be a free generating set for F. For each x € X, choose y(x) € H so that
p(y(x)) = m(x) (where as before 7: F — G is the natural homomorphism).
Extend vy to a homomorphism y: F — H. Clearly py = m, since py and
7 agree on X. But kerm = R and so y(R) < kerp = N < Z(H). Hence
v([R, F]) < [Z(H), H] = {1}. Since [R, F] < ker 7y, we find that y induces a
homomorphism & : E — H. Note that p& = 7. Defining « to be the restriction
of & to G produces the morphism we require.

Suppose that B : G — H is another morphism. To finish the proof of the
theorem, we need to show that a = . Define the function 6 : G—>H by
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8(x) = a(x)(B(x))! for all x € G. To prove the theorem, it suffices to show
that & is trivial.

Since @ and B are morphisms, pa = o = pf3, and so péd is trivial. So
im 8 < kerp = N < Z(H). Hence, for all g, g, €G,

8(2182) = a(g)(2,)(B(2)) ' (B(g) ™" = a(g))8(2)(B(g)) ™!
= a(gl)(ﬂ(gl))qS(gz) = 8(g1)6(8>)-

Thus & is a homomorphism. Now im 8 < Z(H) and so G / ker 8 is isomorphic
to an abelian group. But we observed above that G is perfect, so cannot have
any non-trivial abelian quotients. Thus ker 8 = G and hence & is trivial. This
proves the theorem.

The group G in Theorem 16.10 is known as the universal covering group of
G. Since a universal central extension is unique up to isomorphism of central
extensions, the isomorphism class of G is determined by G (so does not
depend on the presentation G = F/R we choose). The group M of Theorem
16.10 is known as the Schur multiplier of G, and is usually written as M(G).
Again, M(G) is determined by the isomorphism class of G rather than by
the presentation for G we have chosen. The Schur multiplier makes sense
for any group, not just groups which are perfect. For a treatment of the
Schur multiplier from a more general point of view and its definition using
cohomology, see Suzuki [89, Chapter 2, Section 9].

The following theorem states that perfect central extensions by a perfect
group G correspond to subgroups of the Schur multiplier M(G).

Theorem 16.11 Let G be a perfect group with universal covering group G
and Schur multiplier M. Let H be a perfect group, and let N be a subgroup
of Z(H) such that H/N = G. Then there exists a surjective homomorphzsm
a:G — H such that ker a < M. Moreover, if Z(G) = {1} then Z(G) =
and a(Z(G)) = Z(H).

Proof: By definition of a universal cover, there exists a universal central
extension of the form (16.5). Moreover, our conditions on H imply that H
may be realised as a central extension by G. Let p : H — G be an appropriate
surjective homomorphism with kernel N. The definition of a universal central
extension implies that there exists a homomorphism « : G — H such that
pa = o. Note that

ker(a) < ker(pa) =ker o = M.
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We now show that « is surjective. Let C = im a. Now, p(C) = im pa =
imo = G, and so CN = H. By Lemma 16.8, the group G is perfect. Since
C is a quotient of G we find that C is perfect. But C' = (CN)/, since N is
central (by the argument in the proof of Lemma 16.9). Hence ima = C =
C'=(CN) = H' = H. Thus « is surjective, and the first statement of the
theorem is established.

Now suppose that Z(G) = {1}. Clearly M < Z(G). Moreover Z(G)/M is
a central subgroup of G /M, and so Z(G) < M. Thus Z(G) =

Since « is surjective, a(Z (G)) Z(H). So to prove the theorem it suffices
to show that Z(H) < a(Z(G)). Suppose h € Z(H), and let g € G be such
that a(g) = h. Since p(Z(H)) is central in G, we find that p(Z(H)) = {1}
and so p(h) = 1. Now, o(g) = pa(g) =1, and so g € M = Z(G). Hence
Z(H) < a(Z(G)) and the theorem is proved.

The final result of this section depends on the Classification: it will be
useful in Section 16.4.

Proposition 16.12 Let L be a non-abelian finite simple group, and let L be
its universal cover. Then |Z(L)| divides |L|.

Proof: Theorem 16.11 shows that Z(L) is equal to the Schur multiplier M(L)
of L. The proposition now follows from the Classification by examination of
all cases (see the information on Schur multipliers in [19], for example).

Pyber [82] remarks that there is an alternative proof of this result that uses
less information from the Classification. The Classification implies that the
Schur multiplier of a non-abelian simple group is either cyclic or is the product
of two cyclic groups. A result of Schur (see Schur’s original paper [84] or
Huppert [50, page 635]) states that the exponent e of M(G) has the property
that ¢? divides |G|. These two facts together imply the result we require.

16.3 The generalised Fitting subgroup

In this section we define the generalised Fitting subgroup of a finite group,
and establish some of its properties. Our approach is based on Aschbacher
[1, Section 31]. The results are independent of the Classification, but we do
use the Feit-Thompson Theorem in the proof of Corollary 16.17.

Before defining the generalised Fitting subgroup, we prove some elemen-
tary facts concerning quasisimple groups. A group C is quasisimple if it is
perfect and C/Z(C) is isomorphic to a (non-abelian) simple group. Recall that
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a subgroup H is subnormal in G if there exists a chain G=H, > H, > --- >
H, = H of subgroups, where H,,, is normal in H, fori € {1,2,...,k—1}.

Lemma 16.13

(i) Let G be a group, and suppose that G/Z(G) is non-abelian and simple.
Then G = G’'Z(G), and G' is quasisimple.

(ii) Let C be a quasisimple group, and suppose that H is a subnormal
subgroup of C. Then either H= C or H < Z(C).

Proof: Since G/Z(G) is perfect, we find that G = G’Z(G) and G’ is perfect,
by Lemma 16.9. Since G/Z(G) has trivial centre, Z(G') = Z(G)NG’. So
G'/Z(G") =G /(Z(G)NG') =G Z(G)/Z(G) = G/Z(G). Hence G'/Z(G")
is simple and so G’ is quasisimple. So part (i) of the lemma follows.

To prove part (ii), suppose that H is a subnormal subgroup of the quasi-
simple group C, and that H is not contained in Z(C). Then HZ(C)/Z(C)
is a non-trivial subnormal subgroup of the simple group C/Z(C) and so
C = HZ(C). But then

C=C =[HZ(C),HZ(C)|=|H,H|=H < H,
and so H = C and the lemma follows.

A subgroup C of a group G is said to be a component of G if C is
quasisimple and subnormal in G. The set of components of G is written as
Comp(G). Note that if H is a subnormal subgroup of G then Comp(H) =
{C € Comp(G) | C < H}. The subgroup E(G) of G is defined to be the
subgroup generated by the components of G. We define the generalised
Fitting subgroup F*(G) of the finite group G to be the group F*(G) =
E(G)F(G). We begin by investigating the structure of F*(G), and conclude
by proving a result that later allows us to use F*(G) in the same role for
general groups as F(G) took in the case of soluble groups in Chapter 15.

Lemma 16.14 Let H be a subnormal subgroup of a finite group G. Let
C € Comp(G). Then either C € Comp(H) or [H, C] = {1}.

Proof: We prove the lemma by induction on the order of G. When G = {1}
the result is trivial. Assume, as an inductive hypothesis, that the lemma holds
for all groups of order smaller than |G]|.

When G = C the assertion follows by Lemma 16.13 (ii), and when G = H
the assertion follows trivially. So we may assume that C and H are strictly
contained in G. Let N, be the smallest normal subgroup of G containing C,
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and let N, be the smallest normal subgroup of G containing H. Since C and
H are proper subnormal subgroups of G, we find that N, and N, are proper
subgroups of G.

N, NN, is a normal subgroup of N, and so our inductive hypothesis
(with G replaced by N,, and with H replaced by N, N N,) implies that either
C € Comp(N, NN,) or [N;NN,, C] = {1}. In the first case, C € Comp(N,) and
so we may apply our inductive hypothesis (with G replaced by N,) to deduce
that either C € Comp(H) or [H, C] = {1}. So the inductive step follows in this
case. In the second case, we have that [N,, C, C] < [N, NN,, C] = {1}. Also,
[C,N,, C] =[N,, C, C] ={1}. By Lemma 3.4 (the Three Subgroup Lemma)
we find that [C, C, N,] = {1}. But C is perfect, and so [C, N,] =[C, C, N,] =
{1}. So the inductive step follows in this case also. The lemma now follows
by induction on |G]|.

Proposition 16.15 Let G be a finite group. Then Z(F(G)) = Z(F*(G)).

Proof: Now, Z(F*(G)) is a soluble subgroup of C;(F(G)) and is normal
in G. Hence, as in the proof of Theorem 6.4, Z(F*(G)) < Z(F(G)). To show
the reverse containment, it is sufficient to show that Z(F(G)) centralises
E(G). But Z(F(G)) is a normal subgroup of G, and Comp(Z(F(G))) =9
since Z(F(G)) is soluble. So Lemma 16.14 implies that Z(F(G)) centralises
each component C of G, whence Z(F(G)) centralises E(G) as required.

We will now prove our main result concerning the structure of F*(G).
Recall that a group G is a central product of subgroups H,, H,, ..., H,
if G is generated by the subgroups H; and [H;, H;] = {1} for all distinct
i,je{1,2,...,k}. Let X be the direct product [\, H,. It is easy to see that
G is a central product of the subgroups H, if and only if G is isomorphic to a
quotient of X by a subgroup K of Z(X) such that K has a trivial intersection

with each of the k factors of the direct product X.

Theorem 16.16 Let G be a finite group. Let Comp(G) = {C,,C,, ..., C,}.
Forie{l,2,...,t}, define L, = C;/Z(C,) and let L, be the universal covering
group of L,. Define

X=L, xL,x---xL,x F(G).

Then F*(G) is isomorphic to a quotient X /K, for some subgroup K < Z(X).
Moreover, F*(G) is a central product of F(G) and the components C; €
Comp(G).
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Proof: Define ¥ = C, x C, x --- x C, x F(G). Since F(G) is soluble
Comp(F(G)) =¥, and so we find that F(G) centralises all the components C,
by Lemma 16.14. Moreover, since Comp(C;) = {C;}, Lemma 16.14 implies
that C; centralises C; whenever i # j. So the map ¢ from Y to G defined by

(81,828 1) =818 gh

for all (g, &.,.-., & h) €Y is a homomorphism.

The definition of F*(G) implies that im ¢ = F*(G). We prove that the
kernel T of ¢ is contained in Z(Y ). Thinking of the groups C; and F(G)
as subgroups of Y, we note that ¢ is injective when restricted to C; (for
some i) or to F(G). So C;NT =F(G)NT = {1}. Since T, F(G) and the
groups C; are normal in ¥, we find that [C;, T] < C;NT = {1} and similarly
[F(G), T] ={1}. Thus T < Z(Y). This shows that F*(G) is a central product
of F(G) and the components C; of G.

Letie{l,2,...,t}. By Theorem 16.11, there exists a surjective homomor-
phism «;, : L, — C,. Moreover, ker(e;) < Z(L,) and «,(Z(L,)) = Z(C,). Let
m: X — Y be the map that is equal to a; when restricted to each factor L, and
is equal to the identity map when restricted to F(G). Then 7 is a surjective
homomorphism, and 7(Z(X)) = Z(Y). Defining K = 7~'(T), we find that
K < Z(X). Since the surjective homomorphism ¢ : X — F*(G) has kernel
K, the theorem follows.

We will use the following corollary in Section 16.4:

Corollary 16.17 Let G be a group of order n and let
Comp(G) ={C,,C,, ..., C,}.
Forie{l,2,...,t}, define L, = C,;/Z(C,). Then

(i) F*(G)/Z(F*(G)) = ([Tiey L) x F(G)/Z(F(G));
(i) |F(G)| 1., |L;| divides n; and
(i) 7 < /2.

Proof: Part (i) of the corollary follows from Theorem 16.16. Part (i) implies
that n/|Z(F*(G))| is divisible by |F(G)/Z(F(G))| [1._, |L;|. Since Z(F(G)) =
Z(F*(G)), part (ii) follows. The Feit-Thompson Theorem [33] implies that 4
divides |L,| for all i, and so 2% divides n. Hence 2t < u, and part (iii) holds.

Theorem 16.18 Let G be a (finite) group. Then C;(F*(G)) = Z(F(G)).
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Proof: By Proposition 16.15, we find that Z(F(G)) < C;(F*(G)). So we
need to show that C;(F*(G)) < Z(F(G)).

Let H=C;(F*(G)), let K = C;(F(G)) and let Z = Z(F(G)). Suppose, for
a contradiction, that H strictly contains Z. Then H/Z is a non-trivial normal
subgroup of K/Z. Let M/Z be a minimal normal subgroup of K/Z contained
in H/Z (for some subgroup M of H containing Z). If M/Z is soluble, then M
is a soluble normal subgroup of C;(F(G)), and so M < Z by Theorem 6.4.
This contradicts the fact that M/Z is a minimal normal subgroup of K/Z. So
M/ Z cannot be soluble, and hence M is a direct product of (isomorphic) non-
abelian simple groups. Let R be a subgroup such that Z < R < M, and such
that R/Z corresponds to one of the simple factors of M/Z. By Lemma 16.13,
if we write C = R’ then R = CZ, where C is quasisimple. Moreover, C
(being a normal subgroup of the subnormal subgroup R) is subnormal in G,
and so C € Comp(G). Thus CZ < E(G)Z < F*(G). Bt C< R< M <H,
and so C < C4(F*(G)). Thus C < Z(F*(G)) = Z (the equality following by
Proposition 16.15). Hence R = CZ < Z, contradicting the fact that R/Z is
non-trivial. This contradiction shows that H < Z, as required.

16.4 The general case of Pyber’s theorem

In this section we complete the proof of Pyber’s theorem in the general case.
We will use the notation defined in Chapter 15 freely. In particular, we
suppose G is a group of order n, where n = p;" py*--- p;*. We fix the Sylow
p;-subgroups P; of G fori € {1,2,...,k}. We define

F,=0,(G),
A; = Aut (F;) and
A=Aut(F(G))=A, x A, x -+ X A;.
In addition, we define some new notation: the groups A, and A* are defined by
Ay, = Aut (E(G)) and
A" = A, x A.

The proof has a very similar structure to the soluble case given in Chapter 15,
but the generalised Fitting subgroup F*(G) replaces the Fitting subgroup
F(G) throughout. More precisely, we bound the number of groups G of
order n having fixed Sylow subgroups P,, P,, ..., P, in three stages. We
first count the number of choices for the generalised Fitting subgroup F*(G).
The quotient G/Z(F*(G)) may be realised as a subgroup of Aut (F*(G)).
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The natural embedding of Aut (F*(G)) into A* realises G/Z(F*(G)) as a
subgroup of A*, and the second stage in our proof counts the number of
possibilities for this subgroup. Finally, we use Lemma 15.1 to bound the
number of possibilities for G.

Before beginning the proof of the theorem, we prove some results
concerning A*.

Lemma 16.19 Let G be a group of order n. Define A, and A* as above.

(i) |A*| <m0,
(ii) If S is a soluble subgroup of A, then |S| < n®.
(iii) There are at most n*V/¥r+25/2) soluble subgroups of A,.

(iv) The number |Mss(A*)| of maximal soluble subgroups of A* is at most
(45/4)u+278847

Proof: Since |E(G)| divides n, Corollary 16.7 implies that E(G) can be
generated by u + 1 elements. An automorphism of E(G) is determined by the
images of these u + 1 elements. So |Ay| < n#*!. We showed in the proof of
Theorem 15.5 (when giving a bound on |M]) that |A| < n*. Therefore, part (i)
of the lemma follows.

We now investigate the structure of A,. Let Comp(G) = {C,, C,, ..., C,}.
Then Comp(E(G)) = Comp(G), and so A, permutes these components
amongst themselves. Let B, be the kernel of this action. So B, is isomorphic
to a subgroup of the direct product [];_, Aut (C;), and A,/B, is isomorphic
to a subgroup of Sym(r).

For i € {1,2,...,t}, define the non-abelian simple group L; by L, =
C,/Z(C;). We claim that the natural map from Aut(C;) to Aut(L,) is
injective. For suppose « € Aut(C;) acts trivially modulo Z(C;). Then for
all x, y € C; we have that a(x) = xz, and a(y) = yz, for some z,, z, € Z(C,)
and so

a([x, y]) =[xz, yz,] =[x, ],

since z, and z, are central. But C, is perfect (by definition of a component)
and so is generated by its commutators. Hence « is the identity automorphism.
So we may regard B, as a subgroup of the direct product [];_, Aut (L;).

We are now ready to prove part (ii) of the lemma. Let S be a soluble
subgroup of A,. Then S is contained in a subgroup X of A, such that B, < X
and X/B, is a maximal soluble subgroup of A,/B,. Clearly, |S| < |X]|. To
find an upper bound on |X]|, first note that X/B, is a soluble subgroup of
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Sym(#) and so |X/B,| < 243 by Theorem 10.1. Moreover, one consequence
of the Classification is that |Out(L)| < |L| for any simple group L, and so

t

|By| < H |Aut (L;)]

i=1

=[TILJI [ TIOut(Ly)]

i=1 i=1

< (fw) .

Now E(G)/Z(E(G)) is a section of G that is isomorphic to [];_, L;. Thus
[T, |L;| divides n and so |B,| < n*. Since ¢ < u/2 by Corollary 16.17 (iii),

IS| < |X| = |B,||X/B,| < n*24"7 < n?24"% < n?2 < n’.

So part (ii) of the lemma follows.

We now aim to bound the number of soluble subgroups S of A,. We first
bound the number of choices for the subgroup X above, and then bound
the number of subgroups S associated with each choice of X. The number
of choices for X is at most [Mss(A,/B,)|- By Lemma 15.2, [Mss(A,/B,)| <
[Mss(Sym(z))|. Theorem 11.2 implies that |[Mss(Sym(z))| < #12'%. We
observed above that r < /2, and so

t!2161 g np,/228,u < I’l’u/2+8.

So there are at most n*/?*® possibilities for X.

We claim that every soluble subgroup S of A, can be generated by
4—1‘(13;1, + 6) elements. Proving this claim establishes part (iii) of the lemma;
we may see this as follows. Our claim implies that S is determined by at most
1(13u+6) elements from X, and so there are at most | X|**+9/4 choices for §
once X is fixed. But we observed above that | X| < n%, and that there are at most
n*/2+8 possibilities for X. Hence the number of soluble subgroups of A, is at
most n*/2+8p(r+18)/4 “and so part (iii) of the lemma follows from our claim.

We prove the claim as follows. Let S be a soluble subgroup of A,. Now,
SB,/B, is isomorphic to a subgroup of Sym(¢) and so can be generated by
(t4+1)/2 or fewer elements by Theorem 6.11. The group B, is isomorphic to a
subgroup of the direct product [T;_, Aut (L;), so there exists a subgroup H of
[1_, Aut (L;) isomorphic to SN B,. Define the subgroup K of [];_, Aut(L,)
by K =[],_; L;- Then [];_, Aut(L;)/K is isomorphic to the direct product
[1i_, Out(L,), where Out(L;) is the outer automorphism group of L;. By
Corollary 16.17 (ii) we have that |K| divides n. So |H N K| divides n and
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hence HN K can be generated by w4+ 1 elements, by Corollary 16.7. The
Classification implies that if L is simple then Out(L) has the following
structure. There exists a normal series 1 < D < E < Out(L) for Out(L)
such that D and E/D are cyclic, and such that Out(L)/E is either cyclic
or is isomorphic to Sym(3). In particular, every subgroup of Out(L) can be
generated by 4 or fewer elements. Thus any subgroup of []/_, Out(L;) can
be generated by 4¢ elements; in particular, this is true of HK/K. Thus S can
be generated by 4+ (r+1)/2+4 w+ 1 elements. Using the fact that £ < u/2,
our claim (and part (iii) of the lemma) is proved.

We now prove part (iv) of the lemma. We have that [Mss(A*)| = [Mss(4, X
A)| = |Mss(A,)| [Mss(A)]. Now [Mss(A4,)| is bounded above by the number
of soluble subgroups of A,. So the bound of part (iii) of the lemma together
with the bound of Corollary 15.4 combine to prove part (iv). This establishes
the lemma.

We now state and prove Pyber’s theorem.

Theorem 16.20 The number of groups G of order n with Sylow subgroups

P\, P,,..., P, is at most n®7/Vrt278852

Proof: We begin by proving that there are at most n*3 choices for F*(G)
(up to isomorphism). This is clearly true when n < 3, so we may assume
that n > 4.

Let Comp(G) = {C,,C,,...,C,}, and define L, = C,/Z(C;) for i €
{1,2,...,1}. Now []i_, |L;| divides n by Corollary 16.17 (ii), and so we
find that (|L,|, |L,|, ..., |L,|) is a multiplicative partition of a divisor r of n.
By Lemma 11.1, there are at most 7> multiplicative partitions of r, and so the
number of choices for ¢ and the integers |L;| is bounded above by

Y= (n/r) <n’y(1/r7) <2n,
rln rln r=1

since 72/6 < 2. The Classification implies that there are at most two simple
groups of any order, and so there are at most 2’ choices for the isomorphism
classes of the groups L; once their orders are fixed. But ¢ < u/2 by Corol-
lary 16.17 (iii), and so 2/ < 22# < 23°¢" = /i, Hence the number of choices
for the groups L, is at most #n°, since 2n%/n < n’.

There are at most n* possibilities for the isomorphism class of F(G). This
follows by the argument in the proof of Theorem 15.5. To recapitulate, F(G)
is a direct product of its Sylow p,-subgroups F;. Each F; is isomorphic to

1

a subgroup of P,. But P; has order p;, so P, has at most (p;")* < (p;")*
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subgroups. Thus there are at most []*_, (p{")* = n* possibilities for F(G).
Note that by choosing F; as a normal subgroup of P,, we determine the action
of P; on F; by conjugation.

Define the group X and the subgroup K as in Theorem 16.16. We have
shown that there are at most n#** possibilities for the isomorphism class of
X. To complete the first stage of our proof, we need to show that there are at
most n* choices for K.

We claim that |Z(X)| divides n. To see this, note that |Z(L,)| divides |L;]|
by Proposition 16.12, and clearly |Z(F(G))| divides |F(G)|. Since

Z(X) = Z(L,) x Z(Ly) x - x Z(L,) x Z(F(G)),

our claim now follows by Corollary 16.17 (ii).

Now, K is a subgroup of the abelian group Z(X). So K is abelian of order
dividing n, and thus K may be generated by u elements. Hence there are at
most n* choices for K, as |Z(X)| < n. We have now shown that there are at
most n?**3 choices for F*(G) (up to isomorphism), as required.

Let Z = Z(F*(G)). Conjugation induces an embedding of G/Z into
Aut (F*(G)) by Theorem 16.18. Now, there is a natural embedding from
Aut (F*(G)) into A*, so there exists a natural map ¢ : G — A* with kernel
Z. We aim to count the number of possibilities for ¢(G).

Let H = ¢(G). By Theorem 16.4, there exists a soluble subgroup S of
H and an element x € H such that H is generated by S and xSx~!. By
Lemma 16.19 (i), there are at most n***! possibilities for x. The solu-
ble subgroup S of A* is contained in a maximal soluble subgroup M. By
Lemma 16.19 (iv), there are at most n*/9r+278847 quch subgroups M. We
now aim to give an upper bound for the number of subgroups S of A*
contained in a fixed maximal soluble subgroup M. The argument below is
essentially that given in Chapter 15, but with modifications due to the extra
group A, being involved.

Let Q,,0,,..., 0, be a Sylow system for S. By replacing the Sylow
subgroups P; of G by appropriate conjugates if necessary, we may assume
that Q; < ¢(P;) fori e {1, 2, ..., k}. By Theorem 6.2, there is (part of) a Sylow
system R, R,, ..., R, for M such that O, = SNR, for i € {1,2,...,k}. By
Theorem 6.2, all Sylow systems of M are conjugate, and so there are at most
|M| possibilities for the R;. Note that |[M| < |A*| = n?#+1.

Recall that A* = Ay x A; x---x A;. For je{0,1,...,k}, let m;: A* — A,
be the natural map. Now M = M, x M, x - -- x M;, where M; = m;(M). Note
that M; is a maximal soluble subgroup of A;. For each i € {1,2,...,k},

R; =Ry X Rjy X -+ X Ry
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where R;; = m;(R;). Note that R;; is a Sylow p;-subgroup of M; and 7,(Q,) =
m;(S)Nm;(R;) < Ry;.

We define an ‘approximate Sylow system’ 7y, T, ..., T, for M as follows.
Let ¢, = m;0¢. So ¢, is the map from G to Aut (F;) induced by conjugation.
Since Q; < ¢(P;), we have that 7,(Q;) < ¢;(P;). For i € {1,2,...,k} and
je€{0,1,2,..., k}, define

T — R;; if i # J,

Y ¢:(P) ifi=.
Our method for enumerating the possibilities for F*(G) also determined
the action of P; on F;, so we may consider ¢,(P;) as being known for all

i€{l,2,...,k}. Thus the subgroups 7;; are determined by the Sylow system
for M we have chosen. Finally, for i € {1,2, ..., k} define

T; =Ty x Ty x - X Ty.

Note that 7, is a p;-group, and Q,; < T,.
For je{l1,2,...,k}, define

k
X;=[[Ry
i=1
i#j
Since the subgroups R; form part of a Sylow system for M, we have that
R;iR;y = Ry;R;; and so X; is Well—define(j, and is a soluble p’-subgroup
of A;. Lemma 15.3 (i) implies that |X;| < p_'/-a". But now

k k

k k

i=1 i=1 i=1 i=1

k k k
<[ TP T1ITl

i=1 i=1 i=1

k
= ”41_[ [Tyl
i=1

But [15, |T,| < |M,| < n’, by Lemma 16.19 (ii). Hence [, |T;| < n".
Now 0, is a subgroup of T}, and is generated by at most «; elements, so
the number of possibilities for Q; once T; is fixed is at most |T;|*. But

k k
[Tz <TTIT " < n™,
i=1

i=1

and so there are at most n’# possibilities for the Q, once the T; are chosen.
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To summarise, ¢(G) is determined by a soluble subgroup S and an element
x. There are at most n2*t! choices for x, at most n*/9#+278347 choices for
M and at most n***! choices for a Sylow system R; of M. The approximate
Sylow system T, is then determined; there are at most n’* possibilities for the
Q;, and then S is determined. So there are at most n®/9#+278849 chojices for
¢(G), once F*(G) is fixed. This completes the second stage of the proof.

To finish the proof, we will apply Lemma 15.1. Now, G is an extension of
Z by G/Z. Once F*(G) is fixed, the isomorphism class of Z is determined.
Once ¢(G) is fixed, both the isomorphism class of G/Z and the action of
G/Z on Z are determined. Lemma 15.1 implies there are at most n* choices
for G once F*(G) and ¢(G) are fixed. There are at most n***3 choices for
F*(G), and then at most n®/4r+2188% choices for ¢(G). So we find that

there are at most n®7/9#+278852 chojces for G, and so the theorem follows.

Corollary 16.21 We have that f(n) < n#i#+0w),

Proof: Let n = p{"p5*--- p;*. We wish to count the number of choices for
a group G of order n, up to isomorphism. By Theorem 5.7, there are at most
2 .3 5/2
370 +0(a;"")

choices for the isomorphism class of a Sylow p;-subgroup of G.

i
Since

5/2

2 3 32
a’+0(a N2 a2 3/ 2,2 3/2
37 % +0(e;"7) (p;l,)27ai+0(ai ) < (p;%,)ﬂp, +O0(w )’

an upper bound for the number of choices for the isomorphism classes of the
Sylow subgroups of G is

k
1) HWHOW) _ p Fut+0w?)
; .

i=1
Theorem 16.20 implies that there are at most n°® choices for the isomor-
phism class of G once the isomorphism classes of the Sylow subgroups of G
have been chosen, and so the corollary follows.

Corollary 16.22 We have that f(n) < n©®7/9r+278853

Proof: The number of choices for the Sylow subgroups P,, P,, ..., P, of
an A-group of order n is precisely the number of abelian groups of order
n. Anticipating an elementary result, Corollary 17.3, from the next chapter,
we find that this is at most n and the estimate follows immediately from
Theorem 16.20.

As has been noted before (see p. 139), the methods of Chapter 15 ought
to yield a result of the form f,(n) < n®*? and in fact one should seek to
prove that f,(n) < n*+°® or something even better—see Question 22.22
on p. 266.
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17

Enumeration within varieties of abelian groups

Up to this point the thrust of this work has been the study of the general
group enumeration function f(n), although enumeration of special kinds of
groups, such as soluble groups and A-groups, has been touched on. We focus
now, however, on enumeration within restricted classes of groups and, in
particular, enumeration in varieties of groups. Recall that a variety U is a

class of groups G corresponding to a set of laws w(x,, ..., x,), that is to
say, defined by identical relations of the form w(g,, ..., g,) = 1 required to
hold for all choices of g, ..., g, € G. For a survey of varieties of groups see

Hanna Neumann’s book [75]. The varieties of particular interest to us are:

e the variety 2 of abelian groups, defined by the commutator law [x, y];

e the variety 2. of abelian groups of exponent dividing r, defined by the
laws [x, y] and x";

e the product variety 2, 2(; consisting of all groups G with an abelian normal
subgroup A of exponent dividing r such that G/A is abelian of exponent
dividing s (this variety is defined by all laws [w;, w,] and wj}, where
w;, w,, wy can be expressed as products of s™ powers and commutators);

e the variety B, , of groups of class at most 2 and exponent dividing p,
where p is an odd prime number, defined by the laws [[x, y], z] and x?;

e the Higman variety ), of p-groups of ®-class 2, defined by the laws X7,

[x, y]? and [[x, y], z].

In what follows we shall speak of U as being ‘a variety of A-groups’ if it
is generated by finite A-groups. The enumeration functions fy;(n) exhibit an
interesting trichotomy:

n if U CA,
fau(n) < { nopte if 2 is a non-abelian variety of A-groups,

pesmm*+esr(™® - if 93 contains a non-abelian nilpotent group,
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where ¢, ¢,, ¢35, ¢, are suitable constants and u(n) is as defined on p. 2.
In fact the estimate fo;(n) < n for subvarieties of 2 is a crude one which,
as we shall see below, can be much refined, and, as we have already seen,
¢ =2/27. That the above really is a trichotomy follows from the fact that if
0 is a variety that contains non-abelian finite groups then either it contains
a non-abelian finite p-group for some prime number p, in which case if
n=p" then fy(n) > pam=im’ = pHam?’=3pm (see Theorems 19.1, 19.2,
19.3 below), or for some distinct prime numbers p, ¢ it contains the variety
20,21, (this is an immediate consequence of the theory presented in [75,
Chapter 5, Section 3] but it can also be proved easily by direct methods), and
in this case there exists ¢ > 0 such that fy(n) > n*™ for infinitely many
integers n (see Theorem 18.4). In the first three chapters of this last part of
the book we examine this phenomenon in more detail.

This chapter is concerned with enumeration results about abelian groups.
For a variety U that contains only abelian groups, our interest is in proving
bounds on the number fy;(n) of isomorphism classes of groups of order n
that are contained in *U. The chapter is divided into two sections. In the first
section we review the classification of varieties 2 of abelian groups, and show
how fy(n) is related to an enumeration function for partitions of a certain
type. The second section contains a discussion of the partition enumeration
problems that arise and the consequences for our group enumeration problem.
Much of the material in this section is drawn from the 1998 Oxford MSc thesis
of Duncan Brydon [12].

17.1 Varieties of abelian groups

We are interested in abelian varieties, in other words, subvarieties of the
variety 2. By the following theorem due to B. H. Neumann [74], the varieties
2 and %A, are the only abelian varieties.

Theorem 17.1 Let U be an abelian variety. Then (using the notation above)

either 0 =2, or there exists a positive integer r such that U =%2,.

Proof: Let U be a variety. Let w be a law in *J. We may write
w=x'xy--x}c (17.1)

where 1|, r,, ..., r, are integers and where c is a product of commutators
involving the elements x; only. We claim that if the r; are not all zero, then
w is equivalent to the laws ¢ and x¢, where d is the greatest common divisor
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of the integers r;. Clearly the laws ¢ and x¢ imply w. To prove the converse,
we first observe that substituting x; = x and x; = 1 whenever j # i into w
shows that the laws xi are consequences of w. By the (extended) Euclidean
algorithm, there exist integers a,, a,, ..., a; such that

ari+ar,+---+ar,=d.

So the equality
()Crl)al (xrz)az . (xrk)uk — xd

implies that x? is a consequence of the laws xi. Since the laws x;' are

consequences of w, the fact that
c=x"x"x"w
implies that ¢ is a consequence of w. So our claim follows.

Now assume that 2 is an abelian variety. Then [x, y] is a law in 0. Firstly,
suppose for all positive integers e that x° is not a law in U. By our claim
above, this implies that any law in U may be written as a product ¢ of
commutators (for if the r, are not all zero in the expression (17.1) then x? is
a law in U). But c is a consequence of [x, y] and hence U = in this case.

Suppose that there exists a positive integer e such that x¢ is a law in Y.
Let r be the smallest positive integer such that x" is a law in . To prove the
theorem, we will show that 20 =2, and to do this it suffices to show that any
law in U is a consequence of x” and [x, y]. Let w be a law in U, expressed
in the form (17.1) as before. If all the integers r; are zero then w = ¢ and ¢
is a consequence of [x, y], so we may assume that at least one of the integers
r; is non-zero. Let d be the greatest common divisor of the integers r;. The
claim above implies that x¢ is a law in U, and so x2(¢" is a law in Y. By
our choice of r, we must have that gcd(d, r) = r and so r divides all of the
integers 7y, 75, ..., ;. But then x;' is a consequence of x, and since c is a
consequence of [x, y] we find that w is a consequence of x" and [x, y]. This
establishes the theorem.

Define fy(n) to be the number of isomorphism classes of abelian groups
of order n. For a positive integer r, define fy (1) to be the number of
isomorphism classes of abelian groups of order n and of exponent dividing r.
We now show that the enumeration functions fy(n) and fy (n) are closely
related to certain enumeration functions p(m) and p,(m) that arise in the
theory of integer partitions. Here, p(m) is the number of (unordered) partitions
of a positive integer m, and p,(m) is the number of partitions 7 of m such
that each part of 7 is at most s. We will consider these two functions in more
detail in the next section.
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Theorem 17.2 Define the functions fy(n) and p(m) as above. Let n be a
positive integer, and let n = p\" py? - -- p™« be the decomposition of n into a
product of distinct prime numbers p;. Then

fa(n) = Hp(mz)

Proof: An abelian group A may be written uniquely in the form
A=P xP,x---xP,

where P, is the (abelian) Sylow p,-subgroup of A. Since the isomorphism class
of A is uniquely determined by the isomorphism classes of the subgroups P;,
we have that

fal) =TT a0

So to establish the theorem, it is sufficient to show that fy, (p™) = p(m) for
any positive integer m and prime number p. The classification theorem for
finite abelian groups states that any abelian group P of order p™ is isomorphic
to a unique group of the form

C[,al X C[,a2 X +ee X C[,“k

where C, denotes the cyclic group of order r and where p“+! divides p“ fori e

{1,2,...,k—1}.Soa,, a,, ..., a, are positive integers such that a, > a, > - - -
> a,. The condition that |P| = p™ is equivalent to the equality a, +a,+---+
a, = m. But these last two conditions merely state that a,, a,, ..., a, form a

partition of m, and so f,(p™) = p(m), as required.

This theorem, together with the crude bound on p(m) that we proved in
Corollary 5.10, already shows that f,(n) grows much more slowly than the
group enumeration functions we have studied up to this point.

Corollary 17.3 Let U be an abelian variety. Then fo(n) < n for all positive
integers n.

Proof: Since U C 2, it suffices to prove the corollary when 2 = 2(. Corol-
lary 5.10 states that p(m) < 2"~!, and so by Theorem 17.2 (and using the
same notation)

u u

fam) <[Tpm) <T[2"' <[Ipi"=n.
i=1

i=1 i=1
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Theorem 17.4 Let r be a positive integer, and let r = p|' py -+ pi* be the
decomposition of r into a product of distinct prime numbers p;. Let m =
{pi> P2s---» D). Let n be a positive integer. If n is not a m-number, then
fa,(n)=0. If nis a w-number, then n = p\"' py* - - - pi'« for some non-negative
integers my, my, ..., m, and

fm,(”) = ]_[ Ps, (m;).
i=1

Proof: Suppose that there exists a prime p dividing » that is not one of
Pi> P2s---5 P, Then an abelian group A of order n cannot have exponent
dividing r, and so no group of order n can lie in 2,. Hence fy (7) = 0 in this
case.

Suppose now that n is a w-number. Let m,, m,, ..., m, be non-negative
integers such that n = p}" p;? - - p™«. Since an abelian group A has exponent
dividing r if and only if the same is true of its Sylow subgroups, we may
argue as in Theorem 17.2 that

fa, () =T /o, (Pi")
i=1
But a p;-group has exponent dividing r if and only if it has exponent dividing
pi, and so

i

fa, (1) =TT fay, ("),
i=1

It remains to show for a prime number p, a positive integer s and a non-
negative integer m that fm,,y (p™) = p,(m). To see this, we use the correspon-
dence given in the proof of Theorem 17.2 between isomorphism classes of
abelian groups P of order p” and partitions a,, a,, ..., a, of m. It is clear that
an abelian group P of order p™ has exponent dividing p* if and only if all the
parts of the corresponding partition are at most s. Hence there is a one-to-one
correspondence between isomorphism classes of abelian groups of order p™
in 20, and partitions of m whose parts are all less than or equal to s. Thus
fas (p™) = p,(m), and the theorem follows.

17.2 Enumerating partitions

Our next aim is to provide bounds on the functions p(m) and p,(m) that
arise in our enumeration problems. We first consider p(m), the number of
partitions of m. As we mentioned in earlier chapters, a theorem of Hardy
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and Ramanujan [44] (see Andrews [3]) gives an excellent bound on the size
of p(m).

Theorem 17.5 Let p(m) be the number of partitions of the integer m. Then

e / (2/3)m.

p(m) ~,, 2o

Here ‘~,,” means that the ratio of the two sides approaches 1 as m — oco. The
proof of this theorem uses a fair amount of analysis, and is beyond the scope
of this book. However, it is possible to say something about the rate of growth
of p(m) using elementary arguments, and we will do this below. Before doing
this, we note that Theorem 17.5 may be combined with Theorem 17.2 to give
one of the enumeration results we are seeking. Let n be a positive integer.
We may write n = p|"'p,?--- p™ where the p, are distinct prime numbers
and the m; are positive integers. We then define

n(n) =min{m,, m,, ..., m,}.
my m

Theorem 17.6 Let u be a fixed positive integer. If n=p|'p,”--- p¥
the p; are distinct prime numbers and the m; are positive integers, then

« where

“© o

wa/ (2/3)m;

n)~ || € .
fg[( ) ni=l 4\/§ i

Before turning to the enumeration of partitions with parts of bounded size,
we include a proposition that establishes the approximate rate of growth of
p(m) using elementary arguments. The proof we use to establish the upper
bound of the proposition is taken from a 1942 paper of Erd6s [27], who notes
that Hardy and Ramanujan [44] mention the existence of such a proof.

Proposition 17.7 For all sufficiently large integers m,

2V < p(m) <e™ @/3)m

Clearly (given that we know that Theorem 17.5 is in fact true) the upper
bound of Theorem 17.7 is closer to the truth than the lower bound. In fact,
an improved lower bound of the form e(™v?3-9v" < p(m) for any € > 0 can
be proved using the same techniques used in the proof of the upper bound
we give below.

Proof of Proposition 17.7: We begin by establishing the lower bound. Let k
be the largest integer such that %(k +1)(k+2) < m. This bound on k implies
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that m — Y% i > k+ 1. Note that if m > 28 then k > /m. Let S be any
subset of {1,2, ..., k}. Then there exists a unique integer s such that SU {s}
is a partition of m. Moreover, s > k41 and so partitions of m arising from
distinct subsets S are distinct. There are 2¢ subsets of {1,2,...,k} and so
p(m) =28 > 2V as required.

We now establish the upper bound. We first observe that the function p(m)
satisfies the identity

m |m/v]

mp(m) =Y %" vp(m—kv). (17.2)

v=1 k=1

To see this, we sum all the parts of all the partitions of m in two different
ways. The parts of each of the p(m) partitions of m clearly sum to m, giving
the left-hand side of (17.2). Now, each integer v occurs in exactly p(m — v)
partitions of m. More generally, v occurs k or more times in exactly p(m — kv)
partitions of m. Hence the parts equal to v contribute 3""/") vp(m — kv) to
our sum. This gives the right-hand side of (17.2).

Let ¢ = m/2/3. We prove that p(m) < eV by induction on m. The
following two facts are needed in our proof. The first fact is that /1 —¢ <

1
1— %t when 0 < ¢t < 1, which follows from the fact that 1 — ¢ < 1—¢+ th =

(1 — %t) The second fact is that = ,X)z < 2 for any non-zero real number
x. This may be established by elementary calculus: the function f defined
by f(x) = x*> e*/(1 —e™)? has no stationary points in R\ {0}, and by
L’Hopital’s rule we see that f(x) — 1 as x — 0.

Clearly, p(m) < eV holds when m = 1. Assume that m > 1 and that
p(r) < e*v” whenever r < m. Then

m |m/v) m |m/v)
mp(m) <3 3 veVrR < 3 37 yecVmlcko2dm
v=1 k=1 v=1 k=1

by the first fact above, since kv/m < 1. Hence

mp(m) < 33 yecVm-tck/2/m

v=1 k=1
i i e—ck/Zﬁ
= (1 —eek/2my?
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e 1
Since —— < — for any non-zero real number x, we find that
(I—e)2 2
mp(m) < e“ﬁi _4m = meV"
p ke ’

k=1

where we are using the well-known fact that ;7 kiz = %2 The upper bound
now follows by induction on m, and so the proposition is established.

We now turn our attention to the enumeration function p,(m) that counts
the number of partitions of m whose parts are all at most s.

Theorem 17.8 Let s be a fixed positive integer. Then

(7 ermes () () s

s s—1 s! s—1 s—2

In particular,
1

—m L 17.4
" s!(s—l)!m (174)

py(m) ~

Proof: The theorem is trivial when s = 1, so we may assume that s > 2. We
claim that p,(m) is equal to the number of partitions with at most s parts.
To see this, we use the notion of a partition diagram. If a,, a,, ..., a; is
a partition of m with a, > a, > --- > a,, the partition diagram is a picture
consisting of an array of squares. There are a; squares in row i, and the rows
are left justified. For example, the left-hand portion of Figure 17.1 shows the
partition diagram for the partition 4,3, 3, 1,1 of 12. Reflecting a partition
diagram in a ‘north-west to south-east’ diagonal produces another partition
diagram: see the right-hand portion of Figure 17.1 (which is the diagram
for the partition 5, 3, 3, 1). Our claim follows, since the process of reflection
provides a bijection between the partitions of m with each part at most s and
the partitions of m with at most s parts.

Figure 17.1 A partition diagram and its reflection
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We count the partitions of m with at most s parts as follows. Let (), be the
set defined by

O,={(aj,ay,....a,)€Z’ | Y a;=mand a; >0 forall i € {1,2,...,s}}.
i=1
The group Sym(s) acts on (), by permuting the components of each vector in
), and there is a one-to-one correspondence between the orbits of Sym(s)
on ), and the partitions of m with at most s parts. So to provide bounds on
p,(m) it suffices to provide bounds on this number of orbits.
Let A be the set

{(b.by,....b)€Z’ | > b;=m+sand b; > 1forallie(l,2,...,s}}
i=1

of ordered partitions of m + s with s parts. There is a bijection between
Q, and A, where we set b, = a,+ 1 for all i. We observed in the proof of
Lemma 5.9 that ordered partitions of m + s correspond to choices of a subset
of the m+s—1 ‘4 signs in the expression (1+1+4---+ 1) = m+ s that we
change to ‘) + (’. An ordered partition has s parts if and only if exactly s — 1
“+ signs are changed, and so |Q| = |A|= ("""

Each orbit of Sym(s) on €}, contains at most |Sym(s)| elements of Q, and
so the number of orbits of Sym(s) on (), is at least

Q] 1 /m+s—1
[Sym(s)]  s!\ s—1 /)

This proves the lower bound of (17.3).

To prove our upper bound on p (m), we use the orbit counting lemma
(often erroneously attributed to Burnside) which states that when a finite
group G acts on a set (), the number of orbits of G on () is equal to the
mean number of fixed points of an element g € G. (The lemma is proved
by counting in two ways pairs (g, ) where w € ( is fixed by g € G, and
then using the orbit stabiliser theorem.) In our case, the orbit counting lemma
states that

py(m) = l, Y. Flo),
* geSym(s)
where F(g) is the number of points in €, fixed by g.

An element (a,,a,,...,a,) € Q, is fixed by g € Sym(s) if and only if
the integers a; are equal as i runs through each cycle of g. This implies
that F(g) is determined by the lengths of the cycles in g. Moreover, if
h € Sym(s) is such that the set partition of {1,2, ..., s} induced by the cycle
structure of 4 is a refinement of that induced by the cycle structure of g, then
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every w € (), fixed by g is also fixed by & and so F(h) > F(g). Thus for
a non-identity element g € Sym(s), we have that F(g) is bounded above by
F(7), where 7 € Sym(s) is a transposition. Without loss of generality, define
T = (12). Since the identity element of Sym(s) has |Q,| fixed points, we
therefore have

iy R

* geSym(s)\{1}
1 -1 1—1
< - m+s +s F(T)
s! s—1 s!
| <m+s— 1

Sl -1

py(m) = 7

) + F(7). (17.5)
The set F of points in (), that are fixed by 7 is given by
F={(a,,a,,...,a,) € Q,|a, = a,}.
But the map from F to ,_, defined by
(aj,ay,0a5,...,a) > (a,+ay, a5, ...,4a,)

is injective (since a, = a,), and so

mt+s—2
F<h>=|F|<|ns_l|=( )

s—2

This bound and (17.5) combine to establish the upper bound of (17.3). Equa-
tion (17.4) now follows by observing that for any constants a and b the
binomial coefficient (") is a polynomial of degree b in m whose leading
coefficient is 1/b! and whose remaining coefficients depend only on a and b.
This establishes the theorem.

Theorem 17.8 and Theorem 17.4 together have the following immediate

corollary. Recall the definition of n(n) stated just before Theorem 17.6.

Theorem 17.9 Let r be a fixed positive integer, and write r = py'py -+ p'«
where the p, are distinct prime numbers and the s; are positive integers. If

n=p\"py*---p" where the m; are non-negative integers, then

Ja (n) ~, (ﬁ 1/s:\(s; — 1)1) li[mf"_l_
=l i=1
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17.3 Further results on abelian groups

There is a major area concerned with the enumeration of abelian groups that
we have not touched on. For x > 0 define
Fm(x) = Z le(m) s
m<x

the function that enumerates abelian groups of order at most x. The asymptotic
behaviour of Fy (x) as x — oo was first considered by Paul ErdGs and George
Szekeres in 1935 (see [30]). Define C, = {(2){(3){(4) --- =2.29485...,
where {(s) is the Riemann zeta function, definable for s > 1 by {(s) =
st oras [T, pime(1—=p~*)~". Erd6s and Szekeres proved that Fy (x) =
C,x+ O(y/x). This was improved by D. G. Kendall and R. A. Rankin, who
proved in [54] (Math. Reviews 12 (1951) p.316 contains a small correction
to this paper) that

Fy(x) = Cix — Cox'? + 0(x'*1og* x) ,
where C, = £(1/2)¢(3/2){(2){(5/2)--- =14.6. .., and further improved by
later authors to

Fo(x) = Cix— C)x'? 4+ Cyx'* + R(x),

where C; =[1,5; ,.3{(r/3) and R(x) = o(x'*). The remainder term R(x)
was shown by H.-E. Richert in 1953 to be O(x*'°log”'’ x) and over the
years this has gradually been improved by various mathematicians, with the
most recent estimate due to Liu [60] being that

R(x) = O(x>"'*#) " for any & > 0.

These results rely on careful study of the generating function
2 famn™ =TT 4(rs)
n=1 r=1

and are a long way beyond the scope of this book.

Abelian groups may be viewed as Z-modules. Analogues of enumeration
theorems for finite abelian groups have been proved for categories of modules
over other rings. They have also been proved for certain categories of finite
rings. Much of this work can be placed in a very general setting. The interested
reader is referred to Chapters 1 and 5 of Knopfmacher’s book [58].
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Enumeration within small varieties of A-groups

We have seen in the previous chapter that varieties of abelian groups contain
relatively few groups of any given order. Indeed, Corollary 17.3 shows that
Sfo(n) < n for any variety U of abelian groups. Once a variety contains non-
abelian finite groups, the enumeration function starts behaving differently.
This chapter considers the enumeration functions of certain small varieties
that contain non-abelian groups. More precisely, let p and g be distinct prime
numbers. Let 4 be the variety 2 2l consisting of extensions of a group in 2L,
by a group in 2. (Recall that for an integer r, the variety 2, consists of the
abelian groups of exponent dividing r. So 2, and 21, consist of the elementary
abelian p- and g-groups respectively.) Let U be the variety 21,20, V2L 2 , the

smallest variety containing both 2(,2(, and 2( 2l . This chapter 1nvgst1[;;ates
the enumeration functions f(n) and fy(n) for the varieties $ and U. The
results in this chapter are taken from, or are slight refinements of, the DPhil
thesis of Geetha Venkataraman [93] and a subsequent technical report [95].
We will see that both [ and U contain only A-groups. In fact, { is minimal
in the sense that it contains non-abelian groups but every proper subvariety
of il is abelian. As both 4 and U contain only soluble groups, the main result

. . . ; ,
of Chapter 12 implies there exist constants Cpys dp’ 0 Chg and dp, p such that

fil (11) < nfh.ql“rdpvq and fiﬂ(n) < nc;,.q;H»djw

for all positive integers n. (Recall that w(n) is the largest power of a prime
that divides n.) However, in contrast to the class of all A-groups we are
able to provide constants ¢, , and c), , that are best possible. In fact, ¢/, =
max{c, . ¢, ,} so the leading term of fm(n) is determined by the enumeration
function of one of its two minimal non-abelian subvarieties 2,2, and 2( 2L ,.
It is an interesting question to ask how far this is true in general: for which
varieties of A-groups is the leading term of the corresponding enumeration

function determined by the minimal non-abelian subvarieties that arise?

174
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This chapter contains two sections. The first investigates the enumeration
function f,(n), and the second the enumeration function fy;(n).

18.1 A minimal variety of A-groups

Throughout this section, p and g will be distinct prime numbers and I will
be the variety 2(,2(, of extensions of a group in 2, by a group in 2. Clearly,
a finite group G € 4 has order p®¢® for some non-negative integers o and 8.
We aim to provide good bounds on f, (n), where n = p“q”.

We define ¢, , to be the constant

1 1 S 1
e == —2|(8P) 98P , 08P (18.1)
Pt q logg dlogg = loggq

where d is the order of p modulo g. We will prove in this section that
Sfu(n) < ne**1 and that the constant ¢, 4 1s the best possible. The constant
¢, , appears because of the following lemma.

Lemma 18.1 Let p and q be distinct primes, and let d be the order of p
modulo q. Then the constant c, , defined above is the maximum value attained
by the function

(-0t

(logp/logq) +1 (182)

g(1) =

on the interval 0 <t < é.
The lemma is proved by elementary calculus, and so we omit the proof.

Let P and Q be groups. Let 6: Q — Aut (P) be a homomorphism, and write
0, for the automorphism of P corresponding to the image of b € Q under 6.
We define the semidirect product P <, Q of P and Q associated with 6 to be
the group whose underlying set is P x Q and whose multiplication is defined
by

(ay, by)(ay, by) = (a, ebl (ay), b\by).

We claim that every finite group in il is isomorphic to such a semidirect
product, where P and Q are elementary abelian p- and g-groups respectively.
To see this, let G be a finite group in 4 and suppose G has order p®qPf.
Then G is an extension of an elementary abelian group P of order p® by
an elementary abelian group of order ¢®. Any Sylow g-subgroup Q of G
provides a complement of P in G, and so G is a semidirect product of P
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by Q. Since Q is clearly elementary abelian, our claim follows. So to count
the number of isomorphism classes of groups of order p®g® in 4, it suffices
to count the number of isomorphism classes of groups P x, Q where P is a
fixed elementary abelian group of order p®, Q is a fixed elementary abelian
group of order g? and 6 runs over all homomorphisms from Q to Aut (P).
Our strategy to provide an upper bound on the number of these isomorphism
classes is as follows. We first establish (see Proposition 18.2) a bijection
between the set of isomorphism classes we wish to count and the set of orbits
of a certain group acting on a set. We then establish the upper bound we need
by finding a small set A that intersects every orbit non-trivially and analysing
its orbit structure.

Let X, 5 be the group Aut (P) x Aut (Q). Let I, 5 be the set of homomor-
phisms 6: Q — Aut (P). There is an action of X, 5 on I, ; defined as follows.
Let (k, A) € X, g, where k € Aut (P) and A € Aut (Q). Let 6 €T, 5. Then we
define (k, A)6 = @', where ' is defined by

0,(a) = KG)rl(b)K’l(a) (18.3)
forallae P and b € Q.

Proposition 18.2 In the notation defined above, there is a one-to-one cor-
respondence between the isomorphism classes of groups in 3 of order p*q®
and the set of orbits of X, g on T, g.

Proof: We need to prove that P 1, Q = P %, Q if and only if 6 and 6’ lie in
the same orbit of X, 4.

Suppose that 6 and 6 lie in the same orbit of X, 5. Let k € Aut(P) and
A € Aut (Q) be such that (k, A)§ = €', so 0 and 6 satisty (18.3). Define the
map ¢ : P x,0 — P Xy Q by ¢d((a, b)) = (k(a), A(b)) for all a € P and
b € Q. Clearly ¢ is bijective. It is easy to check that

d((ay, b)) p((ay, by)) = (k(a,) 91\(171)"(“2)’ A(b)A(D,)) and

d((a1, b)) (ay, by)) = (k(a,) kb, (a3), A(by)A(by))
for all a,,a, € P and b, b, € Q. So ¢ is a homomorphism if and only if
0K (a2) = k0, (a,) for all a, € P and b, € Q. But substituting a = k(a,)
and b = A(b,) into this expression gives precisely the condition (18.3), and
S0 ¢ is an isomorphism as required.

To prove the converse, suppose that ¢ : P x, O — P X, Q is an isomor-
phism. Now, ¢(1 x Q) is a Sylow g-subgroup of P x4 Q. Since all Sylow
g-subgroups are conjugate, there exists an inner automorphism y of P X, Q
such that y(¢(1 x Q)) =1 x Q. By replacing ¢ by y¢ if necessary, we may
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therefore assume that ¢(1 x Q) = 1 x Q. Clearly, since P x 1 is the unique
Sylow subgroup of P x,Q and P x, Q, we have that ¢(P x 1) = P x 1.
Define k € Aut (P) and A € Aut (Q) by

é((a, 1)) = (x(a), 1) for all a € P and

&((1,b)) = (1, A(b)) for all b € Q.
Thus, for all a € P and b € Q,
¢((a, b)) = d((a, H(1, b))
=¢((a,1)$((1, b))
= (k(a), D(1, A(D))
= (k(a), A(D)).

Now,
(1, 0))d((a, 1)) = (1, A(D))(x(a), 1) = (0, (k(a)), A(b)) and
é((1,b)(a, 1)) = ¢(0,(a), b) = (kb,(a), A(D)).

Thus 6, (k(a)) = k6,(a) for all a € P and b € Q. But replacing a by
k~'(a) and b by A~!(b) in this last equality shows that (18.3) holds, and so
0’ = (k, A)6 and the proposition is established.

We will now investigate the structure of the orbits of X, ; on I, ; more
closely. As P is elementary abelian, we may regard P as a vector space
V of dimension « over F,. Now, a typical element 6 € I, ; makes V into
a Q-module in a natural way. We may therefore regard X, ; as acting on
a set of Q-modules of dimension « over F,. By definition of Q-module
isomorphism, 60, 6" € I', ; give rise to isomorphic Q-modules if and only if
there exists k € Aut (P) = GL(V) such that 6, = kf,k" for all b € Q. But
this condition is exactly equivalent to the condition that (k, 1)6 = 6. Hence
the (Aut (P) x 1)-orbits on T, 4 are in one-to-one correspondence with the
isomorphism classes of Q-modules of dimension « over F,.

We recap some facts about O-modules over [, where Q is an elementary
abelian group of order ¢P. Since p and ¢ are coprime, every Q-module is a
direct sum of irreducible O-modules. Let Y}, Y,, ..., Y, be a complete set of
non-isomorphic non-trivial irreducible Q-modules. Let d be the order of p
modulo g. Then £ = (¢# —1)/d, the modules Y, all have dimension d and the
kernel of the action of Q on Y; has index ¢ in Q. Moreover, for any of the
(¢° —1)/(g— 1) subgroups K of index ¢ in Q, there are exactly (¢ —1)/d
non-trivial irreducible modules Y; with kernel K. These (¢ — 1)/d modules

1
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are closely related. Indeed, let Y be one such module. Let x € Q\ K, so every
element of Q may be written uniquely in the form x"k for some k € K and
ref{0,1,...,g—1}. Foraninteger e € {1,2, ..., g—1}, define the Q-module
Y [e] to have the same underlying set as Y, but with the action of x’k onve Y
given by x“"kv. As e runs through the set {1,2, ..., ¢g— 1}, every isomorphism
class of irreducible Q-modules with kernel K occurs exactly d times as Y [e].

Let y;, y5, ..., yg be a minimal generating set for Q. By reordering the Y; if
necessary, we may suppose that for all i € {1, 2, ..., B} the kernel of the action
of Q on Y, is the subgroup K; generated by y;, y,, ..., Yi_1s Yit1» - -+ yg- For
the rest of this section, we will stick to this notation for irreducible Q-modules.
Moreover, we will denote the trivial irreducible Q-module by Y.

Theorem 18.3 Let p and q be distinct primes. Let U be the variety 4,4, of
groups that are extensions of an elementary abelian p-group by an elementary
abelian q-group. Define c,, as in Equation (18.1). Then for all positive
integers n, the number f, (n) of isomorphism classes of groups in 4 of order
n satisfies

fu(n) < nerattl,

Proof: When n is divisible by primes other than p and ¢, f,(n) =0 and
so the theorem is trivially true. So we may suppose that n = p®qP for some
non-negative integers a and (. Proposition 18.2 shows that it suffices to give
a good upper bound on the number of orbits of X, ; on I, 4.

We observed above that the (Aut(P) x 1)-orbits on I, 5 correspond to
isomorphism classes of Q-modules of dimension « over ]Fp. For a O-module
V over F,, there exist unique non-negative integers m, m,, ..., m, such that

VEmY,@mY, @ - dm,Y,. (18.4)

Since dim Y, = d whenever i > 1, and since dim Y, = 1, the module V has
dimension « if and only if

my+d(m,+m,+---+m,) =a.

For an integer s such that 0 < s < B, define A; to be the subset of I, B
corresponding to those modules V such that Y, Y,,..., Y, all occur with

positive multiplicity in the decomposition (18.4), and such that the kernel of
the action of Q on V has index exactly ¢* in Q. We aim to show that the set

A=AyUAU---UA,

contains a representative of every orbit of X, 5 on I, 5. The theorem will then
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follow once we give a good upper bound on the number of (Aut(P) x 1)-
orbits passing through A (as this number is itself an upper bound on the
number of X, 5-orbits passing through A).

Suppose 6 € I, 5, and let L be the kernel of the action of Q on the
corresponding Q-module U. Suppose L has index ¢* in Q. We will show that
there exists an element of A in the same X, ; orbit as 6. Let Z,, Z,, ..., Z,
be a minimal set of irreducible submodules of U such that N{_,L; = L, where
L, is the kernel of the action of Q restricted to Z;. (When s = 0 we have that
¢ =0, since we use the convention that the intersection of an empty set of
submodules of U is equal to U.) Clearly none of the Z; are trivial, and so
each L, has index ¢ in Q. It is not difficult to show that, by the minimality of
the set of Z,, the intersection of any j of the subgroups L, has index exactly
¢’ in Q. In particular, we find that ¢ =s.

Let z,, 25, ..., 2, € O be chosen so that

z;e(L,n---NL; \NL; N---NL)\L.
It is not difficult to see that Q = (z;) x --- x (z,) X L. Moreover,
Li=(zy) X+ X(2i_y) X (Zigq) X -+ x(z5) X L.

Recall that we have chosen a standard basis y;, y,, ..., Vg for Q, and a set
of irreducible modules Y; and subgroups K;. Let A’ € Aut (Q) be an automor-
phism mapping z; to y; when 1 < i < s, and mapping a minimal generating
set for L onto {y,,, Y512, ---> yg}. Let W be the Q-module corresponding to
(1,A)6. For any i € {1, 2, ..., s}, the subset Z; of our original Q-module U
is also an irreducible submodule Z; of W, but now the kernel of this action is
N (L;) =K. Hence there exists ¢; € {1, 2, ..., g— 1} such that Y;[¢,] is isomor-
phic to Z/. Let A € Aut (Q) be an automorphism such that A(z;) = y;" when
1 <i<'s, and mapping a minimal generating set of L onto {y,,, Y12, ---» Yg}-
Then it is not difficult to check that for all i € {1,2,...,s} the submodule
consisting of the underlying vector space Z; whose module structure is given
by the appropriate restriction of (1, A)6 is isomorphic to ¥;. Thus the mod-
ule associated with (1, A)6 contains submodules isomorphic to ¥;, Y,, ..., Y,.
Since the index of the kernel of an element in I, 4 is preserved by the action
of X, g, we find that (1, A)0 € A, as required.

We claim that the number of orbits in A; is at most n‘r«*. Let § € A, and
let V be the associated Q-module. Now, V is isomorphic to a direct sum of
the form (18.4), where m,, m,, ..., m, are all positive. This implies that V
contains at least s non-trivial non-isomorphic irreducible submodules, each
of dimension d and so sd < a. Thus when s > a/d we find that A, = ¢} and
our claim follows trivially. We may therefore assume that 0 < s < a/d.
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The intersection M of K, K,, ..., K, is a subgroup of index ¢* in Q, and
so the kernel of the action of any irreducible submodule of V must contain
M. Let I be defined to be the subset of {0, 1,2, ..., £} such that i € I if and
only if the kernel associated with Y; contains M. Then whenever i ¢ I we
find that m; = 0. Note that there are exactly (¢* —1)/(q — 1) subgroups of Q
of index ¢ that contain M, and each such subgroup is the kernel of (¢ —1)/d

non-trivial irreducible Q-modules. Hence

I =1+g"=D/(g=1)((g—1/d) =1+(¢"-1)/d.

Since the orbit containing 6 depends only on the isomorphism class of the
associated Q-module, we find that the number of orbits containing elements
of A, is at most equal to the number of vectors (m, m,,..., m,) of non-
negative integers with the property that my+d(m, +---+m,) = «, and such
that m; is positive whenever 1 <i < s and m; =0 whenever i ¢ I.

Define ay, ay, ..., a(s_y)4 by setting a; = m;, where j is the ith element
of {1,2,...,¢} that is contained in /. Note that m, is defined uniquely by
my, My, ..., m, when their sum is at most a¢/d, and there is no appropriate
value for m, otherwise. So the number of orbits in A, is at most the size of
the set

(¢°=1)/d
{(al,az,...,a(qxl)/d)| > a;<a/dand a;>1forie {1,2,...,s}},

i=1

where the a; are non-negative integers. There is an injection mapping this set
into the ordered partitions (by, by, by, ..., bs_y),q) of |@/d]+(q"—1)/d —
s+ 1 with (¢° —1)/d + 1 parts:

1+ |a/d] =Y\ a;  ifi=0,
b, = a; if 1 <i<sand

1 1

a;+1 if s+1<i<(¢*—1)/d.
Hence the number of orbits in A, is at most

()= ()
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_ U e/l + (g = D/d s
B =0 La/d_] —s5—J

la/d]—s—1
< [ ¢
j=0

< qs(a/dfx)

— n(logq/logn)s(a/dfs).
Now, s < B (as Q has a subgroup of index ¢*) and so

logn = alogp+ Blogg > alogp+sloggq. (18.5)

Sett =s/a, s0 0 <7< 1/d. Then (18.5) shows that the exponent of our upper
bound is at most
1 t(1/d—t
Lat(a/d — (1[) — L
alogp+atlogg (logp/logq) +1t
the inequality following by Lemma 18.1 and since a < . So there are at
most nre* orbits passing through A,, and our claim follows.

Since f(n) is at most the sum of the number of X, 5-orbits passing through
each of the sets A;, we find that

@< Cp.qtt

B
fu(n) < ch”"’” < Bnfrat L pérattt
s=0

as required.

We will now show that the constant Cpq in Theorem 18.3 is the best
possible.

Theorem 18.4 Let p and q be distinct primes. Let 4 be the variety 21,21, of
groups that are extensions of an elementary abelian p-group by an elementary
abelian q-group. Define c, , by Equation (18.1). For every positive real
number €, there exist infinitely many positive integers n such that

Fuln) > nléra=om,
So the constant c, , in Theorem 18.3 is the best possible.
Proof: Let n = p®gP, and suppose that « is divisible by d, where d is the
order of p modulo g. Furthermore, suppose that o > d. We aim to provide

a lower bound on the number of X, g-orbits on I, 5, which will give a good
lower bound for f(n) for infinitely many values of n.
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We first find a lower bound on the number of (Aut(P) x 1)-orbits on
I, B Before the statement of Theorem 18.3, we observed that the number of
(Aut (P) x 1)-orbits on I, 5 is equal to the number of Q-modules of dimen-
sion a over F, up to isomorphism. Moreover, each such Q-module V may
be written in the form (18.4) for unique non-negative integers my, m, ..., m,
where my+ d(m; +my+---+m,) = a. If we consider just those isomor-
phism classes with m, = 0, we find that the number of such modules (up to
isomorphism) is equal to the size of the set

14
{(m;,my,...,m,)|m; >0 foralliand Y m;=a/d}.

i=1
Hence the number of (Aut (P) x 1)-orbits is at least

¢
[{(my, my,...,m,)|m; >0 forall i and Y m; =a/d}|

i=1
e
=|{(ay, a5, ...,a,)|a; > 1foralliand Y a,={+a/d}|
i=1
L+a/d—1
=< e-1 )
L+a/d—1
=< a/d )
Now, for any positive integers u and v with v < u,
u v—1 v—1
<v> = i]_!)(u—i)/(v—i) > i]_!)u/v: (u/v)".

Hence the number of (Aut (P) x 1)-orbits on I, 5 is at least

t+a/d—1\"" ((¢P—1)/d+a/d—1\""
(o) - )

_ (qﬁ—i-a—l—d)a/d

o
2 qﬁa/d/(a)a/d’

the last step following since a > d.

Now, Aut (P) x 1 has index [Aut(Q)| in X, 4, and so each X, s-orbit is
the union of at most |Aut (Q)| of the (Aut (P) x 1)-orbits. Since |Aut (Q)| =
IGL(B, q)| < ¢*°, we find that the number f,(p*¢?) of X, p orbits is at least

q(Ba/d)fﬁz/(a)a/d =n,
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where
,_Bla/d=P)logg __(aloga)/d (186
alogp+Blogg «alogp+ Blogg
We now use this lower bound on the number of orbits to prove Theo-
rem 18.3. Let g(¢) be the function defined by the formula (18.2), and sup-
pose that the maximum of g(z) on the interval 0 < ¢ < 1/d is attained at
the point ¢ = ¢,. Let € be a positive real number. We wish to show that
fu(n) = n'ra=9* for infinitely many values of n. Let ¢’ be a rational number
such that 0 < ¢ < 1/d and g(¢,) — g(¢') < €. Consider integers n of the form
n = p®qg®, where « is divisible by both d and the denominator of ¢/, where
a > d and where B =1'a. Since #' < 1, we have that a = u(n) for integers
n of this form. Substituting 8 = t'a and o = u into (18.6), we find that
fu(n) = n, where

e r'(1/d—1t) . (logu)/d
(logp/logq)+t logp+1t'logq

=gt )n— og .

1
d(logp+1'logq) :
But g(t') > ¢, ,— € and logu = O(u). So for all sufficiently large n of the
form we are considering, we find that f,,(n) > n(«=9# and the theorem is
proved.

We remark that, just as is the case when enumerating soluble A-groups
in Chapter 12, we have no hope of finding a corresponding lower bound for
fu(n) of the form n* as the integers n of the form p* (for example) all have
the property that f, (n) < n.

In Chapter 12 we proved that the number f, (1) of (isomorphism classes

of) soluble A-groups of order n was at most n'!'**13, So if we define

¢ =1limsuplog f . (n)/(1u(n)logn)

n—oo

we find that £ < 11. We may reduce this upper bound on ¢ further by
more careful arguments, but we know of no proved upper bounds that seem
realistic. Since all finite groups in the variety 2,2l  are soluble A-groups,
Theorem 18.4 implies that ¢ > ¢, , for any primes p and g. Let g be a
prime such that p =2¢g+ 1 is also prime. (Primes ¢ of this form are known
as Sophie Germain primes.) The multiplicative order of p modulo ¢ is 1.
Suppose that there are infinitely many Sophie Germain primes g. (This is
thought likely to be true, but is not currently known.) Then as ¢ — o
over Sophie Germain primes, we find that log p/logg — 1, and so (18.1)
shows that Cpg = 3-242=0.17157... Therefore, £ >3 — 24/2 if there are
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infinitely many Sophie Germain primes. (For a lower bound that does not rely
on this assumption, we may take g to be the largest currently known Sophie
Germain prime, namely ¢ =2 540 041185-2""47% —1. Then c,,,, , already
agrees with 3 —2+/2 to several decimal places.) It would be very interesting
to know whether this lower bound on ¢ is in fact an equality.

18.2 The join of minimal varieties

This section considers the variety U =21 2 v 2, the smallest variety
containing both 2,2, and 2 2L ,.

Proposition 18.5 Let p and q be distinct primes, and let 0 = 20,2 v A 2L .
Let G be a finite group in the variety 0. Then G = X x Y, where X € A2,
and Y € A 2.

Proof: The varieties 21, and 21, are clearly locally finite and soluble (since
their k-generator free groups are abelian of orders p* and ¢* respectively).
Subgroups and images of locally finite groups are locally finite. Moreover,
any group that is the extension of a locally finite group by a locally finite
group is itself locally finite. The same properties are true for soluble groups.
Thus the varieties 4, =2( 2, and U, =2 2, are locally finite and soluble,
and so the variety i,4l, is also locally finite and soluble. Since U C 4[4,
we find that U is locally finite and soluble. Since 4, and I, have exponent
pq, the same is true for U. Hence a finite group G € *U is soluble of order
p®qP for some integers o and 8.

Suppose that G is generated by k elements, and let F be a free group on k
generators. Let K, and K, be the fully invariant subgroups of F corresponding
to the varieties 4, and i, respectively. Then K, N K, is the fully invariant
subgroup of F corresponding to U. Since U is locally finite, F/(K, NK,) is
finite. Now F/K, lies in 4, and so all its p-subgroups and g-subgroups are
elementary abelian. The same is true for F/K,, since this group lies in il,.
Since F/(K,NK,) is isomorphic to a subgroup of (F/K,) x (F/K,), we find
that all p-subgroups and g-subgroups of F/(K,NK,) are elementary abelian.
But the finite group G € U is isomorphic to a quotient of F/(K,NK,), and
so its Sylow p-subgroups and Sylow g-subgroups are elementary abelian.

Define G, = G/0,(G). Now, 0,(G,) = {1} and so F(G,) = O0,(G,) x
0,(G,) = 0,(G,). Any Sylow g-subgroup Q, of G, centralises O,(G,),
since G, (being a quotient of the A-group G) is an A-group. Now G, is
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soluble (as G is soluble) and so Corollary 6.5 shows that
0, < CGI(Oq(Gl)) = CGI(F(GI)) < F(Gl) = Oq(Gl)'

Hence O, = 0,(G,) and the Sylow g-subgroup Q, of G, is normal. Clearly,
the quotient G,/Q, is a p-group. Moreover, O, and G,/Q, are elementary
abelian since the Sylow subgroups of G are elementary abelian.

Define G, = G/0,(G). Then we may show, just as above, that G, is
an extension of an elementary abelian p-group P, by an elementary abelian
g-group.

Let 7, be the natural homomorphism from G to G,. Now, G,/Q, acts
on O, by conjugation, and so O, may be thought of as a G,/Q,-module.
Since G,/Q, is a p-group, the module is completely reducible by Maschke’s
theorem. Now, O,(G)O0,(G)/0,(G) is a submodule of Q,, and so there exists
a submodule S that is a complement to 7,(0,(G)) in Q,. Let X = 7 '(S).
Since S is a submodule of Q,, we have that S is normal in G, and so
X is normal in G. By construction, X contains O,(G) and X/0,(G) is a
complement to 0,(G)0,(G)/0,(G) in Q.

Similarly, we may find a normal subgroup Y of G that contains O,(G) and
is such that ¥/0,(G) is a complement to 0,(G)0,(G)/0,(G) in P,.

The image of XY under 7, contains O,(G)0,(G)/0,(G) (as O,(G) <Y)
and its complement S in Q; (by definition of X). Hence XY/O,(G) contains
a Sylow g-subgroup of G, and so XY contains a Sylow g-subgroup of G.
Similarly, by examining XY/O,(G) as a subgroup of G,, we find that XY
contains a Sylow p-subgroup of G. Hence XY = G. It is not difficult to verify
that |G| = | X||Y|, and so G is isomorphic to X x Y. Since X is an extension
of the elementary abelian p-group O,(G) by an elementary abelian g-group,
we find that X € lequ. Similarly, Y € qule. Hence G is isomorphic to the
direct product of a group in 2,2, and a group in 2 2l ,, and so the proposition
follows.

Theorem 18.6 Let p and q be distinct primes. Let U be the variety 2,2(, v
,2,. Define the constants c,, and c,, as in Equation (18.1). Let ¢, , =

P4 a.p
max{c, ., c, ,}. Then for all positive integers n,

fop(n) < nrak 2,

p.q’°

Moreover, for all positive real numbers €, there exist an infinite number of
positive integers n such that fo(n) > nra=9 and so the constant Chq IS
the best possible.

Proof: We begin by establishing the upper bound of the theorem. By Propo-
sition 18.5, every finite member G of U is isomorphic to X x Y, where
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X € A2, has order n; and Y € 2 2, has order n,. There are at most n
choices for n,. The value of n, is determined by n,. Once n, and n, are fixed,
the number of choices for G is at most

cpgit(n)+1 c, ,p(ny)+1
fmpmq(nl)fmqm,,(”z) <Ry

by Theorem 18.3. But

cpgt(n)+1 g pu(ng)+1 Cp a1 cyputl .
n" ny"’ <™y (since p(n;) < p and u(n,) < p)

max{c, ,.c, ,}u+1
< (n1”2) p.a>Ca.p

— nc,M““

Hence
fao(n) < nc’,"qﬂﬂ’

and the upper bound of the theorem follows.
Since U contains A, , we have that fo(n) > fo o (1), and so Theo-
rem 18.4 shows that

fa(n) > n(Cr.q=n
for an infinite number of positive integers n. Similarly, since U contains
2,2,

Fop(n) = nlearo

for an infinite number of positive integers n. Since ¢, , = e

one of these two inequalities implies the second statement of the theorem.
Hence the theorem is proved.

o
Cp,q or Cp,q =cC
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Enumeration within small varieties of p-groups

The enumeration function fy;(n) of a variety U grows rather slowly if U
contains only abelian groups (Corollary 17.3 states that fy;(n) < n in this
case). If U contains non-abelian groups, but all these groups are A-groups,
the results of the previous chapter and of Chapter 12 show that the enumer-
ation function of U grows more rapidly (something like n*), but still much
more slowly than the general group enumeration function. However, once
0 contains finite groups that are not A-groups (and so contains a variety of
non-abelian p-groups), the enumeration function of U behaves much more
like the general group enumeration function. Indeed, a lower bound for fy;(n)
grows like n7k for infinitely many values of »n, matching the leading term
of the general group enumeration function.

In this chapter, we will investigate two small non-abelian varieties of p-
groups: the Higman variety ), of p-groups of ®-class 2 defined by the laws
x”", [x,y]” and [x, y, z]; and the subvariety B,, of §, consisting of groups
of exponent p and nilpotency class 2 defined by the laws x” and [x, y, z].
(Since any group of exponent 2 is abelian, B, , is an abelian variety when
p = 2. Since this chapter is concerned with non-abelian varieties, we will not
consider B, , when p = 2.) The significance of these two varieties lies in the
following theorem.

Theorem 19.1 Any variety containing a finite non-abelian p-group contains
B, , when p is odd, and contains §), when p = 2.

Proof: Let *J be a variety containing a finite non-abelian p-group P. Since
Y is closed under taking quotients, we may assume that the derived subgroup
of P has order p (since we may replace P by the quotient by a normal
subgroup of index p in P’ if necessary). Thus P satisfies the laws [x, y, z] and
[x, ¥]?. Since P is a non-trivial finite p-group, P has exponent p* for some

187
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positive integer £; moreover, £ > 2 when p = 2 since P is non-abelian. Thus
0 contains a subvariety { (namely the subvariety generated by P) in which
the laws xpl, [x, ¥]? and [x, y, z] hold.

To prove the theorem, it is sufficient to prove that il is the variety defined
by the laws x”', [x, y]” and [x, y, z], for then it is clear that {{ contains 9,
or B, , as appropriate. Let w be a law in . (So the law w is an element of
a free group F on a countable generating set.) We aim to show that w is a
consequence of the laws x”', [x, y]” and [x, y, z]. We may write

w=x' X7 xfw
where r; are positive integers and where w’ € F’ is a product of commutators.
As in the proof of Theorem 17.1, we may show that the laws w and x”* are
equivalent to the laws w’ and x9, where d = gcd(r,, 15, ..., 7, p*). But P €
has exponent p’, and so we must have that d = p’. Hence the laws x” and
w are equivalent to the laws x” and w'. We may write

w' = ( [T [x xj]s[j)w”
(i.)es
where the integers s;; are positive, where the product is over some finite set
S of pairs of integers (i, j) such that i < j and where w” is a product of
commutators that lie in the third term F; of the lower central series for F.
Again we may argue as in the proof of Theorem 17.1 to show that the laws
w’ and [x, y]” are equivalent to the laws w” and [x, y]*, where

d' = ged({s;; : (i, j) € S}U{p}).

Since p is a prime, d’ =1 or d’ = p. The former case cannot occur since this
would imply that [ is abelian, contradicting the fact that P € {{. Hence, w'
and [x, y]” are equivalent to w” and [x, y]’. To summarise, we have shown
that the laws w, x”z, [x, y]? and [x, y, z] are equivalent to the laws w”, x"[,
[x,¥]” and [x, y, z]. But w” € F; and thus w” is a consequence of [x, y, z]. So
w is a consequence of x”°, [x, y]” and [x, y, z], and the theorem follows.

So Theorem 19.1 implies that lower bounds on the enumeration functions
of B,, and 9, give rise to lower bounds on the enumeration function of any
variety containing non-abelian p-groups. Once we have proved these lower
bounds, the statement made at the end of the first paragraph of the chapter
will be justified.

The chapter is organised as follows. Section 19.1 contains bounds on the
enumeration function f;, (p"), and on the function fy ,(p™) in the case when
p is odd. The leading terms of these two enumeration functions are equal, and
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so it is interesting to ask how far the growth rates of these functions differ. In
Section 19.2, we provide a partial answer to this question by proving an upper
bound (which we conjecture is tight) for the leading term of the exponent of

the ratio fo, (P")/fas, ,(P")-

p.2

19.1 Enumerating two small varieties

This section contains upper and lower bounds on the functions f %, (p™) and
f%pz(pm). All the arguments in this section are either contained in Higman
[45] or are small modifications of the arguments given there.

Theorem 19.2 Let p be a prime number, and let §), be the variety of p-groups
of ®-class 2 defined by the laws x*°, [x, y|? and [x, y, z]. Then

2 3 4.2 2 3, 11
55 M7 — g M m 55 M+ 5pm
p7 9 gfﬁp(p ) < mp? 7M.

Proof: We recall the notation that was introduced in Chapter 4, especially
Section 4.1. We define F, to be the free group on r generators x;, x,, ..., X,,
and G, to be the quotient of F, by the subgroup generated by all words of the
form x”°, [x, y]? or [x,y,z]. We identify the elements x, with their images
in G,. Lemma 4.2 implies that G, is a finite p-group. Moreover, the Frattini
subgroup ®(G,) of G, is central and elementary abelian, of order p%’(’“)
and index p” in G,.

By construction, G, satisfies the laws X, [x,¥]? and [x, y, z], and so G,
and any quotient of G, lie in . In the proof of the lower bound for f(p™)
given in Proposition 4.4 and Theorem 4.5, we constructed at least p# ™ (=6
isomorphism classes of groups of order p™ by taking quotients of G, for
some r. Since all these groups lie in $ » the lower bound of the theorem
follows immediately.

We now prove the upper bound of the theorem. Let H be a group in §),
of order p™, and suppose that H has a minimal generating set consisting of
r elements. Let s = m — r. Lemma 3.12 implies that |H/®(H)| = p’, and so
|®(H)| = p*. By Lemma 4.1, there exists a surjective homomorphism vy from
G, to H. Let N =ker v, so we have that H is isomorphic to G,/N. Because
G, and H are p-groups, their Frattini subgroups are generated by the elements
of the form x” and [x, y] (by Lemma 3.12) and so y(®(G,)) = ®(H). Now,
®(G,) has index p” in G, and ®(H) has index p”" in H, and so N < ®(G,).
Since ®(H) has order p*, we find that N has index p* in ®(G,). Thus the
number of isomorphism classes of groups of order p™ in §), having a minimal
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generating set of » elements is at most the number of subgroups N of ®(G,)
of index p’. Now, ®(G,) is elementary abelian of order p%’(’“), SO we may
regard ®(G,) as a vector space over I, of dimension %r(r—i— 1) and N as a
subspace of codimension s. By duality, the number of choices for N is the
number of choices for a subspace of dimension s in a space of dimension
%r(r+ 1). Hence, by Proposition 3.16 there are at most

ps(%r(rJrl)—erI) — %r(r+l)s—x(x—l)

p

choices for a subgroup N of ®(G,) of the correct form. Thus

fﬁp(pm) < Zp%r(r+l)s—:(:—l)’ (191)

where the sum is over pairs of integers r and s such that r 4+ s = m, such that
r > 1 and such that s > 0. It is not difficult to show that the maximum value
of %r(r +1)s—s(s—1) occurs when r = (2/3)m+ 06 and s = (1/3)m — 6,
where 0 < 6 < % By substituting these expressions for r and s into the
expression %r(r +1)s—s(s—1), it is easy to show that the maximum value
of %r(r—i— 1)s—s(s—1) is at most 22—7m3 + %m. This bound, together with the
fact that there are m terms on the right-hand side of (19.1), establishes the
upper bound of the theorem.

Theorem 19.3 Let p be an odd prime number, and let B, , be the variety of
groups of exponent p and nilpotency class at most 2 defined by the laws x?
and [x, y, z]. Then

2 3 2.2 2 3 2,2, 49
55 M7 —5m m Fm—sm t+=5m
p7 Mg fli,,,z(p ) < mpT™ IR,

Proof: As B, is a subvariety of §),, any group H in B, with a minimal
generating set of size r is isomorphic to a quotient of the group G, by a
subgroup N of ®(G,). Indeed, since a quotient G,/N is in B, if and only
if N contains (G,)”, the isomorphism classes of groups H in B,, which
have order p’™* and have a minimal generating set of size r are in one-to-one
correspondence with the orbits of Aut(G,) on the set of subgroups N of
®(G,) of index p* that contain (G,)".

Let 7: G, — G, be defined by m(x) = x” for all x € G,. Since G, has
nilpotency class 2, Lemma 3.3 implies that

m(xy) = (xy)? = x"y"[y, x] 270D,

Since p is odd, p divides p(p—1), and since G, has exponent p we find
that [y, x]2?»~D = 1. Thus 7 is a homomorphism. Now, (G,)” = im7 =
(m(x)), m(xy), ..., 7(x,)), the last equality following since the x; generate



19.2 The ratio of two enumeration functions 191

G, and 7 is a homomorphism. Hence (G,)” is the subgroup of ®(G,) of
order p” generated by x{, x4, ..., x. Since (by the proof of Lemma 4.2) there
are no redundant elements amongst these generators, and since (G,)? is an
elementary abelian p-group, we find that (G,)? has order p’.

The number of subgroups N of ®(G,) of index p* containing (G,)? is equal
to the number of subgroups of ®(G,)/(G,)? of index p*. Since (G,)/(G,)?
is elementary abelian of order p?""+D=" = p2'=1  the number of subgroups
N of the form we require is equal to the number of subspaces of codimension
s of a vector space of dimension %r(r —-1).

We first establish the lower bound of the theorem. The lower bound is
trivial when m < 9, so we may assume that m > 10. We note (just as in
Proposition 4.4) that each Aut (G,)-orbit has length at most p”. Moreover,
Proposition 3.16 implies that there are at least p(%’("”‘m subgroups N con-
taining (G,)?, and so there are at least p(%’("l)‘s)s"2 isomorphism classes of
groups H of order p™* in B, , with |®(H)| = p*. If we substitute r = 3m — &
and s = —m + & into the above formula, where & € {0, 1 3 3} is chosen so that
r and s are integers, we find that we have established the lower bound of the
theorem.

To prove the upper bound, we use exactly the same argument as in the
previous theorem. The number of subspaces of codimension s in a vector
space of dimension %r(r —1) is at most p to the power (%r(r— 1)—s+1)s,
and so

o, (P") < 32 plar D, (19.2)

where the sum is over integers r and s satisfying the conditions r > 1, s > 0
and r+4s = m. It is not difficult to show that

2 2
—r(r—1)—s+1 —m®——m*+ —
< r(ir—1)—s+ ) S gom —gm ~|—72m

This bound, together with the fact that there are m terms on the right-hand
side of (19.2), establishes the upper bound we require.

We comment that there is a more natural proof of Theorem 19.3 that uses
relatively free groups in B, ,; we use relatively free groups in §, because
we have already developed the relevant theory in Chapter 4.

19.2 The ratio of two enumeration functions

In this section, we establish an upper bound, due to Blackburn [7], on the
ratio fg, (m/ f%ﬂ(p’”). Note that Theorems 19.2 and 19.3 already combine
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to show that this ratio is at most pi™*+°m_ However, we will provide an
improved upper bound, which has a leading term that we conjecture to be
correct.

For a variety U of p-groups, we will write 2[r, s] for the set of (isomor-
phism classes of) groups G € U with ®(G) of index p” and of order p’.
Thus

fs(P") = 22 1B[r.s]l.

rts=m

Theorem 19.4 Let p be an odd prime, and let §), and B, , be the varieties
defined in Theorems 19.2 and 19.3. Then

m m 22 m3/2
fo,(0")/ fas,,(P") < po" O

Proof: We begin by showing that for any non-negative integers r and s,
19,01, 511 < p" 32198, 501 I
j=0

We will again use the group G, defined in Chapter 4 and used in the previous
section. By Lemma 4.2, ®(G,) is an elementary abelian p-group of order
p"+) Moreover, the proof of Lemma 4.2 showed that if x,, x,, ..., x, is a
minimal generating set for G, then the set

() 1<i<rfU{[x;,x]: 1<i<j<r}

is a minimal generating set for ®(G,). We have seen in the proof of The-
orem 19.3 that the set {x/ : 1< i< r} generates (G,)” (we are using the
fact that p is odd at this point). Since G, has nilpotency class 2, the set
{[x;, x;]: 1 <i<j<r} generates G,. Hence ®(G,) = (G,)” x G,.

Let X, be the set of subgroups of ®(G,) of index p* in ®(G,), and let
Y, C X, consist of those subgroups containing (G,)”. We have already seen
that the group Aut (G,) acts naturally on X, (and so on Y, since (G,)” is a
characteristic subgroup of G,). Moreover, [$,[r, s]| is equal to the number
of Aut (G,)-orbits on X, and |B, ,[r, s]| is equal to the number of Aut (G,)-
orbits on Y. Define I': X, — J;_, ¥; by

I(N) = (NN G)(G,)’

for any N € X,. Since N has index p’ in ®(G,), we have that NN G’ has
index at most p* in G, and so I'(N) € ¥; for some i € {0, 1, ..., s}. Thus I"
is well-defined. Since G’ and (G,)” are both characteristic subgroups of G,,
the function I respects the action of Aut (G,) on the sets X, and |;_, ;.
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Let i€ {0,1,...,s} and let M € Y,. We claim that M has at most p™
preimages under I'. For suppose that N € X, is such that I'(N) = M. By
definition of I', we have that (NNG’)(G,)?/(G,)? = M/(G,)". Since G/, and
(G,)? intersect trivially, N N G/, is determined by this equality. Since NN G’,
has index p' in G, we find that NG /G’ has index p*~ in ®(G,)/G’. But
®(G,)/G! is elementary abelian of order p”, and so the number of choices for
NG’ /G’ is at most the number of subspaces of codimension s —i in a vector
space over IF, of dimension r; this number is bounded above by p"¢= . Since
G./(NNG.) has order p', there are at most (p’)"~¢~" choices for N/(NNG.)
once NNG’ and NG/ /G’ are fixed. But N is determined by N/(NNG,) and
NNG., and so the number of preimages of M is at most p"¢=)+(=(=Mi,
Since r(s— i)+ (r — (s —i))i < rs, our claim follows.

Since every element of [ J}_, Y, has at most p’* preimages under I', and
since I' respects the action of Aut(G,) on the sets X, and | J}_, Y;, we have
shown that

19,[r. 5]l <> p”|B,,[r. i]l.
i=0

Writing a sum over all integers » and s such that r > 1, s >0 and r+s=m
as an unlabelled sum, we find that

Fo,(P") = 2219, L1l = 323 p" 1%, o[ ]

< mzproxo|%p,2[ro, ioll,

where the maximum value of p”[®B ,[r,i]| over the region r > 1, 5 > 0,
r+s=mand 0 <i < s occurs when r =r,, s =s, and i = i;,. Thus

fo, (") Sm?p®fo  (pT)
P

p.2

<mp™ oy ("),

p,2

the last equality following since f%n2 (p™) is a non-decreasing function of m.
Hence

ff),, (pm)/f%va2 (pm) < mzpmso.

To prove the theorem, it remains to show that rys, < 2m*+ O(m*?).
From the proof of Theorem 19.3, we have that

1 . 1
<§r(r_ 1) —i) i—r2+rs<10gp (P”|%,,,2[V’ i]|) < <§r(r— )—i+ 1) i+rs.
(19.3)
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The maximum value of log, (p™|B,,,[r, i]|) is at least =m® — tm?. (This
bound is trivial when m < 2. When m > 2 we may set r = %m — 6 and
s=i=1m+3& in (19.3), where 6 € {0,1/3,2/3} is chosen so as to make
r, s and i integers.) Using the fact that the upper bound in (19.3) is at most
%r(r—i— 1)s, it is not difficult to verify that whenever r = %m —xands= %m +x
where |x| > 2/m, we have that log, (p"|B,,[r, i]|) is less than Zm> — 3m?
for all sufficiently large m. Hence ry, = %m —x and s, = %m + x for some x
such that |x| < 2/m. But this means that rys, < Fm* 4 O(m*?), and so the

theorem is proved.
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Miscellanea

This chapter is divided into several sections, in each of which we emphasise
a separate topic in the theory of group enumeration. Section 20.1 is devoted
to the problem of enumerating groups which are generated by at most d
elements, for a fixed integer d. Section 20.2 contains a proof that groups with
many non-abelian factors in their composition series are rare. Section 20.3
contains an enumeration of the graded Lie rings of order p™. This enumeration
is analogous to the enumeration of p-groups given in Chapters 4 and 5, but
uses more elementary methods. In Section 20.4 we show that the error term of
O(m>?) in the upper bound in the enumeration of p-groups can be improved
to O(m?) if we restrict our attention to counting p-groups of nilpotency class
at most 3.

20.1 Enumerating d-generator groups

In this section we consider the problem of estimating the number f,(n)
of isomorphism classes of groups of order n that can be generated by d
generators. We first give a brief history of progress on this problem.

The function f,(n) was first considered by Peter Neumann [76] in 1969,
in the special case where n has the form p™ for a fixed prime p. In their 1987
paper, Mclver and Neumann [67] showed that f,(p™) < p2(@thm*+0m)

Extrapolating from this result, Laslo Pyber [83] conjectured that f,(n) <
n°l°e" for some constant ¢ depending only on d. Avinoam Mann [63] proved
that the number of soluble d-generator groups of order n is at most n(¢+)AM
(recall the definition of A(n) from Chapter 1). In fact, he proved that the
number of d-generator groups of order n that do not have any composition
factors contained within three specific families of simple groups is at most
n"  Finally, in 2001, Alex Lubotzky [61] proved that f,(n) < n°/1°¢" for

195



196 Miscellanea

some constant ¢. More precisely, he showed that f,(n) < n?@FDA® (see [61,
p. 198)).

The methods of Mann and Lubotzky involve bounding the number of
relations required to present a d-generator group of order n. In his pa-
per [65], Mann focuses on the function h(n,r) which he defines to be
the number of groups of order n (up to isomorphism of course) that can
be defined by r relations. If such a group is generated by d generators
then d < r, so Lubotzky’s theorem implies that h(n,r) < n?0+DA®  but
this is not optimal. Confirming a conjecture proposed by Mann in the
cited paper, A. Jaikin-Zapirain and L. Pyber (see [52]) have proved the
following:

Theorem 20.1 There exists ¢ > 0 such that h(n, r) < n“ for all n, r.

For nilpotent groups Mann proves the stronger result that &, (n, r) = o(n").
For soluble groups he proves that i (n, r) < n’*?*™ and he proves that in
general h(l’l, r) < ploglogn+2A(n)+3

We return to f,(n): Avinoam Mann [63] provided a lower bound by
constructing many d-generator groups of order p™; his construction shows
that the upper bound is reasonable when »n is a power of a prime. In a recent
paper [51], Andrei Jaikin-Zapirain has tightened both the upper and lower
bounds in the case when n = p™ for a fixed prime p. More precisely, he has
proved that

p%(d—l)szro(mz) < fd(pm) < p%(d—l)szro(mz).

We now summarise the contents of this section. We will not prove the upper
bound for f,(n) in the general case, since Lubotzky’s proof uses profinite
methods which are beyond the scope of this book. We will reproduce Avinoam
Mann’s upper bound in the soluble case here, as it only uses elementary
methods. We then turn our attention to the case when n is a power of a
fixed prime p. Mann’s theorem has as a corollary an upper bound for f,(p™).
We show that this upper bound is reasonable by proving Jaikin-Zapirain’s
lower bound for f,(p™). (In fact, for the sake of simplicity, we prove a
slightly weaker bound than Jaikin-Zapirain. The proof of Jaikin-Zapirain’s
lower bound uses some standard material on the lower exponent p central
series of a group. The material we need is summarised in Lemma 20.6 below.)

Mann’s proof begins by bounding the number of relations needed in a
presentation of a soluble d-generator group.
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Theorem 20.2 Let G be a soluble group of order n, and suppose that G is
generated by x,, x,, ..., x,;. Then there exists a presentation for G in these
generators that consists of at most (d + 1)A(n) relations.

Proof: We prove the theorem by induction on A(n). When A(n) =1, the
group G has prime order and so is cyclic. Then G is generated by one of the
generators x;, and a presentation for G consists of the relation x =1 and the
relations x; = xfj for je{1,2,...,d}\{i} and for some integers k;. Thus the
theorem holds in this case.

Assume (as an inductive hypothesis) that A(n) > 1 and that the theorem is
true for proper divisors of n. Let N be a minimal normal subgroup of G. Since
G is soluble, N is an elementary abelian group of order p* for some prime
number p and positive integer k. By the inductive hypothesis, there exists
a presentation for G/N in the generators x| N, x,N, ..., x;N consisting of r
relations where r < (d+ DA(n/p*) = (d+1)(A(n) —k). Forie {1,2,...,r},
let u,(x,N, x,N, ..., x,N) be the ith relation in this presentation.

Let y, € N be a non-identity element. Since N is a minimal normal sub-
group, N is generated by the conjugates of y,. So we may choose ele-
ments y,, ys, ..., ¥, of N and words v,, vs, ..., v, In X, X,, ..., x; such that
y;=v 'yv; for all i € {2,3,...,k} and such that N is generated by
Vis Va5 - -5 Vi We may express y, as a word w, in x;, x,, ..., x,. For all i €
{2,3,...,k}, y; may be expressed as the word w, = vi‘lwlvi inxg;,x,...,x,
Finally, we find words f,(y,,¥5,...,¥) such that u,(x,,x,,...,%x,)
=1;(y1» Y2, ..., y) forallie {1,2,...,r} and words s;;(y;, ¥, ..., ;) such
that xj‘lyl-xj =5;(y1> Y25 .-, y) forall i € {1,2,...,k}and j€{1,2,...,d}.
For the sake of brevity, we write #; and s;; for the words 7;(w;, w,, ..., w;)
and s;;(wy, wy, ..., W) A0 Xy, X, .., Xy

We claim that the relations

-1 _ p_ _ —
xjwx; =5, w =1, [w,w]=1 and u,, =1,

form a presentation for G, where i, j, £ and m range over the sets {1,2, ..., k},
{1,2,...,d},{2,3,...,k} and {1, 2, ..., r} respectively.
Let the group X be presented by the generators x, x,, ..., x, and the rela-

tions given above. Clearly G is a homomorphic image of X, and so to prove
our claim it suffices to show that X has order at most n. Identifying words
with their images in X, the subgroup Y of X generated by w,, w,, ..., w, is
abelian. (To see this, note that the w; are all conjugates of w,, and so for
some word z we find that [w;, w;] = 1 if and only if [w,, z"'w;z] = 1. This
last identity follows from Lemma 3.1, the relations [w,, w,] = 1 and the fact
that (w,, w,, ..., w,) is normal in {(x, x,, ..., x,).) Moreover the elements



198 Miscellanea

w; all have order p in X, since the relations imply that w, has order p and
that w,, w;, ..., w, are conjugates of w,. Hence Y is an elementary abelian
group of order at most p*. Moreover, the relations xj‘lwixj = s;; and the fact
that Y is finite imply that xj‘lej =Y forall je{1,2,...,d}. Hence Y is
normal in X. But ¢, € Y for all m € {1, 2, ..., r}, and so the relations u,, = 1
hold in X/Y. Thus X/Y is a quotient of G/N, and so |X/Y| < n/p*. Hence
|X| < (n/p*)p* = n, and our claim is established.

We have constructed a presentation for G in x,, x,, ..., x, consisting of
kd+k+r relations. But (d+ 1)k+r < (d+1)A(n) and so we have established
our inductive step. The theorem now follows by induction.

Theorem 20.3 There are at most n“tYA" soluble d-generator groups of
order n.

Proof: We argue using induction on A(n). The theorem is trivially true when
A(n) =1, and so we assume that A(n) > 1 and that the theorem is true for all
smaller values of A(n).

Let G be a soluble group of order n, and let N be a minimal normal
subgroup of G. Then (since G is soluble) N is elementary abelian of order
p* for some prime number p and for some positive integer k. There are
A(n) choices for p*, after which the isomorphism class of N is fixed. More-
over, by our inductive hypothesis, there are at most (n/p*)@+DA0/P) choices
for the isomorphism class of G/N. Let y,,y,,...,y, be a generating set
for N. By Theorem 20.2, there exists a presentation for G/N having r re-
lations u,,(x;N, x,N, ..., x,N) where r < (d + 1)A(n/p*). Writing u,, for
u,,(x, x5, ..., x,), we have that u, € N. Now (as in Theorem 20.2) G is
determined by the presentation for G/N, by a presentation for N and by
kd + r equations of the form

-1 _ —
x; yix;=s; and u,, =t,

forie{l,2,....k},je{l,2,....,d} and me{1,2,...,r}, where 5;;, 1, € N.
Therefore there are at most |N|**" choices for G once the isomorphism
classes of N and G/N have been chosen. Note that

|N|kd+r < (pk)kd+(d+1)(A(n/pk)) — (pk)d)\(n)+)x(n/pk).

Hence the number of possibilities for G is at most
/\(n)(n/pk)(d+1)/\(n/pk)(pk)d/\(n)+/\(n/pk) < )\(n)n(d+1))\(r1)—l < p(d+DAM)

The theorem now follows by induction on A(n).
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We now specialise to the case when n is a power of a prime. We aim to
prove the following theorem:

Theorem 20.4 Let p be a fixed prime. Let f,(p™) be the number of
(isomorphism classes of ) d-generator groups of order p™. Then

p%(d72)m2+o(m2) gfd(pm) < p(d+l)m2‘

The upper bound of Theorem 20.4 is a corollary of Theorem 20.3, and so
we concentrate our efforts on proving the lower bound.

To show there are many d-generator groups of order p™, it suffices to show
that there are many normal groups N of index p™ in the free group F on d
generators x;, X, ..., x;. For let G be a d-generator group of order p™. If a
quotient F/N is isomorphic to G, the isomorphism induces a homomorphism
from F to G with kernel N. There are (p™)? homomorphisms from F to G
(as there are p™ choices for the image of each free generator x; of F, and
the homomorphism is determined once the images of these d generators are
fixed). Thus, at most p® normal subgroups N of F have the property that
F/N is isomorphic to G. So f,(p™) is at least p~¥" times the number of
normal groups of F of index p™.

To find many subgroups N that are normal in F and of index p™, we
will find certain normal subgroups H of F, of index less than p” in F, such
that H/([H, F]H?) is large. Any subgroup N such that [H, FlH’ < N < H
is normal in F, and there are many choices for N since H/[H, F]H? is
elementary abelian. Counting such subgroups N that are of index p™ in F
will give us the lower bound we need.

For a normal subgroup H of the free group F on d generators, define r,(H)
by

|H/([H, FIH")| = p"»™.
Lemma 20.5 Let d be a positive integer, and let p be a prime. Let H, and
H, be normal subgroups of the free group F on d generators x|, Xy, ..., X .

Suppose that the index of H, in F is a power of p and suppose that H, is a
subgroup of H, of index p. Then

r,(Hy) <r,(H))+d.
Moreover, if there exists z € H, \ H, such that 77 € [H,, F|H5, then

rp(Hz) < rp(Hl) +d-—1.
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Proof: Fori e {1,2} define the subgroup K, by K; = [H,, F]H!. So |H,/K;| =
p"»)_Since H, < H, we have that K, < K,. Since H, has index p in H,, we
have that K, < H,. Now

Pr”(HZ) =|H,/K,)| = P_1|H1/K2|
=Pil(|H1/K1|)(|K1/K2|) =Pr”(H')71|K1/K2|' (20.1)

To provide an upper bound on r,(H,), we aim to provide an upper bound on
1K, /K.

Let z € H \ H,. We claim that K, is generated by K, together with the
elements

[z, x], [z, %], -, [z, x,] and 2”. (20.2)

It is clear that all the elements above lie in K,. A typical element of H, has
the form wz’, where w e H, and i € {0, 1, ..., p—1}. So [H,, F] is generated
by elements of the form [wz’, x] where x € F. The subgroup H,/K, is central
in F/K, and so

[w', x]K, = [, x]K, = [z, 2]'K,,

the last step following from Lemma 3.3 since [z,x] € H,. For any j €
{1,2,...,d}, we have that [z, x;] € [H}, F] < H,, and so [z, x;]K, is cen-
tral in F/K,. So writing x as a word in the generators x;, x,, ..., x, and their
inverses, we may express [z, x]K, as a product of elements [z, x;]K, and
their inverses using part (2) of Lemma 3.1. Thus [H,, F] is contained in the
subgroup generated by K, and the elements (20.2) above. Similarly, H? is
contained in this subgroup, since if w e H, and i € {0, 1, ..., p— 1} then

(w2')’K, = w’z"K, = 27K, = (")'K,.
Since K, = [H,, F]H}, our claim follows.
Now, K, is generated by K, and d 4 1 extra elements. Since K,/K, is a

subgroup of the elementary abelian p-group H, /K, this means that |K,/K,| <
p®*!. So, using (20.1),

pr,y(Hz) — pr,y(Hl)*l |K1/K2| < prp(Hl)er.

Thus r,(H,) < r,(H;)+d and the first statement of the lemma is proved.
Suppose now that z” € K,. Then K, is generated by K, together with the

d elements [z, x;] where j € {1,2,...,d}. Thus |K,/K,| < p* and so, using

(20.1) as before, we find that r,(H,) < r,(H,) +d — 1. This proves the lemma.

Let F be a group. The lower exponent p central series L, > L, > L; > ---
of F is defined by L, = F and L,,, = [L;, F|L? for i > 1. The standard facts
about this series that we need are contained in the following lemma:
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Lemma 20.6 Let p be a prime. Let F be a group, and let L, > L, > --- be
its lower exponent p central series.

(i) Let i and e be integers such that i =2 and e > 1. Then for any g € L,
and any x € F

[g’ x]p" € [gp"’ 'x]l‘i+e+2'

(ii) Suppose that F is generated by a set X. Let i be a positive integer. Then
L, is generated modulo L, | by the elements of the form

la;,ay, ... a,]"

where a,, a,,...,a, € X and where 1 <s <.
(iii) Let d be a positive integer. Define M (i) by

M,(i) = (1/) 3} p(r)d””

where the sum is over the positive divisors r of i and where | is the
Mobius function. (The Mobius function w is defined by u(r) =0 when-
ever a square of a prime divides r, otherwise u(p,p,...p,) = (=1)°
where py, p,, ..., p, are distinct primes.) Let F be the free group on d
generators. Then for i > 1,

prp(Li) =|L;/Liy\| = pZi,»:lMlz(.i)_

Proof: See Vaughan-Lee [92, Lemmas 2.2.2 and 2.2.3] for proofs of the
first two parts of the lemma. Part (iii) of the lemma follows from Bryant and
Kovics [11, Section 3] (who relate the order of L,/L;,, to the dimension
of the ith grade of a free graded Lie algebra) together with standard results
in the theory of free Lie algebras (which determine this dimension); see, for
example, [41, Section 11.2].

Lemma 20.7 Let d be a fixed integer and let p be a prime. Let F be the free
group on d generators X, X,, ..., x,. Let L, > L, > - - - be the lower exponent
p central series of F. Then, as i — oo,
i+1

r,(L;) ~————,

»(L) i(d—1)
and the index of L, in F is p*", where

i+1
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Proof: Let M, (i) be the function defined in Lemma 20.6. We claim that
M, (i) ~ d'/i. The function M,(i) is defined as a sum over the positive
divisors r of i. The term corresponding to r = 1 is d/i, and all the remaining
terms have absolute value at most d”/?/i. Since i has at most i positive divisors,
we find that

d/i—d"”* < M) <d/i+d">.

The ratio of d/* to d'/i tends to 0 as i — oo, and so M, (i) ~ d'/i, as claimed.
To complete the proof of Lemma 20.7, we use the following elementary

result. Let (a;) and (b;) be two real sequences such that a; — oo and b, — oo

as i — oo. Suppose that a; —a;_; ~ b;—b,_, as i — oo. Then a; ~ b; as i — oo.
By Lemma 20.6,

rp(Li) =3 M,(j).
j=1
By the estimate above, 7, (L;) —r,(L;_,) = M, (i) ~ d'/i. But we also have that
di-H di B di 4 i di
id=1) (@(—-1(d—=1) i(d=1) i—1 i
The first assertion of the lemma now follows, by applying the elementary

result referred to above (in the case a, = r,(L;) and b; = d"*' /(i(d — 1)).
To prove the second statement of the lemma, first note that

i-1 i—1
p = |F/L;| = |L,/L;| = 1_[ |Lj/Lj+l| = Hpr”(L/)'
j=1 j=1
Hence s(i) = ZJ'.;II r,(L;). The elementary result referred to above now im-
plies the second assertion of the lemma, once we have observed that

d o
(i—D(d—1) id—1)

s())—s(i—1)=r,(Li_;) ~
and
d! d . di(d—i/(i—1)) N d
i(al—l)z_(i—l)(d—l)2 B i(d—1)2 i(d-1)"

So Lemma 20.7 is proved.

Lemma 20.8 Let d be a positive integer, and let p be a prime. Let F be
the free group on d generators x|, X,, ..., x,. There exists a chain of normal
subgroups F =H, > H, > H, > --- of F such that for each k the subgroup
H, has index p* in F and

rp(Hy) 2 (d = Dk(1+o(1))

as k — oo.
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Proof: Let L, L,,...be the lower exponent p central series of F. For each
positive integer i, define M, ,, M, ,, ..., M,; as follows. Let M, ; be the sub-
group generated by L, ; and all elements of the form

[a),ayy...,0a,)F

where a,, a,,...,a, € {x;, x,,...,x,} and where 1 < s <i—j. By part (ii)
of Lemma 20.6,

Li=My=>2M;,=2---2M,

i,i—1

ZM;; =L,

and so we may think of the series of subgroups M, ; as refining the lower
exponent p central series of F.
Note that M, ;_, is generated by L, , and the d elements

N

pi—l pi—l pl—]
X1 Xy Xy

Since M;,; /L;,, is a subgroup of the elementary abelian p-group L;/L,,,
this means that M;,_, /L, , has order at most p?. (In fact |M,,_,/L,,,| = p*,
though we shall not need this.) Similarly, M, , is generated modulo M, ;_,

1
by the elements
[)C ar X b]pFZ

where a, b € {1,2,...,d)}. Since [x,, x,] is the inverse of [x,, x,]"", we
may restrict the generating set to those elements where a < b. Thus M, ; , is
generated modulo M, | by 1d(d — 1) elements, and so

Ji
L d(d— 1
IM;; 5/Lii| = Mo/ M;; 4 |IM; ;1 /Ly | < Pzd(d 1+ =P2d(d+l)-

(Again, in fact, |M;;_»/L;,,| = p2*@*h).)
Let Hy > H, > --- be a refinement of the series

MI,O >Ml,l >M2,1 >M2,2 >M3,l >M3,2 >M3,'i >M4,1 2

where H, ., has index p in H; for all non-negative integers k. Now M, ; is
generated modulo M, ;. by elements of the form

[a,,a,, ..., al-fj]pf (20.3)

where a,, a,,...,a;,_; € {x;, x,,...,x4}. So since M, ;/M, ;,, is elementary
abelian, we may insist that H, is generated by H, ., and an element of the
above form whenever M, ; > H, > M, ;..

Each subgroup H, has the property that L, > H, > L, , for some integer i.
Since F acts trivially by conjugation on L;/L, ,, any subgroup lying between
L; and L, , is normal. Hence the subgroups H, are normal in F. So it

remains to establish the lower bound on r,(H,). We do this in three stages.
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We first relate r,(H,;) to r,(H, ;). We show that in most cases, r,(H,,) <
r,(H,) +d —1. In the second stage, we use this result to provide a bound
on r,(L;,,) in terms of r,(H,), where L, > H; > L,,. In the final stage, we
use our knowledge of r,(L;,,) to provide the lower bound on r,(H,) we are
seeking.

Let k be an integer, kK > 0, and let i and j be the integers such that
M, ;> H, > M, Let t =log,|H,/L,;| (and so H; , = L;.). As the first
stage in deriving our bound on r,(H,), we claim that

1
r,(Hyyy) < r,(H)+d—1 whenever £ > Ed(d—i— 1). (20.4)

For suppose that £ > 1d(d +1). Then since |M;,; ,/L; | < P24t we have
that j <i— 3. By our choice of H,, there exists an element z € H, \ H, | of
the form (20.3). Our claim will follow by Lemma 20.5, provided that we can
show that z” € [H,,, F1H{,,.
Since j <i—3, we have that i —j—12> 2. Since [a,,a,,...,0a, ;] €

L part (i) of Lemma 20.6 implies that

i—j—1>
2 =[lay, ay, ..., a;; 1) ai )"
€llar, oo e sganin
But
Lijvyrenre = Liva = [Lig1s FILY < [Higrs F1H,

i+1

since H, | > L, ,. Moreover, [a,, a,, ..., a,-_j_l]l’w € M, ;,, by the definition
of the subgroup M, ;. Since M, ;| < Hy,,,

e [Mi,j+l’ FlLiyy <[Hpyrs FILiy < [Hpyys F]Hlfﬂ’

and so our claim is established.
As the second stage in deriving our lower bound on r,(H,), we claim that

rp(Liyy) < 1p(HY) +(d =1+ (1/2)d(d +1), (20.5)

where i and ¢ are defined as before. By Lemma 20.5, r,(H,,,) < r,(H,) +d
for any non-negative integer s. So an easy argument using induction shows
that r,(Hy,,) < r,(H,) +dt for any non-negative integer ¢. This bound in the
case when t = ¢ shows that

r,(Liyy) <71,(H)+dt=r,(H)+(d—-1)t+L.

So the claim follows in the case when € < 1d(d + 1). Now suppose that



20.1 Enumerating d-generator groups 205

€ > 1d(d+1). Applying our bound (20.4) a total of £ — 1d(d +1) times, we
find that

rp(kaL(f%d(d«H)) <r,(H)+(d—-1)(¢— %d(d‘F 1)).

Hence, using Lemma 20.5,
rp(Li+l) = rp(Hk+[)

<1 (Hyyy 1) 4 (%d(d + 1))
<r,(Hy) +(d—1)(¢— %d(d—k 1)) +d (%d(d—ir 1))

= r (H)+(d—1)t+ %d(dJr ).

This proves our claim.

We are now ready for the last stage of deriving our lower bound on r,(H,):
proving the bound itself. Suppose, for a contradiction, that there exists a
positive real number € and an infinite strictly increasing sequence of positive
integers k,, k,, ... such that

r(H, ) < (1-e)(d - Dk,
for j > 1. Define integers i,, i,, ... by

Lij > ij > Li/-+|’

and define ¢, ¢,, ... by ¢; =log, |Hk,»/Lij+1 |. By Equation (20.5),
rp(Li ) <1, (H )+ (d=1)¢;+(1/2)d(d +1)

<(I—e)(d—Dk;+(d—-1)¢;+(1/2)d(d+1)

= (d—Dlog,(|F/L; 1,1)+(1/2)d(d+1) — (d — D)k;,
the last step following since the definition of ¢; and the fact that H,, has
index p% in F together show that ki+¢; = logp(|F/Ll-/+1|). Since L; > H; ,
we have that k; > logp(|F/Lij|) and so
r(Ly o) < (d=1)log,(IF/L, 1)+ (1/2)d(d+1) — e(d — 1) log, (| F/L, )

(20.6)
Lemma 20.7 tells us that
di/+2

(;+1)(d-1) (20.7)

”p(Li‘,erl) ~
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as j — oo. However, if we write g(j) for the right-hand side of (20.6),
Lemma 20.7 implies that

‘ dii+? dii+!
8~ G+Dd—1) Si(d—1)
di_,+2
~(1—¢/d) (20.8)

(,+1)(d—1)

as j — oo. But the two approximations (20.7) and (20.8) contradict the in-
equality (20.6). This contradiction proves the lemma.

Proof of Theorem 20.4: As remarked after the statement of Theorem 20.4,
the upper bound of Theorem 20.4 is a corollary of Theorem 20.3. So we need
to prove the lower bound of the theorem.

Let m be a positive integer. Define k = [m/2] and s = [m/2]. By
Lemma 20.8, there exists a normal subgroup H, of F of p* such that

r,(Hy) = (d—1)k(1+0(1)).

Define K = [H,, F|H!, so |H,/K| = p"»®¥). Every subgroup N of F such
that H, > N > K is normal, since F acts trivially by conjugation. Since H, /K
is an elementary abelian p-group, there are at least p*’»#)=9 subgroups N
containing K that have index p* in H,, by Proposition 3.16 and Corollary 3.17.
Using the definition of s and our bound on r,(H,), we see that

ps(r],(Hk)fs) > p%m(%m(d—l)—%m)ww;(mz) — p%(d—2)m2+o(m2)'

Since any subgroup of index p* in H, has index p™ in F, we have found
p3(@=2m+o(m’) normal subgroups N of F having index p™ in F. Each of these
subgroups N corresponds to a d-generator group F/N of order p™. At most p”
quotients F/N can be isomorphic to a given group G (since an isomorphism
from F/N to G induces a homomorphism from F to G with kernel N, and
there are at most p™? homomorphisms from F to G). Hence we have found
pid=2m*+om’) g_senerator groups of order p™, and the theorem follows.

20.2 Groups with few non-abelian composition factors

This section contains a proof of a theorem on the enumeration of non-soluble
groups due to A. R. Camina, G. R. Everest and T. M. Gagen [15]. The
theorem was conjectured by John G. Thompson [91], and attempts to capture
the feeling that non-soluble groups are rare. The proof uses two facts about
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simple groups that follow from the Classification: firstly that there are at most
two simple groups of any order, and secondly that |[Out(L)| < |L| for any
simple group L.

For a finite group G, define

1
|G
where the product runs over the non-abelian factors in a composition series
for G. So 1/|G| < 7(G) < 1, and 7(G) = 1/|G]| if and only if G is soluble.

For a positive integer n, define F(n) to be the number of (isomorphism

classes of) groups of order at most n; so F(n) = Y_\_, f(i). For a positive real
number €, define F,(n) to be the number of (isomorphism classes of) groups
G of order at most n such that 7(G) > e. For a fixed value of €, the function
F.(n) counts only finitely many soluble groups (those of order at most 1/€).
One can think of F.(n) as counting those groups either having many non-
abelian composition factors, or having a few large non-abelian composition
factors.

7(G) = — []IH/K|,

Theorem 20.9 Let € be a positive real number. Then

lim F.(n)/F(n) =0.
This theorem has recently been improved by Benjamin Klopsch in [57]:

Theorem 20.10 For every € > 0 there exist b, ¢ > 0 such that if n > 60 then

nbloglogn g Fe(n) g ncloglogn .

To give some idea of what is involved we give a proof of Theorem 20.9,
leaving the reader to consult [57] for the proof of the stronger result. The-
orem 20.9 requires an upper bound on F.(n). Our arguments will be fairly
crude, as we only aim to show that F,(n) grows significantly more slowly
than F(n).

Lemma 20.11 The number of groups G of order n having no non-trivial
6lognloglogn

soluble normal subgroups is at most n

In this lemma, and for the remainder of this section, we will use the
convention that lognloglogn =0 when n =1 (to circumvent the problem
that loglog 1 is not defined). Note that using this convention we have that
lognloglogn is a non-decreasing function on the set of positive
integers n.
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Note also that in [65] Avinoam Mann proves a refinement of this estimate,
showing that the number of d-generator groups G of order n that have no
non-trivial soluble normal subgroup is at most n¢'°¢'°2"+3_Since d < A(n) this
is not only a refinement but also an improvement.

Proof of Lemma 20.11 The lemma holds trivially when n < 4, so we may as-
sume that n > 4. Let G be a group of order n having no non-trivial soluble nor-
mal subgroups. Let S be the socle of G (so S is the subgroup generated by all
minimal normal subgroups of G). Our condition on G implies that all minimal
normal subgroups of G are direct products of non-abelian simple groups. So
there exist an integer ¢ and non-abelian simple groups L, L,, ..., L, such that

S=EL xLyx---xL,.

In particular, the centre Z(S) of S is trivial. The centraliser C of S in G
is a normal subgroup, so if C is non-trivial then C must have a non-trivial
intersection with S (by definition of the socle). But CNS = Z(S) = {1}, and
so C ={1}. So G acts faithfully by conjugation on S. In particular, we may
regard G as a subgroup of Aut (S).

We saw at the start of the proof of Theorem 16.20 that there are at most
n® possibilities for the isomorphism class of a product of non-abelian simple
groups, where the product has order dividing n. (The fact that there are at
most two simple groups of any fixed order is used here.) So there are at most
n® possibilities for S.

Let S be fixed. Since G has order n, it can be generated by logn elements.
So the number of possibilities for G once S is fixed is at most the number of
subgroups of Aut (S) that can be generated by logn elements. This number
is bounded above by |Aut (S)['°¢", and so we require an upper bound on
|Aut (S)|. An automorphism of § permutes the minimal normal subgroups
L,,L,,...,L, of S, so there is a natural homomorphism from Aut (S) into
Sym(#). Let K be the kernel of this homomorphism. Now, K is isomorphic
to [T/, Aut (L,). The Classification implies that |Out(L,)| < |L,|, and so

t t t
K| =[TlAut (L)] = [TILIIOuwt(L) < TTIL,* = ISP < n’.
i=1

i=1 i=1
Now 7 < logn, since n > |S| =[]i_, |L;| = 2'. Hence
|Aut (S)| < |K||Sym()| < n?t! < n*(logn)! < n*(log n)'°e".
Hence the number of possibilities for G is bounded above by

n’ (n2 (log n)log”)

logn
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It is easy to see that

2
(IOg n)(logn) nZlogn+3 — nlogn loglog n+2logn+3 < n6logn loglogn’

and so the lemma follows.

Lemma 20.12 Let n be a positive integer, and let q be a prime power
dividing n. Let A be an elementary abelian group of order q and let H be a
group of order n/q. Then there are at most g*1°¢"" isomorphism classes of
groups G that are extensions of A by H.

Proof: An extension G of A by H imposes an H-module structure M on A.
Theorem 7.4 implies that an extension of A by H is determined by M together
with an element of the second cohomology group H?(H, M).

Let ¢ = p*, where p is a prime and k is a positive integer. Since A is
generated by k elements, |Aut (A)| < (p*)* = p**. The H-module structure of
A is determined by the actions of each element of some generating set for H
on A, and H can certainly be generated by log(n/q) elements. Hence there
are at most p*’log(n/9) possibilities for the module structure M. It remains to
bound the number of choices for an element of H*(H, M).

Since A is a p-group, so is H*(H, M). Let P be a Sylow p-subgroup of H.
Then |P| = p* for some integer £ such that k + £ < logn. By Corollary 7.16,
H*(H, M) < H*(P, M). We need to find an upper bound on |H*(P, M)|. Now,
|H?(P, M)| is the number of equivalence classes of exact sequences of the
form

1 M—E—P—1.

Since M, P and E are p-groups, they are soluble. In particular, since P is an
{-generator group, P may be defined by £(£+ 1) relations u,, u,, ...ty
in a generating set x;, x,, ..., X,, by Theorem 20.2. A presentation for £ may
be constructed from three ingredients: a presentation for M; some relations
of the form u; = t; where ¢, is an element of M; and relations determining
the action of the generators x; on M. The proof of this fact is very similar
to the proof of Theorem 20.3, so we omit the details. The only freedom we
have in constructing this presentation for E is the choice of the elements
t;. Hence there are at most (p*)““*D choices for the isomorphism class of
E in the above exact sequence. The maps from M to E and from E to P
are determined by the process of constructing a presentation for E of this
form, so

|H?(H, M)| < [H?(P, M)| < ().
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Since a group G of the form we are counting is determined by the action
of H on M together with an element of H?(H, M), the lemma follows once
we observe that

pkzlog(n/q)(pk)l(l+l) — qklog(n/q)JrlJrlz < q2(logn)2'

Proof of Theorem 20.9: For a positive integer n, let f.(n) be the number
of (isomorphism classes of) groups of order n such that 7(G) > €. We claim
that

fé(n) < n6lognloglogn +Zq2(10gn)2fqe(n/q) (209)

where the sum runs over prime power divisors g of n such that 2 < g < 1/e.

Let G be a group of order n such that 7(G) > €. Suppose that G has a
non-trivial soluble normal subgroup, and let A be a minimal soluble normal
subgroup of G. Then A is elementary abelian of order g, where g is a prime
power dividing n. Now,

1> 17(G/A) = q7(G) > ge,

the equality following from the definition of 7 and the fact that A is soluble.
Thus g < 1/€. Note also that the quotient G/A has order n/q, and the above
inequality shows that 7(G/A) > ge.

For a fixed value of g, there are at most f,.(n/q) possibilities for G/A, the
isomorphism class of A is determined completely and by Lemma 20.12 there
are at most qz(“"g”)2 extensions of A by G/A. So the number of groups G of
order n having a non-trivial soluble normal subgroup and such that 7(G) > €
is at most

3 £ (n/q),

where the sum runs over prime power divisors g of n such that 2 < g < 1/e.
The number of groups G of order n with no non-trivial soluble normal
subgroup is bounded above by nfloenloeloen by [emma 20.11. Hence our
claim (20.9) follows.

We claim that for all positive integers n and positive real numbers €,

fe(n) < 2n6lognloglogn(1/6)2(logn)2‘ (2010)

Clearly this is true when € > 1 as then f.(n) = 0. It is also easy to check that
the result holds when n < 4. Assume, as an inductive hypothesis, that (20.10)
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holds for smaller values of n. Then
fe(”) < n6lognloglogn+Zq2(logn)2fqe(n/q)
< p6lognloglogn + Z 2q2(logn)2 (n/q)élog(n/q) loglog(n/q)(1/q€)2(log(n/q))2
< p6lognloglogn + quZ(logn)z (n/q)élognloglogn(l/qE)Z(logn)2
(since ge < 1 for all prime powers ¢ in our sum)
— pSlognloglogn +2Z(n/q)ﬁlognloglogn(I/E)z(logn)2
_ ((1/6)—2(logn)2 +22q—6lognloglogn) ne1ognlog1ogn(1/6)2(1ogn)2_
Now,

zzq—mognloglogn <2 Z q*6 < 2/1 _x76d_x = 2/5
q=2

Moreover (1/ e)‘z(l"g">Z < 1, and so
fe(n) g (1 +Z/S)nélognloglogn(1/6)2(10gn)2 < 2n610gnloglogn(l/e)Z(logn)z’
and our claim (20.10) follows.

Now let € be fixed. Since f.(n) < 20(logn loglogn) 1y (2().10),

n
Fs(n) — Zfe(l) < n20((10gn)210g10gn) — 20((10gn)210g10gn).
i=1
Theorem 4.5 shows that f(2") > 22" ("= Hence
F(n) > f(2|_lognj) > 22%(10gn—1)2(10gn—7) — 2%(1ogn)3+0(logn)2.

These bounds on F.(n) and F(n) show that lim,_,  F.(n)/F(n) =0, and the
theorem follows.

20.3 Enumerating graded Lie rings

A Lie ring is an abelian group L, written additively, together with a mapping
[,]:LxL— L such that

[x,x] =0, (20.11)
[x, y+z] =[x, y] +[x, 2], (20.12)
[x+y, 2] =[x 2]+ [y, 2], (20.13)

[[x, ], 2]+ [y, 2], x] + [[z, x], y] = 0, (20.14)
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for all x, y, z € L. These identities imply in particular that [x, y] = —[y, x] (to
see this, expand [x+ y, x+ y] and use the fact that [—x, y] = —[x, y]). The
conditions on the mapping [, ] are analogous to the properties of commutators
in a group (see Equations (3.2), (3.3) and (3.4) in Chapter 3). Indeed, the well-
known technique (see Gorenstein [36, Section 5.6]) of associating a Lie ring
with a group shows that groups and Lie rings are closely related. For subsets
X,Y C L, we write [X, Y] for the subgroup generated by all elements of the
form [x, y] where x € X and y € Y. In exactly the same way as for groups,
we define the lower central series R, R,, R5, ... of L by setting R, = L and
R, =[R,_;, L] for i > 1. We say that L is nilpotent (of class at most c) if
R.,, = {0} for some integer c.

The techniques of Chapter 5 can be used to show that the number of nilpo-
tent Lie rings with p™ elements is at most p%”13+0(m5/2), and the techniques of
Chapter 4 can be used to show that the exponent in this bound has the correct
leading term. The aim of this section is to show that a similar upper bound
(but with a better error term) can be derived in a much more elementary
fashion if we restrict ourselves to a smaller class of Lie rings, namely the
graded Lie rings generated by the first term of their grading.

A Lie ring L is graded if L is expressed as a direct sum

L=L&L,®& - -®L,

of subgroups L;, such that [L;, L;] € L,,; for all integers i, j € {1,2,...,¢}
(where we set L, = {0} for integers k such that k > c). Clearly, a graded
Lie ring is nilpotent of class at most c. We are interested in those graded
Lie rings L that are generated by the first term L, of their grading. (This
condition on L is equivalent to the condition that [L,, L,] = L,,, for all
positive integers i. The equivalence of these conditions follows easily from
the following fact. Let X generate L as a Lie ring. Then L is generated as an
abelian group by the set of ‘left-normed products from X’, namely the set of
elements that can be written in the form [[--- [[x;, x,], x3], ..., X1 ], x;] for
some x,, X,, ..., X; € X. See, for example, Vaughan-Lee [92, Section 1.2] for
a proof of this fact.) Graded Lie rings that are generated by the first term of
their grading are often those that arise in practice. For example, the associated
Lie ring of a group is of this type. For the rest of this section, for the sake of
brevity, we will refer to a graded Lie ring that is generated by the first term
of its grading simply as a graded Lie ring.

Lemma 20.13 Let L be a graded Lie ring with p™ elements. Then the iso-
morphism class of L is determined by the isomorphism classes of the groups
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L,,L,,..., L, of its grading, together with the maps vy, ¥,, ..., ¥Y._i, where
ViiLixLy— L,

is formed by restricting the map [, ] to L; x L,.

Proof: Clearly the isomorphism class of L as a group is determined by
the isomorphism classes of L, L,, ..., L., and so to prove the lemma it is
sufficient to prove that the map [, ] is determined by the maps ;.

Let y:LxL, - L,®L;®---®L, be the restriction of [,] to L x L,.
We claim that 7y is determined by the maps vy;. To see this, let x € L and let
yeL,. Then x = x, +x,+---+x,., where x; € L,. But then

[, ] =[x + x4+ 5, )]
=[x Y]+ [, v+ +[x,y] (by the equality (20.13))

=Y (x5, )+ Y2 (%0, ¥) + -+ Yy (xey, ) +0,

and so our claim follows.

We now show that [, ] is determined by . Let x,y € L. We may write
y=y+y,+---+y. where y; € L,, and (just as above) we may use the
identity (20.12) to express [x, y] as a sum of terms of the form [x, y;]. So
to show that [,] is determined by 1, it is sufficient to prove that [x, y] is
determined by 7y for all x € L and y € L; where j € {1,2,..., c}. Indeed,
since [L, L] = 0, we may assume that j # c.

We claim that [x, y] is determined by y for all x € L and y € L;. We prove
our claim by using induction on j. When j =1, [x, y] = y(x, y) and so our
claim is correct in this case. Suppose that 1 < j < ¢ and that the claim is true
for all smaller values of j. Since L, generates L, we have that L, =[L;_,, L,]
and so we may write

Y= (20> w,]

where z, € L;
Hence

i—1» W, € L, and where @ runs over some finite indexing set.

=[x, 2 [z well
- Z [Za’ a
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= [we, x], 2o] + 3 _[1%. 20l wa]
== 2 [l wal. 2o+ X Mx, 2o wel-

Since w, € L, and z, € L,_; our inductive hypothesis implies that [x, w,] and
then [[x, w,], z,] are determined by . Similarly, [[x, z,], w,] is determined
by y. Hence [x, y] is determined by y and so our claim follows by induction
on j. Thus the lemma is established.

Theorem 20.14 Let p be a prime number. The number of isomorphism classes
of graded Lie rings with p™ elements that are generated by their first grading
is at most

2 .3
57 m°+0(m)
pY .

Proof: Let L be a graded Lie ring with p™ elements, and suppose that L is
generated by its first grading. Let L,, L,, ..., L. be the terms in its grading.
By Lemma 20.13, to give an upper bound on the number of possibilities
for L it suffices to bound the number of ways of choosing L,,L,,...,L,
up to group isomorphism and the number of ways of choosing the maps
Yis Yas - - -» Yo, defined in the statement of the lemma.

Define the integer s; by |L;| = p*. Since p" = |L| =[], |L;| = p¥-1*,
we find that s, s,,...,s. form an ordered partition of m. The number of
ordered partitions of m is 2~! by Lemma 5.9, and so there are at most 2"~
possibilities for the integer ¢ and the integers s,, 55, ..., s.. Once s, is fixed,
the number of possibilities for the isomorphism class of L; as an abelian group
is at most the number of partitions of s;, by Theorem 17.2. This number is
bounded above by 2%~!, since there are 2%~! ordered partitions of s;. Now
[T, 2% " =2m"c< 2™ and so there are at most 2”~! choices for the abelian
groups L, L,, ..., L, once the integers s; have been fixed. Thus there are at
most 2°"~2 choices for ¢, the sequence sy, s,, ..., s, and the abelian groups
L,L,,...,L.

Suppose now that the group isomorphism classes of L,,L,,..., L, are
fixed. Let y,, ¥,, ..., Y., be the sequence of maps defined in the statement
of Lemma 20.13. So y;: L, x Ly = L, is the restriction of [,] to L; x L,.
We will show that there are at most p%"’3 possibilities for the maps ;. This
is trivial when ¢ = 1, so from now on we assume that ¢ > 1.
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We claim that there are at most p%ﬁzSz possibilities for y,. To see this, let
81> &, ---» &, be a minimal generating set for L,. Note that since |L,| = p*,
we have that r; < s;. It is not difficult to see (using Equations (20.12) and
(20.13) and the fact that y,(g;, &) = —7v:(&;» &;)) that the map 1y, is determined
by the %rl(rl — 1) values 7, (g;, gj) where 1 <i < j < r. So the number of
possibilities for 7y, is at most (psz)%r‘("‘_l). Since r; < sy, there are at most
pﬁs2 possibilities for y,, as claimed.

Let i be an integer such that 2 < i < ¢ — 1. We claim that there are at most
p'rii'itt possibilities for vy,. Let r; and the elements g; be defined as in the
previous paragraph. Let hy, h, ..., h, be a generating set for L;, where we
may take r; < s; since |L;| = p%. Then, as before, we may use the identities
(20.12) and (20.13) to show that 7; is determined by the r,r; images v,(h;, g)
where 1 < j <7, and 1 < k < ry. Since there are at most p“i+! possibilities
for each of these images, we find that the number of possibilities for vy, is at
most p"'i¥iti Since r; < s; and r; < s;, there are at most p*i“i+! possibilities
for vy;, and our claim follows.

By Lemma 20.13, the map [, ] is determined by the maps y;, Y5, -+ +» Ye_1>
and so there are at most pM(1-2-5) possibilities for [, ] where

c—1

1,
M(S), 8, ... 8,) = =818+ D 818841

2 i=2
It remains to show that M.(s, s,,...,s.) < m’. Setting x; = 5,/m, we see
that it is sufficient to show that M (x,, x,, ..., x.) < & for all real numbers

x; such that x;, + x,+---+x, =1 and x; >0 for all i € {1,2,...,c}. We
show this by induction on ¢. When ¢ = 2 the result is easy to prove, so we
assume that ¢ > 2 and that the result holds for all smaller values of c. At an
internal maximum, the theory of Lagrange multipliers shows that the partial
derivatives of M_ with respect to each of the variables x; must be equal. Now,

oM,
=X X
ax, ¢
and
oM XXy + Xy X5 when ¢ =3,
<= 124 xx, when ¢ = 4,
Ax 2771 3
c=2

X\ X._3+xx._; whenc2>=5.

In all of these cases, using the fact that % = a‘lﬂf’fz at an internal maximum,
it is easy to derive the contradiction that x; =0 for some i. And so M, has

no internal maxima. Finally, we check the values of M, on the boundary of
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the region. The function M, is zero when x; = 0. But when x; = 0 for some
i€{2,3,...,c} we find that

M.(x, x5, X, 0,0, e, X)) SIM_ (0, Xy ooy X X g -5 X),

> ve > e

and the right-hand side is at most % by our inductive hypothesis. Hence, by
induction on ¢, the function M, is bounded above by % on our region and
so there are at most pz%’”3 choices for the map [, ]. Since there were at most
22m=2 choices for the isomorphism classes of L,,L,,...,L, as groups, the
theorem follows by Lemma 20.13.

20.4 Groups of nilpotency class 3

In this section we show that the error term in the Sims bound for the number
of p-groups of order p™ may be improved if we restrict our enumeration to
p-groups of nilpotency class at most 3. Indeed, our aim in this section is to
show that the number of such groups is at most p7™+9") The material in
this section is taken from Simon Blackburn’s DPhil thesis [7]. We need an
upper bound on the number of graded Lie rings L =L, &L, & L; where L,
L, and L are specified groups, but the techniques of the last section do not
provide a good enough bound. So our initial aim is to establish an improved
bound for the number of Lie algebras of this type.

Lemma 20.15 Let p be a prime number. Let m and b be integers such that
0 < b < m. Let G be an abelian group of order p". The number of subgroups
H of G of order p” is at most the number n,, , of subspaces of dimension
b in a vector space of dimension m over ¥ ,. In particular, the number of

subgroups H is at most p?"=+1),

Proof: We will use the identity
R o L (20.15)

To see why this is true, let V be a vector space of dimension m over IE‘p, let U
be a fixed subspace of V of dimension m — 1 and let x be a fixed element of
V\U. There are n,,_, , subspaces W of dimension b that are contained in U.
A subspace W of dimension b that is not contained in U may be written in the
form W = (W,, x+ u) where W, is a subspace of U of dimension b — 1 and
where u € U. Note that distinct choices for W, give rise to distinct subspaces
W, since W, = WNU. Note, however, that (W, x+u,) = (W, x+u,) if
and only if u;, —u, € W,. Thus W is determined by a subspace W, of U
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of dimension b — 1 together with a coset of W, in U. Thus the number of
subspaces W of dimension b not contained in U is p"*n,,_, ,_,, and so the
identity (20.15) is established.

We prove the lemma by induction on m. If m =0 or m = 1 the assertion
is trivial, and so we assume (as an inductive hypothesis) that m > 1 and the
assertion is true for all groups of order less than p™. Let M be a subgroup of G
of index p and let x be a fixed element of G\ M. Let H be a subgroup of G of
order p’. The number of such subgroups H which are contained in M is at most
n,,_1, by our inductive hypothesis. Let H, = HNM. If H is not contained in
M, then H, has order p”~! and so there are at most n,,_, ,_; possibilities for
H,, again by our inductive hypothesis. Now H = (H,,, x 4+ y) for some element
y € M. Moreover (H,, x+y,) = (H,, x+y,) when y, —y, € H,, and so there
are at most |M/H,| choices for H once H, is fixed. Therefore there are at
most p”~’n,,_, ,_, subgroups H not contained in M. Hence, by (20.15), there
are at most n,, , subgroups in all. So the lemma follows by induction on m.

Proposition 20.16 Let p be a prime number and let m be a positive integer.
Let L,, L, and L be abelian groups of orders p*, p and p* respectively,
where s, + 5, 4 53 = m. Then the number of graded Lie rings L=L, &L, P L,
generated by L, is at most (s,+1)p"*+™) | where
— 1 2
M= ogbgnfmz’%}{bsl (s, +s53—b) + 5(52 —b)si}

Proof: By Lemma 20.13, we need to find an upper bound for the number
of choices of vy, and vy,, where y, : L, x L, = L, and y, : L, x L, — L are
the restrictions of the map [, ] to L, x L, and L, x L, respectively. Note that
since [, ] satisfies the identities (20.11) to (20.14), we find that

v(x,x)=0forall xe L,,
7[(x+y’z) :’Yi(x’z)_i_’)ﬁ‘(y’ Z) for allie {132}’%)’6[‘1 and Z ELI,
vi(x,y+z) =7vy,(x,y)+ vi(x,z) forall ie {1,2},x € L, and y,z € L,

_YZ(’}’I (y’ Z)’ .X) - F)’Z(’}/l (Z’ .X), y) = 72(71 (x’ y)’ Z) for all X, ¥, 7€ Ll'
(20.16)

For an element x € L, the set y,(L,, x) is a subgroup H of L,. If |H| = p*,
we say that x has breadth k, and write b(x) = k. We define the breadth b of
v, by b = max{b(x) | x € L,}. Clearly, 0 < b < min{s,, s5}.

There are at most s, + 1 possibilities for . Assume that b is fixed. We
claim that the number of possibilities for 7y, is at most p?1(®2F5s=b+1 et
81> & ---» &, bea generating set for L, and let hy, h,, ..., h, be a generating
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set for L,. We may assume that r, <, and r, < s,. We may also assume
that b(g,) = b. Now, 7, is determined by the r,r, elements y,(%;, &) € L,
where 1 <i<rjand 1 <j<r, Forie{l,2,...,r}, let H; be a subgroup
of order p” containing {y,(h;, g)|1 < j < r,}. Such a subgroup exists since
v, has breadth . By Lemma 20.15, there are at most (p”(sr”“))rl choices
for the subgroups H,. Once the subgroups H; are fixed, there are at most p”
choices for each element v, (%, g;) € H; and so at most pPri™> choices for 7,.
Therefore, using the fact that r; < s, and r, < s,, we find that the number of
choices for vy, of breadth b is at most p?1(2+=0+D a5 claimed.

Suppose now that vy, is fixed. We claim that there are at most p to the
power

$y(s1 =D+ 3 (55 = b)(s; = D)(5, = 2)

choices for y,. Let g, &,, ..., g, be the generating set for L, chosen above.
The map 7y, is determined by the elements y(g;, g;) where 1 <i<j<r,.
There are at most p2(1~! choices for the r, — 1 elements y,(g,, g;) where
Jj€{2,3,...,r}. Assume that these elements have been chosen. Now, by
(20.106), for all i, j € {2,3, ..., 1},

Y2(v1(8i- 8)- 81) = =2 (71(8;- 81)- 8) — v2(71 (815 8- 8))-

But the right-hand side of this equation is determined by the choices we have
already made (note that —y,(y,(8;. 81)- &) = v.(71(&1, &) 8,‘))' And so the
image of y,(g;, g;) under the homomorphism x  7y,(x, g;) is determined.
Since g, has breadth b, the kernel of this homomorphism has order p27°, and
so there are at most p“~" choices for each of the 1 (s, — 1)(s, —2) elements
¥1(&:» g;)- Hence the number of choices for 7y, once 7y, is fixed is at most
p2(1=D+3(-0)6 =62 and since r, < s, our claim follows.

Collecting together all our estimates, and using the fact that s,, s,, s; and
b are all bounded above by m, we find that the proposition follows.

Theorem 20.17 Let p be a fixed prime number, and let m be a positive
integer. Then the number of isomorphism classes of groups of order p™ and
nilpotency class at most 3 is bounded above by

p% m3+0(m?) .

Proof: We begin by recalling a standard way of associating a Lie ring with
a (usually nilpotent) group (see Gorenstein [36, Section 5.6]). A Lie ring L
may be constructed as follows. Let G be a group, and let G, G,, ... be its
lower central series. For all positive integers i, define L, = G,;/G,,,. Since
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the subgroups G, are the terms in the lower central series of G, the groups L;
are abelian. We write the groups L, additively, and define L=L, ®L,P---
To define the Lie multiplication, let i and j be positive integers and suppose
that x € L; and y € L;. Then x = gG,,, and y = hG,,, for some g € G; and
h € G;. By Proposition 3.6, [g, h] € G, ;. Moreover, it is not difficult to show
that [g, ]G, ;,, depends only on the cosets 8G;;, and hG,, rather than on
the elements g and & themselves. We define [x, y] =g, h]G, i1 €L ;. We
then extend the Lie multiplication to the whole of L in the natural way, by
Z-linearity. It is not difficult to check that this definition of Lie multiplication
does indeed make L into a Lie ring. Moreover, L is a graded Lie ring that is
generated by its first grading.

Let G be a group of order p” and nilpotency class at most 3. We will
bound the number of possibilities for G by first choosing its associated Lie
ring L. To thisend, let L =L, ® L, ® L, be a graded Lie ring of order p™ that
is generated by its first grading. Define integers s,, s, and s; by |L,| = p®%, so
that s, 45, + 53 = m. We aim to bound the number of choices for G once L
is fixed.

For i € {1, 2, 3}, let r; be the minimal number of generators of L,. Clearly,
r; < s; for all i € {1,2,3}. Define t, =) For all i € {1, 2, 3}, choose a

i
j=17j

minimal generating set x, .y, X, i,,...,%, for L, Forall j € {1,2,..., 85},
let a(j) be the smallest positive integer such that p“(-f)xj € <xj+1 s Xjp2s s x,}).
So Z_tf:t,»,l + a(j) = s;, and every element of L, may be written uniquely in
the form 7, ., e(j)x; where e(j) € {0, 1,..., p*D —1}.

Let G be a group whose associated Lie ring is isomorphic to L. For
simplicity, we identify the associated Lie ring of G with L. Let

G=G,>G,>G;>G,=1{1}

be the lower central series of G. Choose elements g, g, ..., &g, € G such
that g,G,,; = x; whenever #,_; + 1 < j < 1;. Such elements exist since L is the
associated Lie ring of G. Because of the way we have chosen the elements
x; of L, and since L, = G,;/G,, for i € {1,2, 3}, every element of G may be
written uniquely in the form

e(l) e(2 e
gge® | g
for some integers e(j) € {0, 1, ..., p?@ —1}. We write this product as []g<®.
Note that the product lies in G, if and only if e(x) = 0 whenever u < f,_;.
For all j € {1,2,...,t;}, there exist integers b(j, u) € {0, 1, ..., p*®“ —1}
such that the relations

a(/) l_[ b(j.u) (2017)
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hold in G. By our choice of the elements x;, we find b(j, u) = 0 whenever

u < j. Moreover, for all i, j € {1, 2, ..., t;} such that i < j, there exist integers
c(i, j,u) €{0,1, p*® —1} such that
(g 81 =[Te:"". (20.18)

Since the subgroups G, form the terms of the lower central series of G, we
have that c(i, j, u) = 0 whenever one of the following conditions holds:

>t+1,
t1+1 tz and t1+1 <1y,
1<i tl, HL+1<j<t, andu 15,
1<i gtl,l\]gtlandu\l

The relations (20.17) and (20.18) form a power-commutator presentation for
G. Hence the isomorphism class of G is determined by the Lie ring L together
with the integers a(j) for 1 < j < 15, the integers b(j, u) for 1 < j < t; and
J < u < t3, and the integers c(z, J» u) where

1<i<j< tlandtl—}—l <, or
1<i<y, ,+1< tzandt2+1<u

We are now in a position to bound the number of choices for the group
G. There are at most m’> possibilities for the integers s,, s, and s;. By
Proposition 20.16, the number of choices for the Lie ring L is at most
(5,4 1)pM*+0m)  where

M= Oghgﬁﬁz%}{bsl (5,455 —b)+ %(52 —b)st}.

Once L is fixed, the integers r; are determined. We choose a generat-
ing set Xps Xoy vy Xy, for L as above. Once this generating set has been
chosen the integers a; are determined. For a fixed integer j, there are at
most pUtD+al+2+-+a() choices for the integers b(j, u). Since a(j+ 1)+
a(j+2)+---+a(t;) < m, there are at most p™ choices for the integers b(j, u)
for a fixed integer j and so there are at most p™ choices for the integers
b(j,u) where 1 < j,u < t;. Since L is the associated Lie ring of G, the
Lie multlphcatlon in L determines [g;, g]]G3 whenever 1 <i < j<¢ and
determines [g;, g;] whenever 1 <i<t, < j <t,. Hence the integers c(i, j, u)
are determined unless 1 <i < j <t and ¢, 4+ 1 < u < #;3. So the number of
choices for the integers c(i, j, u) is at most

r
1_[ li[ pa(u) — l_[ p p2 |¥3 < p%S%Sg'

1<i<j<ty u=t,+1 1<i<j<y



20.4 Groups of nilpotency class 3 221

To summarise, we have shown that the number of choices for G is at most
pNOm?) where N is the maximum value of

bsy (s, + 53 —b)+%(s2+s3 —b)s12

on the region defined by s; > 0, s, +s,+s; =mand 0 < b < min{sz, s3}. To
establish the theorem, it is therefore sufficient to show that N < > Z B,

Let s,, s, and s; be fixed non-negative integers such that s, +s, + 53 = m.
We claim that the function F(b) defined by

F(b) = bs,(s,+ 53— b) + 1 (s, + 53— b)s7 (20.19)

satisfies F(b) < m for any real number such that 0 < b < s, + 5. Since
min{s,, 53} <5, + 53, proving this claim is sufficient to establish that N < Zm”.

It is clear that F(s, +s;) = 0. Moreover,
F(0) = %(52“‘53)5% = %(m_sl)s% < %mS-

Thus it remains to show that F(b) < m3 at an internal maximum. When
s; = 0 this is clear, and so we may assume that s; # 0. Now

F
P 5108, +83) —25,b— %sf

At an internal maximum i—'; =0, and since s; # 0 we may deduce that
b= 1(s,+s;) — 15, in this situation. When s, > 2m (and so s5,+s; < m),
this equality contradicts the fact that b > 0, and so F(b) has no internal
maxima when s, > gm So we may suppose that s; = cm, where ¢ is a real
number such that 0 < ¢ < % Subst1tutmg the equalities b = 2(52 +5;) —

s;=cmand s, +5; =(1— c)m into (20.19), we find that

F(b) = ( c——c —}——c)m3

at an internal maximum However, it is easy to see that lc — 1 A+ 1—16c3 < 227
on the interval 0 < ¢ < 3 , and so F(b) < m at an mtemal maximum. Thus

our claim follows, and the theorem is proved.



21

Survey of other results

In this chapter we survey related topics. The treatment will be brief and proofs
will rarely be more than sketched. The intention is merely to draw attention
to some points of interest that are connected with the main part of this
book.

21.1 Graham Higman’s PORC conjecture

In his second paper [46] on enumerating p-groups, Graham Higman in-
troduced the acronym PORC to stand for polynomial on residue classes.
Specifically, for integers N, k let

Ry(k)={neZ|n=k (modN)},
and then:

Definition. A function f on a set of integers (for example, the set of primes)
is said to be PORC if for some integer N, for each residue class R, (k) there
is a polynomial f, such that, whenever n € Ry (k) and f(n) is defined, we

have f(n) = fi(n).

We leave it to the reader to check the following fact (recall that the r'
cyclotomic polynomial is the polynomial with rational integer coefficients
whose roots are the primitive 7 roots of 1 in C).

h

Proposition 21.1 A function f: N — C is PORC if and only if the power-
series generating function 1+ f(n)z" converges for |z| < 1 to a function
F(z) which is a rational function whose denominator is a product of cyclo-
tomic polynomials.

222
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The original context for Higman’s definition was this:

Conjecture 21.2 (the PORC conjecture) Let g,(p) = f(p"), where p is prime.
For fixed n, the function g, is PORC as a function of p.

This conjecture is still open. Some evidence has accumulated, however.

(1) For n =1, 2, 3, 4 the function g,(p) is essentially constant: g,(p) =
fp) =1, &(p) = f(P*) =2, &(p) = f(p*) =5 and g,(p) = f(p*) =15 if
p >3 while g,(2) = f(2*) = 14. This was proved by Otto Holder in 1893
(see [47]). The fact that

gs(p) = f(p’) =2p+61+2gcd(p—1,3)+ged(p—1,4)

if p > 5 was proved by G. Bagnera [5] in 1898. Recently the groups of order p°
have been enumerated by M. F. Newman, E. A. O’Brien and M. R. Vaughan-
Lee [78] and those of order p’ by E.A. O’Brien and M.R. Vaughan-Lee
[79]. The reader is referred to these papers for excellent critical reviews of
the literature on enumeration of the groups of order p™ for ‘small’ values of
m. In each case the enumeration function turns out to be PORC. Thus g, is
known to be PORC for n < 7.

(2) Higman himself used a small amount of cohomology theory together
with theory of algebraic representations of algebraic groups to show in [46]
that if ¢,(p) denotes the number of isomorphism classes of groups of order
p" and ®-class 2, then for a fixed value of n, ¢, is PORC as a function of p.
In his paper [31] Anton Evseev considerably extends Higman’s methods to
prove that for a fixed natural number n the number of isomorphism classes
of groups of order p" in which the Frattini subgroup is central is PORC as a
function of p.

(3) Marcus du Sautoy has brought the theory of zeta functions of finitely
generated torsion-free nilpotent groups to bear on the problem (see [24] and
[25]) and has made some progress on certain special classes of groups more
general than Higman’s groups of ®-class 2.

Higman has made the following point: even if the PORC conjecture is
unattainable it might be possible to prove that there is a PORC function G,
such that G, (p) — g, (p) is significantly smaller than p7™.

There are other contexts in which PORC functions arise in group theory.
Consider first abelian p-groups G of bounded exponent, say exponent dividing
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p¢, where p and e are fixed. If |G| = p”, then we can write G as a direct sum
of x; cyclic summands of order p' fori=1, ..., e where

X +2x,4+---+ex,=n.

Two such groups are isomorphic if and only if they have the same number
of cyclic summands of order p' for each i. Thus the number g(n) of such
groups of order p” is the number of solutions to the above equation, that is,
the number of partitions of n into parts of size at most e. We have

1
(I=x)(1=x¥)---(1—x°)"

Expanding the right-hand side in partial fractions we find that it is a function
of the form

> g(n)x" =

A
2 W (x)

where the W;(x) are cyclotomic polynomials. It follows that g(n) is PORC.

Secondly, consider p-groups G with |G'| = p and p # 2. Then ®(G) <
Z(G) and the commutator structure of G may be thought of as a function of
two variables G/®(G) — C,, and hence as an alternating bilinear form on
G /®(G) construed as a vector space over IF, . Exploiting this one can calculate
that for odd primes p, the number of isomorphism classes of groups of order
p" and exponent dividing p? with derived group of order p is independent of
p and is the following:

glgni—i—énz—i—%ni—%n 1 %f nfOOrZ (mod 6),
T g oty fn=d (mado),
$n4+l%ﬁnx+gn2—%—gn+% %fni3or5 (mod 6),
sl T’ ton’ — gnt g if n=1(mod6).

This result (unpublished, but we have checked it) was announced by Higman
in his lecture on Wednesday 6 November 1991 in the series out of which this
book has grown. A classification of all groups of order p” with derived group
of order p is given by Simon Blackburn [9].

21.2 Isoclinism classes of p-groups

The notion of isoclinism was introduced by Philip Hall in 1940 to help with
the classification of finite p-groups (see [42]). For a group G there is a natural
map v, : G/Z(G) x G/Z(G) — G’ defined by vy, : (aZ(G), bZ(G)) — [a, b]
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where, as usual, [a, b] is the commutator a~'b~'ab. Groups G, H are said to
be isoclinic if they have essentially the same commutator map. To be precise,
this means that there exist isomorphisms

¢:G/Z(G) > H/Z(H) and ¢:G — H’
such that
Yuo(dxd)=ioyg,
in other words, the diagram

G/Z(G)x Gj2(G) 2% @

x| I

H/Z(H) x H/Z(H) % H

commutes. It is easy to see that isoclinism is an equivalence relation on
groups. There are two obvious invariants of an isoclinism class X. They
are the groups X, Y such that G/Z(G) = X and G’ =Y for all G € X.
Then G may be thought of either as a central extension of an abelian group
Z by X or as an extension of Y by an abelian group A. Note that X, Y
are not independent since |Y| is bounded by a function of |X| and if, for
example, X is abelian, then Y must also be abelian and must be a homo-
morphic image of the exterior square X A X. Amongst other things Philip
Hall proved that the smallest groups G in an isoclinism class have the
property that Z(G) < G’, and he called such groups stem groups for the
class.

Our interest is in the enumeration function f, (p™) which gives the number
of groups of order p™ (up to isomorphism of course) in an isoclinism class ¥,
when the invariants X, Y of X are finite p-groups for some prime number p.
Trivially, the abelian groups form a single isoclinism class 2[. An immediate
consequence of the structure theorem for finite abelian groups, which says
that up to isomorphism a finite abelian p-group is uniquely the direct product
(or sum) of cyclic groups, is that f, (p™) = p(m), where p(m) is the partition
function that enumerates the integer partitions of m (see Theorem 17.2). A
famous insight of Ramanujan, as developed by Hardy and Ramanujan jointly,
and then by Rademacher (see, for example, [3, Chapter 5] or [4, Chapter 14];
see also Section 17.2 above), yields that

ek where K =.2m/3.

1
p(m) ~ oy
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Now if finite p-groups X and Y are given, and X is an isoclinism class
of which they are the invariants, then we might expect that f,(p™) should,
when m is large, depend heavily on the number p(m — m,) of abelian groups
available to serve as centre of a group in X, where p™ = | X|. That this is so
has been made precise and proved by one of us in [8]. There the following
theorems are proved.

Theorem 21.3 (Blackburn 1994) Let X be an isoclinism class of groups and
let P be one of its stem groups (so that, recall, Z(P) < P'). Suppose that P is
a finite p-group for some prime number p, and define non-negative integers
a, ¢ by p® =|P/P’|, p¢ =|Z(P)|. Then there exist positive real numbers k,,
k, (depending only on X) such that

(a+c)/2 -(p™
1( m 2) < Jx(p") <k, mator?.
(logm) p(m)

Theorem 21.4 (Blackburn 1994) If X is an isoclinism class of groups then
Fo(p™) < p™ 3 p(m). Moreover, given a positive integer m there exists an
isoclinism class X (depending on m) such that f(p™) = p™ =98,

The first of these theorems confirms that when m is large the number of
groups of order p™ in a fixed isoclinism class is something like ®(m)eXv"™
where K = /2 /3 and ® is bounded by a polynomial. Combining the second
with the theorems of Higman and Sims (as modified by Newman and Seeley)
we see that for large m the groups of order p™ fall into p%m3+0("’5/2) different
isoclinism classes. For further insights about the import of the theorems, and
for proofs, the reader is referred to the original paper [8].

Hall introduced isoclinism as a tool for the classification of finite p-groups.
But the concept makes good sense for groups in general. Isoclinism classes
of finite nilpotent groups can easily be understood in terms of isoclinism
classes of p-groups. For, if G is a nilpotent group of order pi'p3® --- pi*,
where p,, p,, ..., p, are distinct prime numbers, then the isoclinism class
of G consists of the nilpotent groups P, x P, x --- X P, where P, lies in the
isoclinism class of the Sylow p;-subgroup of G. By way of contrast, some
isoclinism classes are essentially ‘trivial’. For example, if G is a perfect group
with trivial centre and trivial Schur multiplier, such as the Matthieu group
M, (see [19], for example), then the isoclinism class of G consists of groups
of the form G x A where A is abelian. It seems a little unlikely that isoclinism
would tell us much of interest about enumeration of finite groups in general,
but so far as we know this question has not been investigated.
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21.3 Groups of square-free order

It was proved by G. Frobenius in 1893 (see [34]) that groups of square-free
order are soluble, indeed, that they are Sylow tower groups in the following
strong sense:

Definition. A finite group X will be said to be a Sylow tower group if a
Sylow g-subgroup Q for the largest prime divisor ¢ of X is normal in X and
X/Q is a Sylow tower group. To complete this recursive definition of course
we need to specify that the trivial group {1} is a Sylow tower group.

Note that some authors use the terminology to mean something a little
weaker — their definition does not require g to be the largest prime divisor
of |X]|.

Otto Holder [48] went a little further and showed that groups of square-free
order are metacyclic — that is, they have a cyclic normal subgroup with cyclic
factor group. And of course, since the orders are coprime, such a group is, in
fact, a split extension of one cyclic group by another. He gave a remarkably
explicit formula for the number of such groups:

Proposition 21.5 (Holder 1895) If n is square-free then

c(p) _
oy =31

mln p p_l ,

where in the product p ranges over prime divisors of n/m and c(p) denotes
the number of primes q dividing m such that ¢ =1 (mod p).

It is not hard to see where this formula comes from. Let G be a group of
square-free order n and let H = F(G), the Fitting subgroup. Then G is the
split extension of H, which is cyclic, by a cyclic group K of order n/m. Since
C;(H) = H, the complement K acts faithfully on H. Since Aut H is abelian,
the isomorphism class of the extension is determined simply by the subgroup
of Aut H induced by K. That subgroup has order n/m and is determined by its
p-primary subgroups for the prime divisors p of n/m. Ilf m=gq, --- q, , where
45 ---» g, are distinct prime numbers, then AutH =C, _; x---x C, _; and
the p-primary subgroup of this has rank c(p), where c¢(p) is the number of i
such that ¢; = 1 (mod p). Therefore the number of its subgroups of order p
is (p°®» —1)/(p—1), and the result follows.

It was proved by Annabelle Mclver and Peter M. Neumann [67] that
f(n) < n*+#+2 (where w(n) is the maximum power to which any prime
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divides n — as defined in Chapter 1), a result which is significantly weaker
than Pyber’s theorem, though significantly easier to prove. For square-free n
this tells us that f(n) < n*. Much better results are known. The simplest to
state is

Theorem 21.6 If n is square-free then f(n) < ¢p(n) where ¢p(n) is Euler’s
function.

This is proved by Murty and Murty in [71]. It follows of course that
f(n) < n for all square-free n, and f(n) < %n if n is even. More detailed
results are to be found in various papers such as the one just cited, [72], [29]
and [73]. In particular, in this last paper Murty and Srinivasan prove (a little
more than) the following lovely result:

Theorem 21.7 There exist real numbers A, B > 0 such that
fmy < o(

n

W) for all square-free n

and

f(n) >

_—— infinitel - .
(log ) oeiesioe for infinitely many square-free n

Compared with theirs, our statement of this theorem is modified in two
small ways. First, their upper bound is proved more generally for the enu-
meration of groups all of whose Sylow subgroups are cyclic. Second, in the
fractions on the right of the inequalities they have Euler’s function ¢(n)
instead of n in the numerator. This makes no difference since ¢(n) < n for
all n and ¢(n) > n/(loglogn +2logloglogn) for large square-free n. They
use some quite sophisticated methods of analytic number theory. The much
weaker result that f(n)/n — 0 as n — oo through square-free integers can be
proved combinatorially as follows.

Letn=p,p, --- p, where p, > p, > --- > p, and the p, are prime numbers.
Write [1, k] for {1, 2, ..., k}. For i, j € [1, k] define
o 1 if p;=1 (modp),),

&(i,)) = .
0 otherwise,

and
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so that p, = a;b;+ 1. Also for a subset [ C [1, k] define I’ = [1, k] \ I, define
c;(I) = ic; €(i, j) (so that ¢;(I) is the number of members i of I such that
p;=1 (mod p;)) and define
p e

— — J
fir=rfi(n) l_[ p—1

jer J

In this notation Holder’s theorem states that f(n) = > f;.
IC[1,4]

Lemma 21.8 With the notation and the assumptions of the above paragraph,

n
fI (I
Ma; [p, ()l'lpj(p,—l)
Proof: We have
ci(D
p,7 1
f, = 1_[ 1—1
jer Pji—
p'Cj(I)
<[]
jer pi—1

;)

H[Pi jer Pi(p;=1)
1€

n Y
< X ]_[ J .
ilgaibi jer Pj(Pj_ 1)
Now
&(i, ) e(i,j)
[1e:; =11 I1 p/""=1I1 I1p/"
il il je[1,k] je[1.k] iel
<1> o e;(D)
1_[ =[1r: @ x I1 p;’
e[l,k iel jer
Therefore
n
fl el
[a; TTp; ()Hp,(p]—l)
iel iel

as the lemma states.
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Proposition 21.9 Let k be a fixed natural number. Then f(n)/n — 0 as
n — oo through square-free numbers with at most k prime factors.

Proof: We use the notation introduced in the paragraph preceding the fore-
going lemma. Let I C [1, k] and suppose that f, > n/A where A is some
(large) positive real number. By the lemma,

l_[ai l_[pi[i([) HPJ‘(P_/' —-1)<A.

iel iel jer
Therefore [[;.; p; < A and a; < A for all i € I. We bound p; for i € I as
follows. Given that i € I,

e(i, ) e(i,j) &(i,j) c;(D)
b= T1 p/ " =I1p/""IT /" <Ilp;" Il p; <A
Je[l,k] jel jer jel jer
and so p, = a; b;+1 < A+ 1. It follows that n < (A2 + 1)1l A < (A2 +1)**!
and, given that k is fixed, this shows that n is bounded as a function of A.
Now if f(n) > en for some € > 0 then, since Holder’s theorem expresses

f(n) as the sum of 2% summands £, (some of which are 0 of course), there
must exist / C [1, k] such that f;, > en/2*. Taking A =2*/€ we see that n is
bounded. This proves the proposition.

For use in the next two results we need the following calculation:

Lemma2t10 [T (1+ ﬁ) <2.
p(p—

=3,

p prime
Proof: The product over the odd prime numbers may be compared with
]_[(1 +1/rQ2r + 1)) and this converges since the sum Y 1/r(2r+ 1) con-
verges. Let

2 1
P= pg (1+p(p—l)> and Q:rl;ll<l+r(2r+l)>'
p prime

Then P < Q and, since log(14+x) <xif 0 <x <1,

1 1
oe0=Y (141 oy L
g0 g £ r(2r+1) gr(2r+l)

Giving the first summand special treatment we see that

1 1 1 1 w? 1 2
Y3t Za)=n <5

r>1 r>2

Therefore Q < e** <2 and so P < 2 as the lemma states.
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Proposition 21.11 Let n be an odd square-free number with k prime factors.
Then f(n) < n/2%L

Proof: Again we use the notation introduced in the paragraph preceding
Lemma 21.8. Since n is odd, a; must be even for all i € [1, k] and so a; > 2.
It follows from Lemma 21.8 that

n n 2
U P | Py
ig/pj(pj_ ) jer pj(pj_ )
Thus
=Y fi<h Y=o [ (14 )
n)= IS 5% = —).
1[1.4] 2 el jer Pj (p, 1) 2 Je[1LA] pi(p;—1)

The result now follows from Lemma 21.10.

This simple argument does not work for even n, but a slightly more
sophisticated approach proves the following.

Proposition 21.12 Let n be a square-free number with k prime factors. If k
logk
n

is sufficiently large then f(n) <

Proof: Note that, although it is not a matter of great importance, here, as
elsewhere in the book, we are using logk to mean log, k. We continue with
the same notation and seek to prove that if k is large enough then for any
subset I of [1, k] we have

logk 2

< )
(%) fisn Ik Bpj(pj_l)

for then Lemma 21.10 adjusted to include a factor for p = 2 will deliver the
result that

logk logk 2 logk
fm <n 2L =ne 11 (1 )<=
4k 1 jer pj(pj 1Y) 4k jell.k] pilp;—1) k
Now by Lemma 21.8
n
fr <
2 Ta; T1p; o H zpj(P, - 1)

iel i€l

Define

h={iellc(D#0), L=I\IL. J=[Lk\]
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If 2V1 > 4k/logk then 21! [T, p*" > 4k/logk and the desired inequality
(%) certainly holds.

We may now suppose that 2! < 4k/logk. In this case |I,| =k —|J| >
k—(2+1logk —loglogk), so, given that k is large (k > 16 certainly suffices),
|1,| > %k. For i € [1, k] define J, = {j € [1,k] | (i, j) # 0}, so that b, =
[ljes, pj- We show that if i € I, then J; € J. For, leti€ [, and je J:if jel'
then certainly j € J; otherwise j € I and then, since &(i, j) # 0, c;(I) #0
and so j €I, Thus J, C I'Ul, =J. Now J has 2Vl subsets and so there
must exist distinct indices iy, i, ..., i, € I, such that J; =J, =---=J; and
r>|1,|/2"' > Llogk. Then, since b, =b, =---=b, , the numbers a, , a, ,
..., a; must all be different. It follows that [[,c; @; > r!. It is easy to see that
r! > 2% when r > 2% and so r! > k when logk > 2%. Thus, given that k is
large, [1,c; @; > k > 4k/logk, so again the inequality (x) holds. This proves
the proposition.

Putting Propositions 21.9 and 21.12 together we have the promised fact
(which, we stress, is much weaker than Theorem 21.7)

(n)

Theorem 21.13 For square-free n, f— — 0asn— o
n

Our proof does not give much insight into what a good upper bound
for f(n)/n might be for square-free n: it would be useful to have a com-
binatorial proof of the theorem of M. Ram Murty and S. Srinivasan in
case it could be adapted to other situations—in particular to an analysis
of f(n) for cube-free n (see below). Their theorem has as a consequence
that there does not exist y < 1 such that f(n) < O(n?) for all square-free
n. This was proved analytically by Erd6s, Murty and Murty in [29], who
show that if n=¢,q, --- q,, where q,, q,, ..., q, are the first k prime
numbers, then log f(n)/logn — 1 as k — oc. The following simple heuris-
tic argument, although not a proof, should give some insight into why the
result is true. Given y < 1 choose r such that (r—1)/(r+1) > %('y—i—l).
Let p, be a prime number > r. Choose ki, k,, ..., k, such that each of
k;po—+1 is prime for 1 < i < r. This is possible by Dirichlet’s theorem that
the arithmetic progression (kp,+1),_;, . contains infinitely many primes.
There is then no obvious reason why there should not exist arbitrarily large
prime numbers p such that k;p+1 is prime for 1 <i < r. So let us as-
sume this to be true and let p be a very large prime with this property.
Define

m=(k;p+1)(kp+1)--- (k,p+1) and n=pm.
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Consider groups G constructed as semidirect product of a cyclic normal
subgroup H of order m by a group of order p. Now Aut H contains an
elementary abelian subgroup of order p”, and this has more than p’~!' sub-
groups of order p. It follows that f(n) > p"~!. On the other hand, n < Kp"*!,
where K =[[(k;+1). Therefore f(n) > (n/K)"=D/0+D > BpnY n0=7/2 where
B=K-0=D/t+D 5 0, So for any A > 0, if n is sufficiently large, that is if p
is sufficiently large, we have f(n) > An”.

Here is an example: if p = 5231, then 2p+1 =10463, 6p+1 = 31387,
8p+1=41849, 12p+1= 62773, and all these are prime. Let

n=pR2p+1)6p+1)Bp+1)(12p+1)
= 4512827385263473497647 < 5 x 10!,
Then
fm)=1+(p*—1)/(p—1)=143165109985 > 1.42 x 10",

Thus f(n)* > 2 x 10?> > 4n, so f(n) > 2n'/2. Of course there are likely to be
much smaller square-free values of n for which f(n) > 2n'/2, but the example
still has value as illustrating the method.

21.4 Groups of cube-free order

The result of Mclver and Neumann quoted on p. 227 above tells us that if n
is cube-free then f(n) < n®. Again, this is likely not to be a realistic upper
bound and we conjecture (see below) that f(n) = o(n?) for cube-free n. The
situation is different from the square-free case insofar as groups of cube-free
order need not be soluble, and, even if soluble, need not be Sylow tower
groups in our (strong) sense. Nevertheless, their structure is very restricted.

Proposition 21.14 Let G be a group of order n, where n is cube-free, and let

S(G) be its soluble radical (the largest soluble normal subgroup) and O(G)

the largest normal subgroup of odd order. Then

(1) O(G) is a Sylow tower group.

(2) Either S(G)/O(G) = Alt(4) or S(G) is a Sylow tower group.

(3) If G is not soluble then G/S(G) = PSL(2, p) for some prime number
p =13 (mod38).

Proof: For (1) we need to show that if n is odd then G is a Sylow tower
group. Let p be the smallest prime divisor of n and let P be a Sylow p-
subgroup. If P is cyclic of order p then |AutP| = p*'(p—1), and if P
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is elementary abelian of order p? then |Aut P| = p(p — 1)*(p+1). In either
case, |Aut P| is not divisible by any prime larger than p, and therefore P lies
in the centre of its normaliser N;(P). By Burnside’s transfer theorem G has
a normal p-complement H. As inductive assumption we may assume that H
is a Sylow tower group and it follows that so is G.

For (2) suppose that G is soluble and define X = S(G)/O(G). If X is a
2-group then G is a Sylow tower group by (1). So suppose that X is not a
2-group. Let Y = F(X), the Fitting subgroup of X. Since X has no non-trivial
normal subgroup of odd order, Y is a 2-group. We know that Y is abelian
(it has order < 4) and that Cy(Y) =Y. It follows that X/Y < AutY. Since
| X| is not divisible by 8 and is not a power of 2, the only possibility is that
X = Alt(4).

For (3) suppose that G is not soluble and let X = G/S(G). Let Y be
a minimal non-trivial normal subgroup of X. We know then that ¥ =Y,
x -+ X Y, where Y|, ..., Y, are isomorphic simple groups. By (1) they must
all be of even order; and indeed, their order must be divisible by 4 since a
group of twice odd order has a normal subgroup of index 2. Since 4 is the
highest power of 2 that can divide |X|, we must have k = 1 so that Y is
simple. The simple groups with Sylow 2-subgroup of order 4 were classified
by Gorenstein and Walter (see [37]). Only groups PSL(2, ¢) where ¢ is a
prime power and g = 43 (mod 8) occur. Suppose that g = p*. Then e < 2
since g divides the group order, which is cube-free. And if p is odd and
e =2 then ¢ =1 (mod 8). Thus we must have that either g = p = a prime
number = £3 (mod 8) or ¢ = 4. But PSL(2,4) = PSL(2, 5). Finally, since
Cy(Y) < X, and Y must be the only minimal non-trivial normal subgroup of
X, we have Y < X < AutY =PGL(2, p). But |PGL(2, p) : PSL(2, p)| =2
so since | X| is cube-free, X = PSL(2, p).

Proposition 21.15 Let G be a group of order n, where n is cube-free, let
S(G) be its soluble radical, R(G) its soluble residual (the smallest normal
subgroup with soluble factor group) and, for a prime number p, let O,(G)
be its largest normal p-subgroup. Then

(1) G/C;(0,(G)) has an abelian subgroup of index < 2.

(2) If nis odd or if G/O(G) = Alt(4) then G' < F(G).

(3) G=R(G) xS(G).

Proof: For (1) let M = O,(G) for some prime number p and let A =
G/Cs;(M). Then M = C,, M=Cpor M=C,xC,, so Aut M is either
cyclic or isomorphic to GL(2, p). Now A < Aut M and p does not divide
|A|. Subgroups of GL(2, p) whose order is odd and not divisible by p are
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abelian. Therefore if A has odd order then it is abelian. If |A| = 2m where m
is odd then A has a normal subgroup of order m and this is abelian. Suppose
that |A| = 4m, where m is odd. Consider first the possibility that the Sylow
2-subgroups of A are cyclic, generated by an element a, say. In this case A
has a normal subgroup B of order m and, since m is odd, this is abelian. If B is
cyclic and b is a generator then, construed as a 2 x 2 matrix, b has at most two
eigenvalues (in IF, or in I ») and a must permute its eigenspaces. Therefore
a* centralises b, and so (a?, b) is cyclic and it is a subgroup of index 2 in
A. If B is non-cyclic then it must act reducibly on M and has precisely two
one-dimensional invariant subspaces: again, since {a) normalises B, a*> must
fix both of these and therefore centralises B, so that <a2, B) is an abelian
subgroup of index 2 in A. The second possibility is that a Sylow 2-subgroup
T of A is elementary abelian of order 4. In this case T NSL(2, p) must be
non-trivial (because the image of 7 under the determinant map is cyclic).
Let a € TNSL(2, p), a# I, (we use I, here to denote the 2 x 2 identity
matrix). Since the eigenvalues of a are 1 and deta = 1, the only possibility
is a = —1,. Therefore a is central in A and A/{a), being of order 2m, has
a normal subgroup C/{a) of order m. Then, |C| =2m and C = {a) X B,
where B is a subgroup of order m. Being of odd order B must be abelian, and
therefore C is an abelian subgroup of index 2 in A. This proves (1).

Now F(G) =[]0,(G) and it follows immediately that if » is odd then
G/F(G) is abelian, so G’ < F(G). Suppose that G/O(G) = Alt(4). Then G
has no subgroups of index 2 and therefore again G/C;(0,(G)) is abelian for
every prime p, so G’ < F(G). This proves (2).

Clause (3) is trivial if R(G) = {1}. Suppose therefore that R(G) # {1}
and let K = S(R(G)). By part (3) of the previous proposition, R(G)/K =
PSL(2, p) for some prime number p = £3 (mod 8) (and of course p > 3 since
R(G)/K is simple). Define A = K/K' and consider the action of R(G)/K
on A. If g is a prime dividing |A| and Q is its g-primary constituent then,
since PSL(2, p) contains a subgroup isomorphic to Alt(4) which cannot act
faithfully on a group of order g or g?, the action of R(G)/K on Q must
be trivial. Therefore the action of R(G)/K on A is trivial. Thus K/K’' <
Z(R(G)/K'). But the Schur multiplier of PSL(2, p) has order 2 and it follows
(since K has odd order) that R(G)/K' = PSL(2, p) x K/K'. Since R(G) =
R(G) we must have K/K' = {1} and so K = {1}. Then R(G) = PSL(2, p), and
since R(G)NS(G) = {1} we have G = R(G) x S(G) by Proposition 21.14 (3).
This completes the proof.

No formula quite as simple as Holder’s can exist for f(n) when n is cube-
free. Nevertheless, since up to conjugacy the number of faithful actions of an
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abelian group K of odd order n/m on an abelian group H of odd cube-free
order m is not very large, and since O(G) is a large part of G for a group
G of odd cube-free order n, it should be possible to get good estimates.
In particular, it should be possible to settle the following conjecture by a
modification of the method that we used to prove Theorem 21.13.

Conjecture 21.16 If n is cube-free then f(n) < n®. Also, f(n)/n*> — 0 as
n — oo through cube-free numbers.

An algorithm for constructing the groups of cube-free order computationally
has been created by Heiko Dietrich and Bettina Eick [22] and exploited by
them to tabulate all these groups up to order 50 000.

21.5 Groups of arithmetically small orders

By an arithmetically small number we mean a natural number n for which
A(n) is small. If A(n) =1 then 7 is prime and f(n) = 1. If A(n) = 2 then, as
is well known, f(n) < 2. More precisely,

2 ifp=gq,
fipg)=14 2 if p<qgand g=1 (modp),
1 if p<gqand g#1 (modp).

The case A(n) =3 was treated by Otto Holder in a classic paper [47]
published in 1893. As is now well known and easy to derive, there are three
abelian and two non-abelian groups of order p?, so f(p*) =5.

For n = p ¢* there are a number of cases. Let G be a group of order p ¢°
where p # ¢ and let P, Q be a Sylow p-subgroup and a Sylow g-subgroup
respectively. Consider first the case where ¢ =1 (mod p). Then O < G and
G is a semidirect product of Q by P. The semidirect product is determined
by an action of P on Q and the isomorphism class of G depends only on
the conjugacy class of the image of P in Aut Q. If Q is cyclic then there is
just one subgroup of Aut Q of order P and so up to isomorphism there are
just two possibilities for G, namely the cyclic group C, and one non-abelian
extension of Q by P. If Q= C, x C, then Aut Q = GL(2, ) and the number
of conjugacy classes of subgroups of order p is 2 if p =2 and %(p—i—?)) if p
is odd. To see this let p be a primitive p™ root of 1 modulo ¢g. Any subgroup
of order p is conjugate to the subgroup P, generated by a diagonal matrix
Diag (p, p*) with eigenvalues p, p* for some k. If k % 0 (mod p) then there
exists k' such that kk’ = 1 (mod p). Then P, contains Diag(p*, p), which
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is conjugate to Diag(p, p¥'), so that P, and P,, are conjugate. These are the
only conjugacies between the groups P,, however, and so P,, P,, P_; and
groups P, one for each pair {k,k'} of elements of Z, such that kk' =1
and k # k' in Z,, form a complete set of representatives of the conjugacy
classes of subgroups of order p in GL(2, p). Note that P, = P_, if p =2.
Thus we have two non-abelian groups of order p g*> with elementary abelian
Sylow g-subgroup if p =2 and 3+ 1(p—3), that is 1(p+3), such groups
if p is odd. Adding in the abelian group C,, x C, and putting together the
numbers of groups with cyclic and non-cyclic Sylow g-subgroups we find
that if g = 1 (mod p) then f(pg*) =5 if p=2 while f(pq*) =1(p+9) if p
is odd.

The second case is that in which p =1 (mod ¢?). In this case P < G and
so G is a semidirect product of C, by a group of order q*. If Q is elementary
abelian then there are just two possibilities — either it acts trivially on P or it
acts non-trivially. If O = C, then there are three possibilities corresponding
to whether the group of automorphisms induced by Q on P has order 1, g
or g*. Thus in this case f(n) = 5.

Thirdly, it is possible that p # 1 (mod ¢*) but p=1 (mod q). If p = 3 then
g =2 and f(n) = f(12) =5. Otherwise, if p > 3 this is very similar to the
second case except that if Q is cyclic then it cannot act faithfully on P, so
we find that f(n) = 4.

The fourth case is that in which ¢ = —1 (mod p). For p =2 this comes
under the first case and for ¢ = 2 (in which case p = 3) it comes under the
third, so suppose now that both p and g are odd. Then O < G and we treat G
as a split extension of Q by P. If Q is cyclic then |Aut Q| = g(¢— 1) which is
not divisible by p and so the only group that arises is C,. If Q is elementary
abelian then Aut Q, which is GL(2, ¢), has one conjugacy class of subgroups
of order p and so there are two possibilities for G, the abelian group C,, X C,
and a Frobenius group. Thus in this case f(n) = 3.

Finally, there is the possibility that p and ¢ are arithmetically independent
in the sense that none of the congruences g = £1 (mod p), p=1 (mod ¢)
hold. In this case G must be abelian and so f(n) = 2. Thus

Proposition 21.17 (Holder 1893) If p, g are distinct primes then

5 if p=2orif p=3,¢g=2,
2(p+9) if pisoddand g=1 (mod p),
5 if p=1 (mod ¢?),
4 if p>3, p=1 (modgq) but p#1 (mod ¢?),
3 if p>2, g>3and g=—1 (mod p),
2 in all other cases.

flpd’) =
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Holder analyses the case n = p gr where p > g > r in a similar way. For
us it is easier to let H = F(G), the Fitting subgroup of G and use the facts
first that C;(H) = H, second that G is a split extension of H by a cyclic
group isomorphic to G/H and third that if P, Q, R are a Sylow p-subgroup,
a Sylow g-subgroup and a Sylow r-subgroup respectively, then R < H. Thus
there are four possibilities: that H = R, that H = Q x R, that H = P x R and
that H = G. This leads easily to the following result:

Proposition 21.18 (Holder 1893) If p, g, r are prime and p < q < r then

p+4 if r=1 (modp), r=1 (modg) and g =1 (mod p),
p+2 if r=1 (modp), r#1 (modgq) and g=1 (mod p),

4 if r=1 (modp), r=1 (modg) and g # 1 (mod p),
if r=1 (mod p), r#1 (modq) and ¢ # 1 (mod p),
if r#1 (mod p), r=1 (modq) and g =1 (mod p),
if r#£1 (mod p), r#1 (modg) and g =1 (mod p),
if r#£1 (modp), r=1 (modg) and g # 1 (mod p),
if r#1 (mod p), r#1 (modgq) and g # 1 (mod p).

Note that these eight cases cover all possibilities.

flpgr)=
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21.6 Surjectivity of the enumeration function

An entertaining but mildly eccentric question which has been raised by a
number of people at different times (for example, there are faint intimations
of it in some short papers by G. A. Miller early in the 1930s, and it was asked
of the second author by Des MacHale orally some time in the late 1970s and
again in writing in January 1991) is whether the enumeration function f is
surjective. Thus the question is whether for every m > 1 there exists n such
that f(n) = m.

Definition. Powers p%, gf of distinct prime numbers p, g will be said to
be arithmetically independent if p* # 1 (modgq) for 1 < u < « and ¢” #
1 (mod p) for 1 <v < B. Let

o B )
n=plteepl, o m=qt g,

where p,, ..., p, are distinct prime numbers, as are ¢, ..., ¢,. Then n,, n,
will be said to be arithmetically independent if gcd (n,, n,) = 1 and p}", qu
are arithmetically independent for all i, j.
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Lemma 21.19 Let G be a group of order n, where n = n,n, and n,, n,
are arithmetically independent. Then G = G, x G, where |G| = n, and
|G| =n,.

Proof: We may certainly suppose that n, > 1 and n, > 1. Write
no=pitpl, =g gl

where p, ..., p,, q;, -.., g, are distinct prime numbers. Consider first the
case where s =1 and let ¢ = ¢,. Since for 1 <i<r and 1 < B < B3, the
number gf — 1 is not divisible by p;, by the Frobenius Transfer Theorem
(see, for example, [36, Section 7.4, Theorem 4.5]) G is g-nilpotent, that is,
it has a normal subgroup G, of order n,. Let Q be a Sylow g-subgroup. For
1 < i < r the number of Sylow p;-subgroups of G, is not divisible by g and
therefore there is at least one such subgroup P; that is normalised by Q. Now
since |P;| and |Q| are arithmetically independent by Sylow’s theorem both
P; and Q are normal in P;Q and therefore Q centralises P,. It follows that O
centralises G, and so G = G, x Q. Thus the desired result is true when s = 1.

Now suppose that s > 1. Since n,, n, are arithmetically independent they
must both be odd. By the Feit-Thompson Theorem G is soluble. Let P,, ..., P
0, ..., O, be a Sylow system (see p. 48) of G, where |P;| = p|' and 10| =
qf’. Define G, =P, --- P, and G, = Q, --- Q,. Then certainly |G,| = n, and
|G,| = n, and what is left to prove is that G, G, centralise each other. Define
M; = G,Q;, so that M; < G and |M,| = n, qu. Applying what has already
been proved in the case s =1 to M; we see that Q; centralises G,. Since
this is true for 1 < j < s we see that G, centralises G, as required. Thus
G =G, xG,.

re

Corollary 21.20 If n,, n, are arithmetically independent then f(n,n,) =

f(n) f(ny).

We focus for a while on values f(n) for square-free n. The following ideas
were developed independently by R. Keith Dennis and two of the authors
(SRB and PMN) early in the 1990s—both unpublished. Let I" be a rooted

directed tree with vertex set [1, k] (which, recall, is the set {1, 2, ..., k}),
with root 1, and such that if (i, j) € I' (that is, (i, j) is an edge) then i < j.
Consider prime numbers p,, p,, ..., p; satisfying the conditions

p]>p2>...>pk>2,
CF: D = 1 (modp]) if (l’]) € F’
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We make two points about this.

Lemma 21.21 Let I" be a rooted directed tree with vertex set [1, k] as above
and let n|, X € N with n, odd and X > n,. Then there exist k prime numbers
satisfying conditions Cy. and with p, > X and p; =2 (mod n,) for all i.

Proof: For notational convenience define £(i, j) to be 1 or 0 according as
(i, j) is an edge of I or not. By Dirichlet’s theorem on primes in arithmetic
progressions, since n, is odd there exists a prime p, such that p, > X and
Py = 2 (modn;). Suppose that 1 < r < k and primes p,,,, ..., p;, all con-
gruent to 2 (mod n,), have been chosen to satisfy those conditions of Cr.
which refer to them. Define

x= 1 p/"". y=nx I] p 7.
r<j<k r<j<k
Then x and y are coprime and so the Chinese Remainder Theorem may be
used to find z € N such that z=1 (mod x) and z =2 (mod y). Then since n, is
odd xy and z must be coprime and by Dirichlet’s theorem there exists a prime
number p = z (mod xy). Then of course p=1 (mod x) and p =2 (mod y),
and so we take p, = p. Ultimately this process gives the desired primes

Pis Pas -5 Pie

The second point we wish to make about the rooted directed trees I'
introduced above is that if n = p, --- p, where the prime numbers p,, ..., p;
satisfy the conditions Cy then, because each vertex is the terminal vertex of
at most one edge, the number of groups of order n depends on I" but not on #,
that is to say, not on the particular choice of the set of primes satisfying Cr.
To prove and exploit this it is convenient to have some ad hoc terminology:

Definition. Let I' be a rooted directed tree with vertex set [1, k]. A subgraph
A of T that contains all the vertices and has no directed paths of length 2 will
be called a log-pile obtained by cutting up the tree I'. Define A(T') to be the
number of log-piles obtained by cutting up I'.

Proposition 21.22 Let T be a rooted directed tree with vertex set [1, k], and

let n=p,p, --- p, where p,, p,, ..., p, are primes satisfying the conditions
Cr. Then

f(n) =A).

Proof: Let G be a group of order n and for i € [1, k] let P, be a Sylow p;-
subgroup of G. We define a graph A(G) with vertex set [1, k] by specifying
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that (i, j) is an edge if i < j and P; is normalised but not centralised by a
conjugate of P;. For this to be possible it is necessary that p; =1 (mod p;)
and so A(G) € I'. In fact, A(G) is a log-pile. For, if (i, j) € A(G) and P, is
a Sylow p;-subgroup normalised but not centralised by a Sylow p;-subgroup
P;, then we know that P; must lie in G'. Since G is the split extension of its
Fitting subgroup H by a cyclic subgroup K of coprime order, G’ < H and
so P, < H. Since H is cyclic, Pj £ H and so Pj £ G’, whence Pj lies in the
centre of its normaliser. Thus if (i, j) is an edge of A(G) then there are no
directed edges originating in j, that is A(G) is a log-pile.

Conversely, given a log-pile A C I" there is a group G, unique up to
isomorphism, such that A(G) = A. For, define 1 to be the set of those elements
of [1, k] which are either isolated (belong to no edge) or initial vertices of
edges of A, and define J to be the set of terminal vertices of edges of A.
Clearly /N J = ( and the condition that A has no paths of length 2 ensures that
1UJ =1, k]. Define a =[], p; and b =], p;- Up to equivalence there is
a unique action of the cyclic group C, on the cyclic group C, in which the
Sylow p;-subgroup of C, acts non-trivially on the Sylow p;-subgroup of C,
if and only if (i, j) € A. If G is the corresponding semidirect product of C,
by C, then A(G) = A.

It follows immediately that f(n) = A(I), as stated.

Now log-pile numbers can easily be computed recursively. For I with
k vertices as above define w(I') to be the number of log-piles obtained by
cutting up I' in such a way that the root becomes isolated. Now define

S ={(k,a,b)| 3T, arooted tree on [1, k]|a = A(), b = u()}.

Proposition 21.23 The set S can be generated recursively by the rules

1) (1,1, 1) e s,
(2) (k,a,b)eS= (k+1,a+b,a)eS;
3) (ky,ay, b)), (ky,ay, b)) €S = (ky+k,—1,a,a,,b,b,) €S.

Rule (1) is clear. Rule (2) is the fact that a rooted tree of size k+ 1 can
be created from one of size k by adding a new root below the old one. And
rule (3) comes from creating a new tree I' from two rooted trees I'; and T,
by amalgamating their roots. Conversely, if I' is any non-trivial rooted tree
then either there is a unique edge upwards from the root, in which case I" is
obtained from a rooted tree with one fewer vertex by adjoining a new root,
or, if there are several edges emanating from the root then I' is obtainable
(usually in many ways) by amalgamation.
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Now define A={m e N |3n e N:nisodd and f(n) = m}. It seems very
likely that A = N. As an immediate consequence of Corollary 21.20,
Lemma 21.21 and Proposition 21.22, we note the following:

Proposition 21.24 If m € A and a is a log-pile number then am € A.

In view of this, it is of particular interest to know which prime numbers
are log-pile numbers. Let E be the set of natural numbers which do not occur
as log-pile numbers. R. Keith Dennis has communicated to us unpublished
computations (announced in a lecture he gave at Groups St Andrews in
Galway, August 1993) which strongly suggest that E is finite, that it contains
just 508 members, 233 of which are prime, and in fact

E={7, 11, 19, 29, 31, 47, 49, 53, 67, 71, 73, 79, 87, 91, ..., 55487}.

In fact, his list of 508 members of E is complete up to 50 000 000, and
for every m € E he has found square-free integers n such that f(n) = m.
For example, by Propositions 21.17 and 21.18 used together with Dirichlet’s
theorem on primes in arithmetic progressions, every number of the form
%(p+9), p+2 or p+4 where p is prime occurs infinitely often as a value
of f(n) on square-free integers n, and this already deals with the numbers
in E shown above except for 29, 67, 55487. Thus he has pretty convincing
evidence that the enumeration function f is surjective even when restricted
just to odd square-free integers.

The machinery described above can be developed to deal with groups of
cube-free order. To do this we consider weighted rooted trees on the vertex
set [1, k]. Such an object is a directed tree I" in which, as for ordinary rooted
trees, if (i, j) is an edge then i < j, but in which each vertex i has a weight
a(i) € {1, 2}, corresponding to the fact that there are now two possibilities
for the structure of the Sylow p;-subgroups. Given I" we consider primes

Pi» ---» Dy satisfying:

Pi>pr>>pe>2

(i,)eTl, a(i)=1 = p;=1(modp)), p;#1 (modp});
(i,j)el, a(i)=2 = p;=—1 (modp)), p;# —1 (mod p?);
(i, /) ¢T' = ord(p;) (mod p;) > 2.

The analogue of Lemma 21.21 may be proved in a similar way. Then we
consider the cube-free integer



21.6 Surjectivity of the enumeration function 243

a(l)  a(2) a(k)
Ly

n=p Pr >

and groups of order n.

To count these we first assign weights also to the edges of I': if (i, j) is an
edge then define w(i, j) to be the number of inequivalent ways that groups of
order p;‘(j) can act non-trivially on groups of order p?([) , that is, the number of
non-isomorphic semidirect products (other than the direct product) of a group
of order p?(i) by a group of order pf('i). Given that the arithmetical conditions
Cr hold, this means in fact that w(i, j) = a(j). Now as in the square-free case
we define a log-pile derived from I" to be a graph A with the same vertex set
[1, k], and whose edge set is a subset of the edge set of I' with the restriction
that A has no paths (directed of course) of length 2. We assign a weight to
the log-pile A as follows: define I(A) to be the set of isolated vertices of A
and E(A) to be the edge set of A; then define

wd) = [Ta@x [Tw. ).

icl(A) (i,J)eE(D)

Now the weighted log-pile number of I is defined by
(D) =3 w(d),
A

where the sum is over all log-piles obtained by cutting up I'.

Let n be as above, let G be a group of order n and for 1 <i< k let P,
be a Sylow p;-subgroup of G. As in the square-free case we define a graph
A(G) with vertex set [1, k] by specifying that (i, j) is an edge if and only
if P; is normalised but not centralised by some conjugate of P;. In general,
given that n is odd, this would imply that one of the following holds:

(@) a(i)=1and p;=1 (mod p,);

(b) a(i) =2, P; is cyclic and p, =1 (mod p;);

(c) a(i) =2, P, is elementary abelian and p; = —1 (mod p;);
(d) a(i) =2, P, is elementary abelian and p; =1 (mod p;).

The third clause of C ensures, however, that (b) and (d) do not arise.
Proposition 21.15(2) implies that A(G) has no paths of length 2 because if
(i, j) is an edge then a Sylow p;-subgroup P; must be contained in G’ and
a Sylow p;-subgroup cannot be contained in G’ (since it does not centralise
P;) and so j cannot be the initial vertex of any edge. Therefore, A(G) is a
log-pile obtained by cutting up I'. Now we assign labels B(i, j) € {0, 1} to
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the edges (i, j) of the log-pile A(G) as follows:
0 if P, is cyclic,
Ba.N=1 .
1 1ij=ij><ij.

Thus groups of order n give rise to edge-labelled log-piles obtained from I.
These labellings have the property that if (i, j) is an edge and «(j) = 1 then
B(i, j) = 0. Conversely, given an edge-labelled log-pile A derived from I'
and satisfying this condition, there are precisely [[;c/ ) (i) groups G of
order n with A(G) = A, where I(A) is the set of isolated vertices of A as
above. This depends upon the fact that when (i, j) is an edge the possibilities
that p, = =1 (mod p jz) have been excluded, so that even if the Sylow p;-
subgroup is cyclic of order p 12 it can act non-trivially on a Sylow p,-subgroup
in only one way. Now for a given log-pile A obtained from I' the number
of groups G such that A(G) = A is w(A): the factor [];cy ) (i) in w(A)
accounts for the number of possibilities for the centre of G (which is the
direct product of the Sylow subgroups on which all other Sylow subgroups
act trivially), and the factor []; )cp,) w(i, j) accounts for the number of
edge-labellings, that is, of actions on the non-central Sylow subgroups. Thus
f() =4, (D).

Now let I" be a weighted rooted directed graph with vertex set [1, k]. To
go with A, () we define ., (I): =3, w(A,) where the sum is over all
log-piles A, derived from I" in which the root (vertex 1) is isolated (these
correspond to groups in which the Sylow p,-subgroup P, splits off as a direct
factor), and 7(I') to be a(1). Then define

S, ={(k,a,b,t)| A, atree on [1,k]:a=A,(I), b= p,() and t = 7(I)}.

Now S, can be constructed from the two quadruples (1, 1, 1, 1) and (1, 2, 2, 2)
using a richer set of rules than are available in the square-free case. For,

1) (k,a,b,1)eS, = (k+1,a+b,a,1)eS;

@) (k,a,b,1) €S, = (k+1,2a+b,2a,2) €S,

@) (k,a.b,2) €S, = (k+1,a+b,a,1)€S,;

@) (k,a,b,2) €S, = (k+1,2a+b,2a,2) €S, ;

(5) (ky,a,, b, 1), (ky, ay, by, 1) €S, = (ky+k,—1,a,a,,b,b,,1) €S ;

6) (ky,ay,b,,2), (kys ay, by, 2) €S, = (ky +ky — 1, a*, 1b,by, 2) €S, ,
where a* = a,a, — 5(a,b, + a,b, — b, b,).

Note that if 7(I) =2 then (') is automatically even. Also, quadruples
(k,a,b,t) € S in which a and b are both even are of no great interest
since any quadruples derived from them will have the same property and
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our ambition should be to find graphs with prime log-pile numbers. As
a consequence, the quadruples derived from (1,2,2,2) are hardly worth
pursuing.

The rules for generating weighted log-pile numbers are of course sufficient
to generate all the ordinary log-pile numbers. They also generate most (per-
haps all—we have not yet checked) of the members of the exceptional set E
described above.

In this treatment of weighted graphs and labelled log-piles related to cube-
free integers we have, up to now, restricted attention to one of four interesting
sets of arithmetic conditions on the primes p;. Let I' be a weighted rooted
directed graph with vertex set [1, k]. We have considered primes p,, ..., p;
satisfying

C: p>py>-->p.>2 and ord(p;) (modp;)>2if(i,j) ¢

together with the first of the following four pairs of additional conditions:

(1) (i,)el, a(i)=1 = p;=1(modp;), p;#1 (modp?),
S Goen a)=2 = pi=—1(modp)), p#—1 (modp?):
) (i,)el, a(i)=1 = p;=1 (mod p}),

P Goen a)=2 = pi=—1(modp)), p;#—1 (modp?):
C03) (i) el a(@=1 = p;=1(modp;), p;#1 (modp}),
U el at)=2 = p,=—1 (mod p?);

) (i )el, a(=1 = p;=1(modp}),

U Goel al)=2 = p=—1 (mod p?).

To count the groups of order n (where n = p‘f(l) ‘e p,‘:(k) as before) we need

to use appropriate edge-labellings. Consider groups G where the Sylow p -
subgroup is of order pj2 and normalises but does not centralise the Sylow
p;-subgroup. If a(i) =1 and p;, =1 (modpjz) then we assign a label B(i, j)
to the edge (i, j) in the log-pile A(G) as follows:

0 if P; = C, and acts faithfully on P;,
B@,j)=q 1 if P;=Cy and induces C, on P;,
2 ifP,=C, xC, .
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Analogous adjustments are needed if a(i) = a(j) =2 and p, = —1 (mod pjz).
Thus we should now assign weights to the edges (i, j) of I' as follows:

1 ifa(j)=1;
2 if a(j) =2 in case Cp(1);
3 ifa(i) =1, a(j) =2 in case C(2);
w(i,j)=14 2 if a(i) = «a(j) =2 in case Cr(2);
2 if a(i)=1, a(j) =2 in case Cr(3);
3 if a(i) = a(j) =2 in case Cr(3);
3 if a(j) =2 in case C-(4).

The weight of a log-pile obtained from I' is now defined exactly as before,
and so are the weighted log-pile numbers A, (T), w,, (I).

Case Cp(1) gives rise to the set S; of quadruples that has already been
discussed. The other three give rise to sets S,, S5, S, of quadruples of gen-
eralised log-pile parameters all of which may be generated from the initial
quadruples (1, 1,1, 1) and (1, 2,2, 2) recursively. Rules (1), (2), (5) and (6)
are the same in all cases, but for S, rule (3) is replaced by

(3) (k,a,b,2) €S, = (k+1,a+3b,a,1)€S,;
for S; rule (4) is replaced by
(4) (k,a,b,2) €S;= (k+1,2a+3b,2a,2) € S;;

while for S, both rules (3) and (4) are replaced by the S, versions of (3)
and (4) respectively.

The point is that we have now described five systems of recursive rules
for generating useful values of f(n). If these do not provide sufficient
tools for proving that f is a surjective function then the problem is a
hard one.

21.7 Densities of certain sets of group orders

Questions like the following one have frequently occurred informally: what
can be said about the set T, of integers n for which f(n) = 1? It contains
all the prime numbers. Of course it also contains many composite num-
bers, such as 15, 33, 35, ... The following is an immediate consequence
of the fact that there are at least two groups of order p* whenever p is
prime and k > 2 together with Holder’s theorem stated as Proposition 21.5
above.
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Observation 21.25 f(n) =1 if and only if ged(n, ¢(n)) =1, where ¢(n)
is Euler’s function enumerating the number of m € N, 1 < m < n, that are
coprime with n.

For large real x define #,(x) to be the number of n € T, such that n < x.
In [28] Paul Erd6s, working with the condition ged (n, ¢p(n)) = 1, proved the
following theorem:

—y
Theorem 21.26 (Erd6s 1948) f,(x) ~ _c , where vy is Euler’s con-
logloglog x

stant lim,_, (3")_, 1/r —logn).

Michael E. Mays considers similar problems in [66], asking for the density
of the sets of integers n such that all groups of order n are cyclic, abelian,
nilpotent, supersoluble or soluble respectively. Of course all groups of order
n are cyclic if and only if f(n) = 1. Define

T, = the set of all n such that all groups of order n are abelian
and
T; = the set of all n such that all groups of order n are nilpotent.

More generally, for a function ¢ : {primes} — NU {oco} define ¥9t(c) to be the
class of finite nilpotent groups in which the Sylow p-subgroup has nilpotency
class at most c¢(p). Then define

T, = the set of all n such that all groups of order n lie in Fdi(c).

The sets T, and Tj are the extreme cases of T, in which c¢(p) =1 for all p
and ¢(p) = oo for all p respectively. Now recall that a function ¢y : N — N
is said to be multiplicative if y(m,;m,) = (m,)P(m,) whenever m,, m, are
coprime. A multiplicative function is determined by the values it takes on
prime powers p“. Let ¢, be the multiplicative function such that
(r—1) ifa=1,
o, (p) =1 (P—-DHP*-1) ifa=2,
plp=D@P*=1)--- (p'=1) ifaz=3,

and let ¢, be the multiplicative function such that

o(p)=(p—-D(P*—1) - (p—1).
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More generally, given c : {primes} — NU {co} let ¢, be the multiplicative
function such that

(p—D(@P*=1)---(p*—=1) ifa<c(p)+1,
pp=D@P*=1) - (p'=1) ifa>c(p)+1,

where of course oo+ 1 is deemed to be oco.

bu(p*) = {

Observation 21.27

(1) neT, if and only if ged(n, dp,(n)) =1.
(2) ne Ty if and only if ged(n, d5(n)) = 1.
(3) ne T, if and only if ged(n, d4(n)) = 1.

Proof: As we have already observed, (1) and (2) are special cases of (3),
so we focus on the latter. Note that ged (n, ¢,(n)) =1 if and only if first,
any two prime powers p%, ¢f dividing n are arithmetically independent in
the sense defined on p. 238 and second, if p® divides n then a < ¢(p) + 1.
Thus if G is a group of order n and ged (n, ¢p,(n)) = 1, then by the Frobenius
Transfer Theorem (see, for example, [36, Chapter 7, Theorem 4.5]) G has a
normal p-complement for every prime p and so G is the direct product of
its Sylow subgroups, that is, it is nilpotent. (Compare with Lemma 21.19 but
note that this special case does not require the Feit-Thompson Theorem.)
Furthermore, the Sylow p-group, being of order at most p¢»*! has class
< ¢(p). Conversely, if ged (n, ¢,(n)) # 1 then either there is a prime p such
that p°®+2 divides n, in which case there is a group of order n of the form
P x C,,,«»+ where P is a group of nilpotency class c¢(p)+ 1 and order pei+2
(a p-group of maximal class), or there are prime powers p%, ¢ dividing n
that are not arithmetically independent, say g divides p® — 1. In this case there
is a non-nilpotent extension H of an elementary abelian group of order p“
by C,, and so there is a non-nilpotent group H X C, .,

ged (n, ¢p,(n)) # 1 then not all groups of order n lie in FIi(c).

of order n. Thus if

In her paper [85] Eira Scourfield extends Erd6s’ result, Theorem 21.26, to a
very large class of multiplicative functions . Let 5, (x) denote the number of
positive integers n < x for which ged (n, ¥(n)) = 1. She shows that, if for each
a>1, ¥(p*) = W, (p) for all prime numbers p, where W, (x) is a polynomial,
W, (x) is non-constant, and W,(0) # 0, then there exists C € (0, c0) and there
exists A € (0, 1] such that s,,(x) ~ C x/(logloglog x)*. She shows also that, in
particular, if (p) = W,(p) = p—1 then C =e~" and A = 1. (This is a special
case of [85, Corollary 2].) The following theorem follows immediately:
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Theorem 21.28 Define t,(x) to be the number of n < x such that all groups
of order n are abelian, t;(x) to be the number of n < x such that all groups
of order n are nilpotent and t,(x) to be the number of n < x such that all
groups of order n lie in §It(c), where, as above, c: {primes} — NU {oco}.
Then

e ’x

t;(x) fori=2,3,4.

- logloglog x

Recall that a group is said to be supersoluble if and only if all its chief
factors are of prime order. Let

T = the set of all n such that all groups of order n are supersoluble,
T¢ = the set of all n such that all groups of order n are soluble,

and, as before, let #;(x) be the number of natural numbers n < x such that
n € T,. In [66] Mays observes that when x is large enough

0.607 x < t5(x) <0.978x and 0.869x < f,(x) < 0.978x.

For t5(x) and the lower bound his argument is, in effect, that every group
of square-free order is supersoluble. As is well known, the set of square-free
numbers has asymptotic density 6/72, and 6/7* > 0.607. His lower bound
for 4(x) comes from the Feit-Thompson theorem together with a famous
theorem of Burnside, which tells us that if a positive integer » is not divisible
by 12, 16 or 56 then the groups of order n are soluble. The inclusion—exclusion
principle then yields that

t()>(l 11 1+1+1+1 1>
x)z2\l-—=——=- —t =t =+
6 12 16 56 48 112 168 336

= Ex>0.869x.
84

The upper bound for #5(x) comes from that for 7¢(x). For the upper bound
ts(x) < 0.978 x he observes that the multiples of |[PSL(2, p)| for p=35, 7, 13,
that is the multiples of 60, of 168 and of 1092, all lie in the complement of
T,. In fact this only gives that 7(x) < 0.9783 x:

1 1 1 1 1 1
‘ L S I - )
ﬁ(x)<< 60 168 1092 T840 " 5460 T 2184 10920/ "
5341
= 5460

and 0.9782 < % < 0.9783. But if we use PSL(2, 17) as well as PSL(2, 5),

PSL(2,7) and PSL(2, 13) then we have enough to prove that 7(x) < 0.978 x.
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We propose to sketch a proof of the following rather stronger theorem:

Theorem 21.29 There exist cs,cq € (0,1), in fact c¢s = 0.86... and
ce =0.97..., such that ts(x) ~ c5x and tg(x) ~ cg x as x — oo.

We begin the proof with a general lemma (see Theorem 0.1 of [43]—we
are grateful to Dr Eira Schofield for drawing this reference to our attention).

Lemma 21.30 Let R be a set of positive integers and let
S={neN|3reR: rdiides n}.

For x > 0define s(x) =|{n€ S| n<x}|. If Y_,cx r~ ' converges then lim s(x)/x

exists.

Proof: For x > 0 define m(x) =lem{r € R | r < x} and then

|{n€ [1,m(x)]|3r € R: r < x and r divides n}|

Moo= e

)

where [1, m] denotes the set {1, 2, 3, ..., m}. If x <y then m(x) divides
m(y), and, since {n < m(y) | Ir € R: r < x and r divides n} consists of
m(y)/m(x) disjoint shifts of {n < m(x) |3Ir € R: r < x and r divides n}, we
see that A(x) < A(y). Since A is a non-decreasing function that is bounded
above by 1, there exists 6 < 1 such that A(x) — & as x — oo.

Now suppose that Y, _,r~' converges. Let & > 0. Choose x, so that
Y ek, o, I < 38 and 8 — A(x,) < &, and define M = m(x,), Ay = A(x,).
Clearly

s(x) = Mg\ x/M| .
But also

s(x) < MAy|x/M| +M+( > l) x

reR, r>xg
because MAy|x/M | counts the number of integers in [1, M |x/M |] that are
divisible by some member r of R with r < x,, M is a crude upper bound for
the number of members of S that lie between M | x/M | and x, and the last term
is an upper bound for the members of S that are at most x and are divisible
by some member r of R such that r > x,,. Since x — M < M |x/M]| < x we
have
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Ao(x—M) < s(x) < Agx+M + Sex
and so
M s(x)

M
/\0—/\0—<—</\0+—+%8.
X X X

Now if x > 2M/e, so that M/x < %s, then since 6 — %8 <Ay <6<,
b—e< ﬂ <b+e.
X
Thus s(x)/x — 6 as x — oo, and the lemma is proved.

Corollary 21.31 With the notation and assumptions of the lemma, if
T ={neN|VreR: rdoes not divide n}

and t(x)=|{neT|n<x}

, then lim t(x)/x exists.
X—>00

For, T =N\ S and so s(x) +#(x) = [x] = x— & where 0 < £ < 1. Given
that s(x)/x — 0 as x — oo, it follows that #(x)/x — 1 — & as x — oo.

For the proof of the theorem we treat supersolubility first. A group fails to
be supersoluble if and only if it has a section (a quotient group of a subgroup)
which is a minimal non-supersoluble group, that is, a non-supersoluble group
all of whose proper subgroups and proper quotient groups are supersoluble.
Our next lemma classifies these.

Lemma 21.32 If G is a minimal non-supersoluble group then G is a semi-
direct product A.B where A is an elementary abelian normal subgroup of
prime-power order p®, where a > 2, and B is a group acting faithfully and
irreducibly on A and satisfying one of the following conditions:
(I) B=C, where q is prime, a is minimal subject to p* =1 (mod q®) and
p=1 (modg*™).
(I) B is a non-abelian q-group of order q°, where q is prime, p=1 (mod q)
and a=q.
(I B= {(x,y | xt=y"=1, y'xy=x"), where q, r are prime,
g=1 (modr), p=1 (mod (gr<")), pis a primitive r™ root of 1 modulo
gand a=r.

Here is a sketch of a proof. Let G be a minimal non-supersoluble group.
Suppose first, seeking a contradiction, that G is non-soluble. Then it has a
non-abelian simple composition factor and this being non-supersoluble must
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be equal to G: thus G is simple. Let p be the smallest prime number dividing
|G|. If Q is any non-trivial p-subgroup of G then Ng;(Q), being a proper
subgroup of G, is supersoluble. Therefore all its chief factors are cyclic, and
since p is the smallest prime dividing |G| while the order of the automorphism
group induced on a chief factor of order p must divide p — 1, all chief factors
of N;(Q) contained in Q must be central. It follows that N;(Q)/Cs(Q)
is a p-group. Now by the Frobenius transfer theorem (see, for example,
[36, Chapter7, Theorem 4.5]) G has a normal p-complement contrary to
simplicity. Thus G must be soluble.

Let A be a minimal non-trivial normal subgroup of G. Then |A| = p* for
some prime power p“, and A is elementary abelian. Since G/A is supersol-
uble while G is not we must have a > 2. Also, A is the unique minimal
non-trivial normal subgroup in G because if X were another then AN X
would be trivial and A (with the action of G/C;(A) on it) would be a
non-cyclic chief factor of G/X contrary to the fact that G/X should be
supersoluble. Let K = C;(A), so that A < K < G and G/K acts as an
irreducible group of automorphisms of A, hence may be identified with an ir-
reducible subgroup of GL(a, p). Also G/K is supersoluble since K # {1}, and
it has no non-trivial normal p-subgroup since it acts faithfully and irreducibly
on A.

If G/K is abelian then, since it acts irreducibly on A, it is cyclic of order
not dividing p — 1. There is therefore a prime power ¢° dividing |G/K| but
not p— 1. Let x be an element of G such that xK has order ¢g”. Replacing x
by a suitable power we may assume that the order of x is g¢ for some ¢ > b.
Now the subgroup (A, x) is not supersoluble and therefore G = (A, x). Since
<xqb> centralises both A and x it is normal in G, hence must be trivial since it
does not contain the unique minimal normal subgroup A. Thus in fact ¢ = b,
and if B = (x) then G = A.B and G is of type (I).

Suppose now that G/K is nilpotent but non-abelian. Let ¢ be a prime
such that the Sylow g-subgroup of G/K is non-abelian and let B be a Sylow
g-subgroup of G. Note that g # p since G/K has no non-trivial normal
p-subgroup, so by Maschke’s theorem, A is completely reducible as IF,B-
module. Since B/(BNK) is non-abelian the irreducible summands cannot all
have dimension 1. Therefore A.B is not supersoluble, so G = A.B. Arguing
exactly as in the previous paragraph we find that BN K = {1}, so K = A
and B acts faithfully on A. Let |B| = ¢” and let C be a subgroup of index
g in B. Since A.C is supersoluble, by Maschke’s theorem and Clifford’s
theorem A is a direct product of minimal normal subgroups of A.C, each
of these has order p and they are permuted transitively by the action of B,
that is, of B/C. Therefore a = g and C is abelian. Also p =1 (mod ¢°),
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where ¢¢ is the exponent of C and in particular, p =1 (mod ¢). Thus G is of
type (II).

Suppose now that G/K is not nilpotent. Let M be a maximal normal
subgroup of G containing K. Then G/M = C, for some prime number r.
Now M is supersoluble and so applying Clifford’s theorem we see that
A splits as the direct product of cyclic subgroups of order p, which are
permuted transitively by conjugation in G, and each of which is normal in M.
Therefore a = r and M/K is abelian of exponent dividing p — 1. Consider
M/K as a Z, ;(G/M)-module. Let g, ..., g, be the primes dividing p— 1,
let m =g, - q, and define M; = {x € M | x™ € K}. Clearly M; < G for all
relevant i. Since G/K is non-nilpotent there is a non-central chief factor of
G/K in M/K and therefore in M, , /M, for some i > 0. Since M/K is abelian
the map xK — x™ K is a module homomorphism M, /K — M,/K and its
kernel is M;/K. Therefore M, /K contains a non-central chief factor of G/M
and it follows that there is a minimal non-trivial normal subgroup Y/K of
G/K that is contained in M/K, is not central in G/K and is isomorphic to
C, for some prime g =1 (mod r). Note that g divides p— 1. Since G/K is
supersoluble Y/K is cyclic of order g. Let Q be a Sylow g-subgroup of Y,
so that QK =Y and Q/(QNK) = C,. Since Y < G the Frattini Argument
tells us that G = Ng(Q) Y = N;(Q) K. Choose y € N;(Q) \ M such that y
has order r¢ for some ¢ > 1, and let B = (y, Q). Then B/(BNK) is non-
abelian (because Y/K is centralised by M/K but not by G/K and therefore
not by any element of G\ M). Also |B| = |Q|r¢, which is not divisible by
p (since ¢ divides p—1 and r divides ¢ — 1). By Maschke’s theorem A is
completely reducible under the action of B and, as B/(BNK) is non-abelian,
not all the irreducible summands can be of dimension 1 (over F,) so A.B
cannot be supersoluble. Hence G = A.B. Note that AN B = {1} since |B| is
not divisible by p. If X = BN K then X < B and X centralises A, so X < G
and it follows that X = {1} since A £ X. Thus B acts faithfully on A, so in
fact A=K and |Q| = ¢. By construction Q < B and y does not centralise Q,
so if x is a generator of Q then y~!'xy = x* for some p # 1 (mod g). On the
other hand, y”" lies in M and M/A is abelian, so y" does centralise Q: hence
p" =1 (mod g), that is, p is a primitive # root of 1 modulo g. Moreover,
the order of y" is r*~! and so, since M/A has exponent dividing p — 1, we
have p =1 (mod r¢~"). This case therefore leads to the groups of type (III)
and completes the proof of the lemma.

Note that more can be said. In case (I), if » =1 then a is the order of p
modulo g and so a divides ¢ — 1, while if b > 1 then a = ¢; also, we may
identify A with the additive group of F,. and then a generator x of B acts as
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multiplication by a primitive (¢”)™ root of 1 in that field. In case (II), since B
is non-abelian we must have b > 3 and since B acts faithfully and irreducibly
its centre is cyclic; also, every proper subgroup of B acts completely reducibly
on A and therefore is abelian of exponent dividing p — 1; it follows that the
centre Z(B) is cyclic of order ¢"~% so p =1 (mod ¢”~2); moreover, from the
fact that the centre is cyclic of order g2 one can easily classify the groups
B that can arise.

The lemma (combined in case (II) with the above notes) tells us that if
there is a non-supersoluble group of order n then

(I) n= p“q®, where p, q are prime and a is minimal subject to the
conditions that p* =1 (mod ¢*) and p =1 (mod ¢*'),
(I) n = piq®, where p, q are prime, b >3 and p =1 (mod ¢*~2), or
(II) n = p"gqre, where p, g, r are prime, ¢ =1 (mod r) and
p=1 (mod (grcY)).

In fact, for each of these orders there does exist a minimal non-supersoluble
group. We leave the proof, which is not hard, to the reader.

To prove Theorem 21.29 we let R; be the set of n such that there is a non-
supersoluble group of order n but every group whose order properly divides
n is supersoluble. This is the set of numbers listed above but with multiples
deleted. For example, it contains p?-2* when p =9 (mod 16) but not p*-24,
even though there is a minimal non-supersoluble group of the latter order
(and type (I)). Thus Rs consists of numbers of the following forms (where
p, ¢, r are prime numbers):

(i) p“-q where a is the order of p modulo ¢ and a > 2;
(ii) p?-g*if p=1 (mod g), p# 1 (mod ¢?) and p?-¢* if p=1 (mod ¢?);
(iii) p"-q-rif g=1 (modr) and p =1 (mod gr).

Here the numbers (i) come from some of the groups of type (I), the numbers
(ii) come from some of the groups of types (I) and (II), and the numbers (iii)
come from some of the groups of type (III). Note that even the union of
these lists contains numbers that can be discarded to yield R;. For example,
it contains both 12 in list (i) and 36 in list (ii). We find that

Rs = {12, 56, 75, 80, 196, 200, 294, 351, 363, 405, 484, 867, 992, ...}.

Then
Ts={neN|meRs= m] n},
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and so the desired result for supersolubility will follow from Corollary 21.31
if we can prove that 3, .z r~! converges. Notice that if r € Rs then r = p* -k
where k > a+ 1. Also, for given p (prime) and a > 2 the number of entries
for p* in list (i) is at most the number of distinct prime divisors of p* — 1 that
are greater than a, and this is less than alog p/loga. Similarly, the number of
entries for p* in list (ii) is at most 1, the number in list (iii) is at most 1 and the
number in list (iv) is at most the number of prime divisors of p — 1 which are
greater than a, and this is less than log p/log a. In total, therefore, the number
of terms in R that come from given p“ is at most 2+ (a+ 1)log p/loga,
which is less than 2(a+ 1) log p/loga. Thus if u(p, a) is the contribution to
Y er, v~ from given p and a then

2(a+1)logp 1 2logp
« _

u(p. a) < loga pi(a+1)  paloga’

Now for fixed p the sum Y 1/(p* loga) converges and

> 1 1

< b
a2 P*loga  p(p—1)log2
and the sum Y logp/(p(p —1)) converges by comparison with Y p~%/2.
Therefore 3, g, r~! converges, as required.

Solubility can be treated similarly. A group is soluble if and only if it
has no section isomorphic to a minimal simple group, that is a simple group
all of whose proper subgroups are soluble. The minimal simple groups were
classified by John Thompson in the 1960s (see [90]). They are the groups
SL(2, 27), where q is prime, PSL(2, p) for primes p =42 (mod 5), PSL(3, 3)
and the groups PSL(2,3%), ?B,(29) (the Suzuki groups Sz(2‘1)) for prime
numbers g > 3. Define R, to be the set of orders of these groups, so that
(with g, p as just specified),

R, = {27(2*—1), 1p(p*—1), 5616, 139(3% —1), 224(22 +1)(27 — 1)}
= {60, 168, 504, 1092, 2448, 5616, 6072, 9828, 25308, 29120, ...}.
Then
To={neN|meRy;= m/fn}.

In this case it is very easy to see that 3,z r~! converges and so the theorem
follows from Corollary 21.31.
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21.8 Enumerating perfect groups

A group G is said to be perfect if it has no non-trivial abelian quotient
group, that is, if G = G'. Let f,¢(n) denote the number of perfect groups
of order n up to isomorphism. By modifying Higman’s construction (see
Section 4.2) one can prove that there exists ¢ > 0 such that £ (n) > n*~0®)
for infinitely many values of n, where u = u(n) as defined on p. 2. The idea
is this.

Let S = Alt(5) and let p be a prime number, p > 5. Then there is an
irreducible 4-dimensional F,S-module V' which is a composition factor of
the natural permutation module. Let P denote the free group of exponent p,
nilpotency class 2 and rank 4r (see Section 4.1), and let W = P/P’. There is
an action of S on W so that as module W = rV (a direct sum of r copies of
V). This action can be lifted to give an action of S on P. The action of S on
P’ turns it into an [F,S-module, and this is isomorphic to the exterior square
W"? (see Proposition 3.5). Now

W= (V)2 =Vl % rir—1)(V®V),

and since V is self-dual (being the unique summand of dimension 4 in a
necessarily self-dual permutation module of dimension 5) V ® V has a one-
dimensional trivial submodule. Therefore if 7 is the fixed-point set of S in P’
then T is an elementary abelian p-group of rank > % r(r—1). By Maschke’s
theorem there is an S-invariant complement U for T in P’. Let R = P/U and
define Q to be the semidirect product of R by S. Then Q = Q' since R/R’
(which is the same as P/P’) has no trivial composition factors as IF ,S-module.
Consider subgroups K of index p” (say) in R’. The construction has ensured
that R is central in Q, of order > p2""=) and of index 60p*. Thus our
groups K are normal in Q, of index 60 p>", and the number of them is greater
than

(P =D =p)--- (P =p) v
(=D —p)--(pr—p) |

where N = %r(r— 1). The group induced by Aut Q on R’ is certainly a
subgroup of GL(4r, p). Since |GL(4r, p)| < p'®” the number of orbits of
groups K of index p” in R’ under the action of this automorphism group is
greater than p™ ’17’2, and therefore this is a lower bound on the number of
non-isomorphic quotient groups of Q that have order 60 p>". Thus if m = 5r,
so that N = & m(m —5), then

" g m3—0(m?
fperf(6OP )>p250 o( )'
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Obviously the constant 1 /250 could be increased significantly—we have limited
ourselves to sketching an idea and have made no attempt to optimise constants.
In his delightful paper [49] Derek Holt goes into the matter with much
more care, seeking both lower and upper bounds. In the language we have
used earlier in this book his results may be stated in the following form:

Theorem 21.33 (Holt 1989) Let A = A(n) and p = u(n) as on p. 2.

(1) There are infinitely many values of n for which f..(n) > ni 54219
(2) Also fer(n) < nW /B for all n.

In fact, in relation to (1), what Holt actually proves is that if p > 3 and p is
prime then f,.(p*(p’ —p)) > p*/3=x/6 for sufficiently large integers x, and
our version comes from the observation that if n = p*(p® — p) then u = x+1.
His theorem raises two questions. First, can the gap between the coefficient
= in clause (1) and the coefficient 7; in clause (2) be closed? Second, can
A in clause (2) be replaced by O(w): as it stands this clause gives a much

weaker bound than Pyber’s theorem when A is large compared with u.

Amongst the perfect groups are those all of whose composition factors are
non-abelian. These have been studied by Benjamin Klopsch in his paper [56].
He proves the following two theorems.

Theorem 21.34 Let Fx(n) be the number of groups of order < n (up to
isomorphism, of course) all of whose composition factors are non-abelian.
There exist B, C > 0 such that

nBloglogn g FE(n) g nCloglogn
for all n > 60.
Theorem 21.35 Let S be a non-abelian simple group and let f (k) be the
number of isomorphism classes of groups G that have composition length k

and in which all the composition factors are isomorphic to S. There exist
Bg, Cg > 0 such that

JBsk <f (k) < JCsk
forall k > 1.

The upper bound in the first of these results, Theorem 21.34, has been
refined by Jaikin-Zapirain and Pyber in [52]. They prove
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Theorem 21.36 There exists a positive real number c¢ such that the number
of d-generator finite groups of order n without abelian composition factors
is at most n°?.

The upper bound in Theorem 21.34 then follows from the fact that if the
non-trivial group G has order n and no abelian composition factors, then, as
proved by Klopsch in [56] (Proposition 1.1), if G has composition length k
then G can be generated by d elements where d < 3logk+2. Since n > 60 and
k <logn/log60 we see that d < 3(loglogn —loglog60)+2 < 3loglogn—15
(remember that logarithms are to base 2), so the number of groups of order
< n without abelian composition factors is smaller than n x p3c(oglogn=3)
where c¢ is as in Theorem 21.36. Therefore this number is at most n¢i'eglogn
where ¢, := max{3c, 1}.
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Some open problems

In this chapter we collect open problems. Some of these have been mentioned
already in the preceding text, some are mentioned here for the first time.
We begin with two questions of contextual interest that were discussed in
Chapter 2.

Question 22.1 What exactly is the asymptotic behaviour of femigroups()?

Question 22.2 What exactly is the asymptotic behaviour of funsquares (1) ?

By far the most important challenges in the field of group enumeration are
the next two questions.

Question 22.3 (C.C. Sims) Is it true that, if E,(m) is defined by the equation
f(p") = pEmtE ™, then E,(m) = 0(m*)?

Charles Sims originally proved that E,(m) = O(m®?) and this was im-
proved by Newman and Seeley to O(m>/?) (see Chapter 5). The correspond-
ing problems for graded Lie rings and for p-groups whose nilpotency class
is at most 3 have been solved positively by S.R. Blackburn (see [7] and
Sections 20.3, 20.4 above) but the general question remains open—and one
of the most interesting in the area.

Question 22.4 (Graham Higman: see Section 21.1) Is the PORC conjecture
true? That is to say, is it true that for fixed m the function f(p™) is a PORC
Sfunction of p?

259
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And if not, is it approximately true:

Question 22.5 (Graham Higman: see Section 21.1) Does there exist, for
each natural number m, a PORC function F,, such that |F,(p) — f(p™)| is
significantly smaller than p%"P?

As an important variant of the PORC conjecture it would be valuable to
know whether the results of Higman and Evseev (see p. 223) can be extended:

Question 22.6 Is the PORC conjecture true for nilpotent groups of class at
most 22 That is to say, is it true that for fixed m the function fy, (p™) is a
PORC function of p?

Recall that for a class X of groups, f5(n) is the number of groups of order n
in X up to isomorphism. The next question, restricted to varieties of p-groups,
was conceived as a refinement of Sims’s conjecture.

Question 22.7 (Peter M. Neumann) Let 8 be a variety of groups and 11 a
subvariety. Define g(n) = fyu(n)/fy(n). Is it true that g(n) < n®®™)?

The special case where p is an odd prime number, 1l is the minimal
non-abelian variety 8, , consisting of p-groups of exponent dividing p and
nilpotency class at most 2, and ¥ is the variety £, of groups of ®-class 2
(that is, groups of exponent dividing p? in which p™ powers and commutators
are central) is treated in Chapter 19. That chapter contains background to the
following questions.

Question 22.8 Let p be a prime number, let B be a non-abelian locally
finite variety of p-groups, and define Ey(m) by the equation fu(p™) =
P%m3+E‘1“(’”). Does

lim m™*Ey(m)

m—» 00
exist? If so, what is this limit for B , ,, © , and other ‘small’ varieties of p-groups?

Related to Question 22.7 we ask

Question 22.9 Isittrue that f(p™)/ fu(p™) = 2 for some reasonably small
variety 8 of p-groups? In particular, is this true for 8 = 9, orfor 8 =3 , ?

Avinoam Mann has formulated a question of a similar kind to this in his
paper [64]:
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Question 22.10 (Avinoam Mann) Is if true that most p-groups are of class 2?7
Or at least, that a positive proportion of all p-groups are of class 27

Returning from Mann’s question to varieties, we ask:

Question 22.11 (see pp. 189, 192) Is it true that

2m2—0(m
f‘sjjp(n)/f%l).2 (n) = p° ( )?
Could it perhaps even be true that

fa,, () = pEmmIEOm - gng o, (n) = pHmHommg

(See Theorems 19.3 and 19.2.)
Note that if this question has a positive answer then so does Question 22.8
in the case of *B,, and .

Question 22.12 Can the gap between the bounds in Theorem 21.3 be signif-
icantly reduced? In particular, is it true that if X is an isoclinism class of
p-groups with invariants a, ¢ defined as in that theorem, then
li fx(P")
im ———————
m—»o00 p(m) m(”+‘3)/2

exists?

Recall Jaikin-Zapirain’s theorem enunciated on p. 196:
Ld=1)ym? m? m Ld=1)m? m?
pH=DIR00R) ¢ () < p3(d=Dn+00)

where f,(p™) is the number of d-generator groups of order p™. It would be
interesting to know where in the range [1, 1] the correct coefficient of the

42
leading term in these estimates lies.

Question 22.13 Does
. logp fd(pm)
lim ———
m—oo (d— 1)m?

exist? If so, what is it?

We turn now to insoluble groups. As was mentioned in the introduction
to Section 20.2, the theorem of Camina, Everest and Gagen discussed in that
section is an attempt to capture the feeling that non-soluble groups are rare.
The theorem of Klopsch mentioned there gives a more precise understanding
of what the word ‘rare’ means in that context. Quoting John Thompson (see
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[91, p.2]): ‘As for rarity, this depends on our choice of measure’. For a finite
group G having a composition series G = G, > G, > G, > --- > G, = {1},
with composition factors X; = G,_,/G,, define I to be the set of indices i
such that X; is non-abelian. Then define J to be {1, ..., k}\ I and
Gl =TTIx:l.  1Gl.=TTIx,l.
iel jeJ
Thus |G|, is a measure of the non-soluble part of G while |G|, measures the
soluble part. The measure 7(G) defined by Camina, Everest and Gagen and
used in Section 20.2 (for which Thompson uses s(G)) is 1/|G|,. The groups
G for which 7(G) > ¢ are the groups for which |G|, < K, where K = &~!. If
they are very large these are groups which, in quite a strong sense, are very
non-soluble. We propose a less stringent measure of solubility: define
_ log|G],

G) = .
ms(G) = fog |G,

Thus ms(G) = oo if and only if G is soluble, while ms(G) = 0 if and only if
all composition factors of G are non-abelian simple groups. Also,

IGl,=IGI™@ and |G| =|G|,"™@ = |G|,
Now define F(n) =}, ., f(n) and for o > 0 define
F_(n) = the number of groups G with |G| < n and ms(G) < 0.
With this notation we ask

Fy(n)
F(n)

Question 22.14 Is it true that

— 0 as n — oo for any o in the range

O<o<o0?

In this connection it is not hard to see that if ms(G) > 1/2 then G must
have a non-trivial soluble normal subgroup. We sketch a proof beginning
with the following preparatory fact.

Fact Let H be a finite group with no non-trivial soluble normal subgroup.
Then ms(H) < 1/2.

Proof: Let T be the socle of H (the product of all the minimal normal
subgroups of H). Then T = X, x --- x X, where the X; are non-abelian
simple groups (some of the non-abelian composition factors of H). Acting by
conjugation, H permutes the set {X,, ..., X,} since these are the only minimal
normal subgroups of 7. Let K be the kernel of this action, so that T < K < H
and H/K < Sym(#). Now K/T < A, x---x A, where A, = Aut (X,)/X;, the



Some open problems 263

outer automorphism class group of X,. Examining the known simple groups
(see, for example, [19]) one quite easily sees that |A;| < |X;|®®' (in fact
|A;| < |X,|loe!2/10e20160 " wyith equality if and only if X; = PSL(3,4)). Also,
following the method of proof of Theorem 10.1 (Dixon’s theorem), or using
that result together with the fact that every finite group B contains a soluble
subgroup C that covers every soluble normal factor of B (in the sense that
if B,, B, are normal subgroups of B with B, < B, and B,/B, soluble then
B, < CB,), we see that if B < Sym(z) then |B|, < 240~V/3, Thus

|H|s g |T|0A251 X 24([—1)/3 < |T|0A251 X 24;/3-

Since |X;| > 60 for 1 < i <t we must have ¢t < log|T|/log 60, and so

|H| <|T|O.251+(10g24/3log60) |T|0251+0259 |T|051
N

Now in fact the exponent 0.251 can be reduced to log4/1log 360 (achieved by
Alt(6)) for all simple groups other than PSL(3,4), and since for this latter
group the exponent 0.259 can be reduced to log24/310g20 160, which is less
than 0.11, we see that in fact |H|, < |T|"/?. Clearly, |H|, > |T| and it follows
immediately that ms(H) < 1/2.

Corollary  Let G be a finite group and let S be its soluble radical (the
largest soluble normal subgroup). Define 0(G) = (ms(G) — 1)/(ms(G) +1).
Then |S| > |G|°(9.

Proof: Let H= G/S. The previous lemma applies to H and so |H|, < |H|!/?.
Now |S| = |G|,/|H|, and so |S| > |G|,/|H|Y?. But |H|, = |G|, and |G|, =
IG|™® Therefore |S| > |G|™ @7 and since |G| = |G|,|G], = |G|™©"*" the
required result follows.

A different measure of solubility is ms’(G) defined by ms'({1}) =1 and
for non-trivial groups G,

ms'(G) = complength(G) ’

A(G))
where complength(G) is the length of a composition series of G and A(n) is
as defined on p.2. We have 0 < ms'(G) < 1 for all G and ms'(G) =1 if and
only if G is soluble. Now for 0 < o < 1 define



264 Some open problems

F! (n) = the number of groups G with |G| < n and ms'(G) < 0.
We ask

Fy(n)

Question 22.15 Is it true that —Z
F(n)
O<o<1?

— 0 as n — oo for any o in the range

The answer should be yes, and should not be difficult to prove, at least
when o < 1. The case o = 1 is simply the question whether

Ensol (l’l)

—0 asn— oo,
F(n)

where F,(n) is the number of insoluble groups of order < n.

Questions 22.14, 22.15 and the surrounding discussion are centred on the
intuition that most finite groups are soluble. In fact it seems likely that by
far the majority of groups are not merely soluble but in fact nilpotent. Of
course it is not true that fy,(n)/f(n) — 1 as n — oo (where f;,(n) denotes the
number of nilpotent groups of order n) for, if n is square-free then fy,(n) =1,
whereas Holder’s work cited in Section 21.3 shows that f(n) is unbounded
for square-free n. The ubiquity of nilpotent groups can be formulated in a
number of other ways, however. A very weak form of it is the following quite
natural conjecture, whose origin we have been unable to trace satisfactorily.
We have heard it attributed at various times to various people, such as Paul
Erd6s and Graham Higman.

Question 22.16 Is it true that if 1 <n < 2™ then f(n) < f(2™)?

It seems very likely that the answer is yes. Some progress has been made
by Ioannis Pantelidakis in his Oxford DPhil thesis (see [81]), who proves
the assertion in case n is odd and m > 3619, and also makes a study of the
following conjecture.

Question 22.17 Is it true that f(2"p) < f(2"+?) for any prime number p and
all natural numbers m?

The case p =3 is of course a special case of Question 22.16. And in fact the
tables [6] of Besche, Eick and O’Brien suggest a much stronger conjecture,
namely that for any odd prime number p

f(2"p) < f(2"*1) as long as m > 5.
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What Pantelidakis succeeds in showing is that
f(zmp) < 23m/2 f(2m) + 2(n12+4m—3)/2 f(zm—l) .

He comments ‘The problem of showing that the right-hand side of the in-
equality is less than f(2"*2), for all m, remains unsolved due to our inability
to compare f(2"*?) with f(2"~!) and f(2™)’. He defines g(m) by the equation
f(2m) = 25m +8(m and shows that if

g(m+1)—g(m) > —(m* —15m)/18 (*)

then f(2"p) < f(2"+?). The inequality (*) is very likely to be true for all m,
but it may be little easier to prove than the Sims conjecture formulated above
as Question 22.3.

A much stronger conjecture than that formulated in (or, technically, sug-
gested by) Question 22.16 is the following.

Question 22.18 Is it true that F(2" — 1) < f(2™) for sufficiently large m,
where, as before, F(n) =3, ., f(r) ? Is it perhaps true that

FQm"—1) ~ f(2" ") as m — oo
(in the sense that F2" —1)/f(2"!) — 1)?

Again, the tables [6] of Besche, Eick and O’Brien suggest that the first
of these statements should be true as soon as m > 7. The second also looks
plausible. If the answer is positive, an immediate consequence would be a
positive answer to the following well-known old question (see Pyber [83],
Mann [64]).

Question 22.19 Is it true that the majority of finite groups are nilpotent in
the sense that
F(n)

where Fy(n) is the number of nilpotent groups of order at most n?

—1 asn— oo,

Indeed, if the second part of Question 22.18 has a positive answer then
2-groups would dominate: we would have (in a self-explanatory notation)
Fy gps(n)/F(n) > 1—m(n) where n(n) — 0 as n — oo. Note that it is possible,
although in our opinion unlikely, that Question 22.19 has a positive answer
but Question 22.18 a negative one.

We turn now to some matters of rather narrower focus that have arisen
earlier in the book. The first of these was formulated on p. 53.
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Question 22.20 Is there an elementary proof of Theorem 6.112 Is there an
efficient algorithm to find a set of d generators for a permutation group of
degree n > 4, where d < |n/2|?

For background to our next question see Section 7.4 and [67, Section 4].
We ask whether it is the case that there are many more soluble A-groups
of order n than insoluble ones. Consideration of numbers n = 60p, where p
is prime, shows that the ratio f, ,(n)/fa(n) can take the same value < 1
infinitely often — in fact, if p = —1 (mod 60) then Alt(5) x C, is the only
insoluble group of order n, while there are 24 soluble groups of order n (there
is Alt(4) x Cs,,, there are 15 extensions of Cys5, by C, x C,, and there are 8
extensions of Cs, by C,). And of course all of them are A-groups, so that

Sasol(1) _ Jsar (1) _ %

faln) — fln) 25
for these values of n. It seems very unlikely, however, that this sort of
behaviour can occur when n has many prime factors.

Question 22.21 Is it the case that f,(n)/fa i(n) = 1 as A(n) — oo ? How
big is fo(n) — fa (1) compared with f,(n)?

For background to the next question see the discussion in Chapter 12,
p. 112, Chapter 15, p. 139 and Chapter 18 (especially p. 184).

Question 22.22 Define

_ limsup, , log f,(n)
p(n)log(n)
What is o ? Could it perhaps be 3 —2+/2 ?

That number 3 —2+/2 comes from the study of varieties of A-groups in
Chapter 18. The following stronger conjecture was formulated at the end of
that chapter. Note that the minimal non-abelian varieties of A-groups are the
product varieties 2,2, where p, g are distinct primes.

Question 22.23 For which varieties B of A-groups is it true that the leading
term of the enumeration function fy(n) is equal to the leading term of f,(n)
for some minimal non-abelian subvariety 1 of 3 ?

Chapter 11 is devoted to bounds for the number of conjugacy classes of max-
imal soluble subgroups of symmetric groups Sym(n). In the second comment
on p. 101 we formulated the following conjectures. Recall that m(n) denotes
the number of conjugacy classes of maximal soluble subgroups in Sym(n).
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Question 22.24 Can the bound m(n) < 2'%" be improved to m(n) < 2" ?
Is it perhaps true that m(n) = 2°™ ? Or even that there exists k > 0 such
that m(n)/p(n) — k as n — oo ? (Recall that p(n) is the partition function.)

Similarly, Chapter 13 is devoted to bounds for the number of conjugacy
classes of maximal soluble subgroups of linear groups GL(d, ¢) and in the
fourth comment on p.131 we formulated the following conjecture about
my(d, q), which is the number of conjugacy classes of maximal soluble
subgroups in GL(d, q).

Question 22.25 Can the estimate m(d, q) < 2?2334 be improved to
my,(d, q) <29d?

Is it perhaps true that my(d, q) < 2¢d"*?

The next question was posed on p. 135. See also [10].
Question 22.26 (L. Pyber) Is it the case that |Mss(G)| < |G| ? That is, is it
true that for any finite group G the number of maximal soluble subgroups is
at most |G| ?

For the next question see Chapter 15, and especially p. 139.
Question 22.27 What is the best exponent in Theorem 15.5? Is it perhaps true
that the number of soluble groups of order n with specified Sylow subgroups
Py, ..., P, is at most n**+o®)?
Question 22.28 And what is the best exponent in Theorem 16.20? Is it perhaps
true that the number of groups of order n with specified Sylow subgroups
Py, ..., P, is also at most n*#+°®) ?

Next we restate a question from Section 21.2.

Question 22.29 [s there anything interesting to be said about the enumeration
function fy(n) for general isoclinism classes X of finite groups?

The following is a reworking of Conjecture 21.16 in Section 21.4.
Question 22.30 Is it true that f(n) < n® for cube-free integers n ? Is it true

that f(n)/n*> — 0 as n — oo through cube-free integers n ? What is the best
upper bound one can give for f(n) for cube-free n?
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Turning to Holt’s enumeration of perfect groups:

Question 22.31 Can the gap between the coefficient 1/54 in clause (1) and
the coefficient 1/48 in clause (2) of Theorem 21.33 be closed? In particular,
can the coefficient 1/48 be reduced?

Question 22.32 And can the term A in clause (2) of Theorem 21.33 be
replaced by O(u?) or even by O(w) ?

Connected with this we have

Question 22.33 (D.F. Holt, 1989, page 67) Define
Imperf ={neN|3G: |G|=nand G=G'}.
Is it true that this set has density 0? If k(x) = |Imperf N[1, x]| for x € R,

approximately how large is k(x)?

The theorems of Klopsch about groups all of whose composition factors
are non-abelian raise the following two questions.
Question 22.34 With Fy(n) defined as in Theorem 21.34, does

log F (n)
n—o logn loglogn

exist, and if so what is its value?

Question 22.35 (Klopsch, 2003) For a finite non-abelian simple group S,
with fg (k) defined as in Theorem 21.35, does

oo 7
m og fs(k)
n—oo k logk

exist, and if so what is its value?
Finally, the questions treated in Section 21.6:
Question 22.36 Is the group enumeration function f(n) surjective?

Question 22.37 In particular, is Keith Dennis’s exceptional set E defined on
p. 242 finite?



Appendix A: Maximising two functions

This appendix maximises two functions using standard techniques from cal-
culus. The fact that the maximum value of the functions is % and less than %
respectively is used in Section 5.5 to complete the proof of the upper bound
for the p-group enumeration function. We will implicitly use Lagrange mul-
tipliers; see Voxman and Goetschel [96], for example.

Lemma A.1 The function A(x,y, z, u) defined by
$X(z+y —u) + Sxyu+ (uy — 3u)z+ juz’

satisfies the inequality A(x,y,z,u) < % whenever x,y,z and u are real

numbers such that x > %, vy>20,z20u>0 x+y+z=1and u<y.

Proof: We begin by showing that A(x, y, z, ) has no internal critical points.

Now,
(;—1: =1+ txu+uz, (A1)
%=%x2+uy—%u2+uz and (A2)
% =—1xX’+ixy+yz—uz+3iz’. (A3)

At an interior critical point, % =% = % gpd 2
X dy dz u

may equate (A.1) and (A.2) to obtain

= 0. In particular, we

Lo 1,2
SXU=uy—su".

Since u # 0 in the interior of our region, this implies that

u=2y—x (A4)

269
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at an interior critical point.
Substituting (A.4) into (A.3) and using the fact that % =0 we find that

Ix(y=x)+yz—2yz+xz+ 122 =0.
Rearranging this formula, we obtain

=(x—y)(x—22) (A5)

at an interior critical point.

Now, x > % and x+y+z = 1. Since z is non-negative, y < % and so
x—y > £ on our region.

Since u is non-negative, (A. 4) implies that 2y > x at an interior critical
point; hence y > 13—0 and so z < 10 Moreover, we have that x —2z > 10 But
then the left-hand side of (A 5) is at most (10)2 = 100 and the right-hand side
of (A.5) is at least -5 1 = . This contradiction shows that A(x, y, z, u) does
not have an interior critical point.

We now check the maximum value of A(x, y, z, u) on the boundary of our
region. We first consider the case when u = 0. We find

A(x, y,2,0) = 32 (y +2).

It is not difficult to show that A(x, y, z, 0) maximises when x = % and y+z= %
at the value =

When y =0, we have that u =0 and so A(x, 0, z, u) < %

In the case when z = 0, we find that

A(x,y,0,u) = %xz(y —u)+ %xyu
=1y + Lxu(y —x)

< %xzy

(since y < x on our region)

<

N

We now consider the case when x=2 Let A\(y, z,u) = A(%, Y, 2, U).
We must show that A, (y, z, u) < 27 when y 20,220, y+z=1 4 and u < y.
The argument given above to show that A(x,y, z, #) had no 1nteri0r critical

points on our region also shows that A, (y, z, ) has no interior critical point

(as no use was made of % in the argument). The previous three paragraphs

show that A,(y,z,u) < % when u =0, y=0 or z=0. So it remains to
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consider the case when u = y. Using the substitution z = % . we find that
A0 2y) = qpa oY
_ N 1.2
=000 T 160" =)

which is a decreasing function of y on the region 0 <y < 14—0. Hence the

. ’72 . . _ . 72 l .
maximum value of ;= is attained when y = 0. Since 155 < 55, we find that

A, (y, z,u) < %, as required.
It remains to verify that A(x, y, z, u) < %

Ay(x,y,2) by Ay(x,y,2) = A(x, y,2, ), 50

when u = y. Define the function

Ay(x,y,2) = 32+ 307 + 3%z + 52
We need to show that A,(x,y,z) < % on the region x > %, y=20,z>0
and x+y+z=1. Since Az(%, v,7) = A(%, ¥, Z,y), we have already shown
that A,(x, y,z7) < % when x = %. Similarly, we have already established that
Ay(x,y,2) < % when y =0 or when z = 0. The argument above shows that
Ay(x,y,z) < 5 on the boundary x = . Also, A,(x,y,z) < % when y=0
or z =0, as the corresponding inequality holds for the function A(x, y, z, u).
So it is sufficient to show that A,(x,y,z) has no interior critical points. At
dA, __ 0A

an internal critical point, 2= 2,50
dy 0z

xy+yz+iZ =1+ +yz

Rearranging we find that z> = (x — y)? and so (since both z and x —y are
positive on our region) z = x — y. Substituting y = 1 — x — z into this expression
and rearranging shows that x = % However, x > %,
internal maxima. Thus A(x, y, z, y) < % on our region, as required.

We have shown that A(x, y, z, u) has no interior critical points, and that

A(x,y,z,u) < % on the boundaries of our region. Hence the lemma follows.

and so there are no

Lemma A.2 The function B(x,y, z, u) defined by
B(x,y, z,u) = 1x*(z+y—u)+ (uy — 2u*)z + Luz?

satisfies the inequality

72 2
B(x,y,z,u) < 000 < 27

whenever x,y, z and u are real numbers satisfying x 20,y >0,z>20, u >0,
x+y+z=1, u<min{x,y} and x < 3.
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Proof' We begin by showing that B has no interior critical points. At such a

point, ¥ = § = 5 and § = 0. Now,
B |,
5 = 5x"+uz and
0B
a—Z=%x2+uy—%u2+uz,

and so uy — %uz =0 at a critical point. Dividing by u, we find that 2y = u.
But this contradicts the fact that u < y and u# > 0 on the interior of our region.
Hence B has no interior critical points.

We now maximise B on the boundaries of our region. The same argument
as above shows that B has no interior critical points when we restrict our
region to the plane x = 0 or the plane x = % So it suffices to consider the
cases when y=0,z=0,u=0,u=xoru=y.

When z = 0, we find that

B(x,y,0,u) = 1x*(y —u) < 3x°y,

where x+y=1and 0 < Bas1c calculus shows that this function is
maximised at the value —= 1000 when x= and y= E'

When u = 0, we find that
B(x,y,2,0) = 52’ (z+),

where x+(z+y) =1and 0 < 6 . As in the case when z = 0, we find that
this function attains the maximimum value of 18(2)0 when x = & b and z+y= %.
Since # = 0 whenever y = 0, this argument also covers the case when y = 0.

Suppose that # = x. Note that when u = x, the inequality # < min{x, y} is

equivalent to the inequality x < y. Define
B (x,y,2) = B(x,y,2,x) = $x’y — 1x° + xyz + Sx2’.

We must show that B,(x,y, z) is at most —= on the region deflned by x >0,

1000

20,220, x< 10, x+y+z=1and x < y. The condition x < 0 is implied
by the remaining conditions (indeed, we must have x < 2) and so we may
ignore it.

dBl

At an internal maxima, we have that 03 =1 , and so

x(3x+2) =x(y+2).

Since x > 0 at an interior point, this implies that x = 2y. But the condition
that x < y now shows that x =y =0, and so B, has no internal maxima.
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Clearly B, (x, y, z) 0 when x = 0. Since B, is a restriction of B, it follows
that B, (x, y,7) < = 1000 when y =0 or z =0. So to establish our bound on B,
it remains to consider the situation when x = y. Define

B,(x,z) = B,(x, x,z) = X’z + %xzz.

We need to show that B,(x, z) <
and 2x+z = 1.
At an interior critical point, % = 2‘%, SO

1000 on the region defined by x >0, z >0

2xz + =2 (x + xz)
Hence 7> = 4x?, and therefore z = 2x. Since 2x+z =1, we find that there is
a unlque 1nter10r critical point when x = Z and z = 5, where B, takes on the
value E < 1000 Clearly B2 (x,z) =0 on the boundary of the region, and so

B, is bounded above by - 1000 This implies that B, is bounded above by - 1000,
as required.

It remains to consider the function B in the case when u = y. Note that
when u = y the inequality ¥ < min{x, y} is equivalent to the inequality y < x
Define

By(x,y,2) = B(x,y,2,)) = 3X°2+ 37’2+ 532",

We must show that B;(x,y,z) is at most % on the region defined by
0<x< 10,y 20,220, x+y+z=1and y < x.

Since B;(x, v, z) is a restriction of B(x, y, z), we find that B;(x, y, z) > 1000
whenever y =0 or z =0. When x =0 we have that y =0, and so this case
follows trivially. When y = x then B; is the restriction of B to the case when
u=x =y, and we have dealt with the case when u = x above. So it only
remains to show that B;(x, y, z) < on the interior of the region, and that

By (755 2) < 1555+

1000 000

At an interior critical point, we have that ‘93‘ = % = "ﬁﬁ Now,
0B,
- = XZ,
ox
0B, 1.2
— =yz+ 5z and
dy Y2T 2
0B,
o =¥ T

The equality = HB“ = 833 shows that x =y + lz; together with x4+ y+z =1 this
1mphes that y = 3x — 1 at a critical point. The equality = B — % implies that

72 = x*+y?. Substituting z=1—x —y and then y =3x — 1 into this expression
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and solving the resulting equation in x shows that the unique critical point
occurs when

x:s%ﬁ,y 3= fandz_

274
B

: : 74/7-17 72
At this point, B; takes the value 5 < Tooo-
Define

B,(».2) =By (£.y.2) = oz 41y’ 2+ 1y

To prove the lemma, it suffices to show that the maximum Value of B, on
the region defined by y > 0, z > 0 and y+z = {; is at most 5=

1000
?B dB
At an interior critical point, =2 = =2 and so

yi+37’ = 100+2y +yz.
But z < % on our region, and so at a critical point we have

2 2
y =z —1—00<0

This contradiction implies that there are no critical points. Finally, when z =0
we have that B, takes the value 0; when y = 0 we have that B; takes the

value 55 000 Thus B, has the properties we require, and so the lemma follows.
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