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Preface

This book has grown out of a series of lectures given in the Advanced Algebra
Class at Oxford in Michaelmas Term 1991 and Hilary Term 1992, that is to
say from October 1991 to March 1992. The focus was—and is—the big
question

how many groups of order n are there?

Two of the lectures were given by Professor Graham Higman, FRS, two by
Simon R. Blackburn and the rest by Peter M. Neumann. Notes were written up
week by week by Simon Blackburn and Geetha Venkataraman and those notes
formed the original basis of this work. They have, however, been re-worked
and updated to include recent developments.

The lectures were designed for graduate students in algebra and the book has
been drafted with a similar readership in mind. It presupposes undergraduate
knowledge of group theory—up to and including Sylow’s theorems, a little
knowledge of how a group may be presented by generators and relations, a
very little representation theory from the perspective of module theory and
a very little cohomology theory—but most of the basics are expounded here
and the book should therefore be found to be more or less self-contained.
Although it remains a work principally devoted to connected exposition of
an agreeable theory, it does also contain some material that has not hitherto
been published, particularly in Part IV.

We owe thanks to a number of friends and colleagues: to Graham Higman
for his contribution to the lectures; to members of the original audience for
their interest and their comments; to Laci Pyber for comments on an early
draft; to Mike Newman for permission to include unpublished work of himself
and Craig Seeley; to Eira Scourfield for guidance on the literature of analytic

xi
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number theory; to Juliette White for comments on the earlier chapters of
the book and for help with proofreading our first draft. We would also like
to acknowledge the support of the Mathematical Sciences Foundation, St.
Stephen’s College, Delhi, The Indian Institute of Science, Bangalore and our
respective home institutions. Geetha Venkataraman would also like to ac-
knowledge the encouragement and support extended by Uttara, Mahesh and
Shantha Rangarajan and her parents WgCdr P. S. Venkataraman and Visalak-
shi Venkataraman. Professor Dinesh Singh has been a mentor providing
much needed support, encouragement and intellectual fellowship. We record
our gratitude to an anonymous friendly referee for constructive suggestions
and for drawing our attention to some recent references that we had missed.
We are also very grateful to the editorial staff of Cambridge University Press
for their great courtesy, enthusiasm and helpfulness.

Turning lecture notes into a book involves much hard work. Inevitably that
work has fallen unequally on the three authors. The senior author, too happy
to have relied on the excellent principle juniores ad labores (which he admits
to having embraced less enthusiastically when he was younger), is glad to
have the opportunity to acknowledge that all the hard work has been done by
his two colleagues, whom he thanks very warmly.

SRB, �MN, GV: 25.xi.2006



1
Introduction

The focus of this book is the question how many groups of order n are there?
This is to be interpreted in the natural way: we define f�n� to be the number
of groups of order n up to isomorphism and ask for information about the
function f .

The values of f�n� for small values of n are:

n 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 � � �

f�n� 1 1 1 2 1 2 1 5 2 2 1 5 1 2 1 14 � � �

For 1 � n � 16 the groups of order n were classified well over a hundred
years ago, and the value of f�n� clearly follows from this classification. The
easiest case is when n is a prime—Lagrange’s Theorem shows that a group
of order n must be cyclic, and so f�n�= 1. When n is in the range of the table
above, only n = 16 requires a lengthy argument to establish a classification.
Note that f�15� = 1 even though 15 is not prime.

As n increases, the problem of classifying groups of order n becomes hard.
The groups of order 210 have only recently been classified, by Besche, Eick
and O’Brien [6]. An appendix to their paper lists f�n� when 1 � n � 2000;
in particular when n = 210 they count 49 487 365 422 groups! However, the
groups of order 211 have not been classified and it is not known how many
groups of order 211 there are. (We will show in Chapter 4 that f�211� > 244.)
So if we are to say anything about f�n� when n is large, we must resort to
giving estimates for f�n� rather than calculating f�n� exactly.

Graham Higman [45] showed in 1960 that

f�pm� � p
2
27 m

3−O�m2��

Charles Sims [86] proved in 1965 that

f�pm� � p
2
27 m

3+O�m8/3�

1



2 Introduction

and, as the culmination of a long line of development, Laszlo Pyber [82]
proved in 1991 (published in 1993) that

f�n� � n
2
27 ��n�

2+O���n�5/3��

where ��n� is the highest power to which any prime divides n. Amplification
of these results, and their proofs, forms the main part of the work: the results
of Higman and Sims are expounded in Part II (incorporating a modification of
Sims’ argument due to Mike Newman and Craig Seeley [77], which improves
the error term significantly) and Pyber’s theorem is the subject of Part III.
The proofs use a large amount of very attractive theory that is just beyond
the scope of an undergraduate course in algebra. All that theory is expounded
here, so that our treatment of the theorems of Higman and Sims and of Pyber’s
theorem in the soluble case is self-contained. Our treatment of the general case
of Pyber’s theorem in Chapter 16 is not self-contained, however, because it
relies ultimately upon the Classification of the Finite Simple Groups (CFSG).

The asymptotics of the function f tell us much, but far from everything,
about the groups of order n. To get a clearer picture we consider related
matters. For example, context is given by the questions how many semigroups
and how many latin squares of order n are there? These questions are treated
briefly in Chapter 2. Detail is given by such questions as: how many abelian
groups of order n are there? how many of the groups of order n have abelian
Sylow subgroups? how many of the groups of order n satisfy a given identical
relation? how many are soluble? how many are nilpotent? Questions of this
type are treated in Part IV.

Standing conventions:

• most groups considered are finite—if at any point finiteness is not men-
tioned but seems desirable, the reader is invited to assume it;

• f has already been introduced as the group enumeration function;
• for a class X of groups (or of other structures) fX�n� denotes the number

of members of X of order n, up to isomorphism;
• logarithms are to the base 2;
• maps are on the left;
• p always denotes a prime number;
• if n= p

�1
1 p

�2
2 · · ·p�k

k , where p1� p2� � � � � pk are distinct prime numbers, then
	�n� = �1 +�2 +· · ·+�k and ��n� = max
�i � 1 � i � k�.

Other notation and conventions are introduced where they are needed.
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2
Some basic observations

This chapter is devoted to elementary estimates for f�n�, the number of groups
of order n (up to isomorphism). We begin by looking at some enumeration
functions for weaker objects than groups.

Since a binary system is determined by its multiplication table, we find
that

f�n� � fbinary systems�n� � nn
2
�

At most n! of these multiplication tables are isomorphic to any fixed binary
system, since an isomorphism is one of only n! permutations. Hence

nn
2−n � nn

2

n! � fbinary systems�n� � nn
2
�

If we consider binary systems with a unit element, we have

nn
2−3n+O�1� � fbinary systems with 1�n� � n�n−1�2 = nn

2−2n+1�

Recall that a semigroup is a set with an associative multiplication defined
on it. For all � > 0,

n�1−��n2 � fsemigroups�n� � nn
2

if n � n0���. To see this, consider the binary systems on 
0�1� � � � � n− 1�
described by tables of the following form:

5



6 Some basic observations

0 1 � � � m−2 m−1 m m+1 � � � n−2 n−1
0 0 0 � � � 0 0 0 0 � � � 0 0
1 0 0 � � � 0 0 0 0 � � � 0 0
���

���
���

���
���

���
���

���
���

m−1 0 0 � � � 0 0 0 0 � � � 0 0
m 0 0 � � � 0 0 ∗ ∗ � � � ∗ ∗

m+1 0 0 � � � 0 0 ∗ ∗ � � � ∗ ∗
���

���
���

���
���

���
���

���
���

n−1 0 0 � � � 0 0 ∗ ∗ � � � ∗ ∗
Here the starred entries are arbitrary subject to being at most m− 1. The
associative law holds for this table, since

�aiaj�ak = 0 = ai�ajak��

Hence

fsemigroups�n� � m�n−m�2
�

(Notice here that we should divide by n!, but this again does not make a
significant difference.) Setting m to be approximately n1− 1

2 � we have

fsemigroups�n� � n�1− 1
2 ���n−n

1− 1
2 �
�2
�

For sufficiently large n,

n�1− 1
2 ���n−n

1− 1
2 �
�2 � n�1−��n2

�

Thus we get the requisite lower bound.
If we add the condition that all our semigroups contain a unit element, we

have similar results to the above.
Daniel Kleitman, Bruce Rothschild and Joel Spencer enumerate semigroups

more precisely in [55]. They show that most semigroups can be split into two
subsets A and B having the following property: there exists an element 0 ∈ B

such that if x� y ∈ A then xy ∈ B but if x ∈ B or y ∈ B then xy = 0. They then
use this fact to prove

fsemigroups�n� =
(

n∑
t=1

g�t�

)
�1+O�1��� where

g�t� =
(
n

t

)
t1+�n−t�2

�



Some basic observations 7

The function g�t� maximises at t0, where t0 ∼ n/2 loge n. Thus we may
improve the lower bound we gave above to

fsemigroups�n� � nn
2�1−�log logn/ logn�−O�1/ logn���

where (for this inequality only) log should denote the natural logarithm—
although, as the astute reader will realise, in fact the base of the logarithms
does not matter here.

A multiplication table with inverses is a latin square (i.e., in each row and
column of the table, an element appears only once). We have

n
1
2 n

2−O�n� � flatin squares�n� � nn
2
�

The lower bound was proved by Marshall Hall [40]. Using less elementary
methods, the lower bound may be improved: Henryk Minc showed in [69]
that

�n!�2n/nn
2 � flatin squares�n��

His proof uses the Egoryčev–Falikman theorem [26, 32, 70] establishing the
van der Waerden conjecture on permanents. Note that there is a constant c
such that n! > c �n/e�n, and so flatin squares�n� > c2nn

2�1−1/ logn�. Much remains
to be discovered about this enumeration function. In 2005, Brendan McKay
and Ian Wanless [68] state ‘At the time of writing, not even the asymptotic
value of flatin squares�n� is known’.

Returning to the group enumeration function, we see that even very ele-
mentary methods are enough to show that there are seriously fewer groups
than semigroups or latin squares:

Observation 2.1

f�n� � nn logn�

Proof: For a group G, define

d�G� = min
k � ∃g1� � � � � gk ∈ G such that G = �g1� � � � � gk���
We first show that if �G� = n then d�G� � logn. Let


1� = G0 <G1 <G2 < · · · <Gr = G

be a maximal chain of subgroups. Let gi ∈ Gi \Gi−1 for 1 � i � r . Then
�g1� � � � � gi� = Gi, as one easily sees by induction. In particular, G can be
generated by r elements. Now by Lagrange’s Theorem

�G� =
r∏

i=1

�Gi 
 Gi−1� � 2r � (2.1)



8 Some basic observations

Hence r � 
logn�. Then by Cayley’s theorem G � Sym�n� and so

f�n� � number of subgroups of order n in Sym�n�

� number of 
logn�-generator subgroups of Sym�n�

� number of 
logn�-element subsets of Sym�n�

� �n!�logn

� nn logn

and the result follows.

Recall the notation ��n� and 	�n� that we introduced at the end of Chap-
ter 1. A factorisation of n has at most 	�n� non-trivial factors. Equation (2.1)
shows that r � 	�n�, and therefore the bound for d�G� can be sharpened to
say that d�G�� 	�n�. We remark that in fact d�G����n�+1, as we will see
in Corollary 16.7, but ignoring this for the moment and feeding the simple
bound for d�G� into the above argument we get that

f�n� � nn	�n��

That is about as far as one can go with elementary methods. Nevertheless,
it already shows that the associative law and the existence of inverses are
separately very much weaker than is their combination.

The aim of the remainder of the book is to prove the better bounds on f�n�

given in the Introduction, using more sophisticated methods.
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3
Preliminaries

This chapter contains a brief account of some of the results we will need in
the next two chapters. More specifically, we review some basic commutator
identities and results on nilpotent groups, discuss the Frattini subgroup of a
group and prove some simple enumeration results concerning vector spaces,
general linear groups and symplectic groups. We emphasise that all groups
are finite in this section—some of the results (and definitions) differ in the
infinite case. We assume that the reader has already met a few commutator
identities and the idea of a nilpotent group, and so we have included sketch
proofs rather than full detail for some of the results. For more detail, see
Gorenstein [36, Sections 2.2 and 2.3].

3.1 Tensor products and exterior squares of abelian groups

As preparation for some of our treatment of commutators we recall (without
proofs) the definition of tensor product and exterior square of abelian groups.
If A, B are abelian groups (which we write additively here) the tensor product
A⊗B is defined to be the abelian group which is generated by all symbols
a⊗b for a ∈ A and b ∈ B subject to the relations

�a1 +a2�⊗b−a1 ⊗b−a2 ⊗b = 0 �

a⊗ �b1 +b2�−a⊗b1 −a⊗b2 = 0 �

which make the operation ⊗ bilinear. We identify a⊗ b with its image
modulo the relations and then the map A×B → A⊗B (where here A×B

simply denotes the set of pairs), �a� b� �→ a⊗b, is bilinear. If A is generated
by a1� � � � � ar and B is generated by b1� � � � � bs then


ai ⊗bj � 1 � i � r� 1 � j � s�

11



12 Preliminaries

will be a generating set for A⊗B; moreover, the order of a⊗b divides the
greatest common divisor of the orders of a and b.

The exterior square A∧2 (sometimes written
∧2A) of A is defined to be

the abelian group generated by all symbols a∧b for a�b ∈ A with the same
bilinearity relations as the tensor product and, in addition, the relations

a∧a = 0 for all a ∈ A

which make ∧ an alternating function of its arguments. Again, we identify
a∧b with its image modulo the relations and then the two-variable function
�a� b� �→ a∧ b is an alternating bilinear map A×A → A∧2. Note that the
equation b∧a = −�a∧b� follows easily from the defining relations for the
exterior square, and that if A is generated by a1� � � � � ar then


ai ∧aj � 1 � i < j � r�

is a generating set for A∧2.
One of the main properties of the tensor product is that it is universal for

bilinear maps. That is, if C is an abelian group and f 
 A×B → C is a bilinear
map then there is a unique homomorphismf ∗ 
 A⊗B→C such thatf ∗�a⊗b�=
f�a�b� for all a ∈ A, b ∈ B. Similarly, the exterior square is universal for
alternating bilinear maps in the sense that if f 
 A×A→C is bilinear and such
that f�a�a�= 0 for all a then there is a unique homomorphism f ∗ 
 A∧2 → C

such that f ∗�a∧b�= f�a�b� for all a�b ∈A. Another fundamental property is
functoriality: the tensor product and exterior square are functorial in the sense
that if A1 , A2 , B1 , B2 are abelian groups and f 
 A1 → A2, g 
 B1 → B2 are
homomorphisms then there are homomorphisms f ⊗ g 
 A1 ⊗B1 → A2 ⊗B2

and f∧2 
 A ∧2
1 → A ∧2

2 such that �f ⊗ g��a⊗b� = f�a�⊗ g�b� for all a ∈ A1,
b ∈ B1 and f∧2�a∧b� = f�a�∧f�b� for all a�b ∈ A1.

3.2 Commutators and nilpotent groups

Let G be a group and let x� y ∈ G. The commutator �x� y� of x and y is
defined by �x� y�= x−1y−1xy. For x� y� z ∈G, we define �x� y� z�= ��x� y�� z�.
Throughout this section, we will write xy to mean y−1xy.

Lemma 3.1 Let G be a group.

(1) For all x� y ∈ G,

�x� y� = �y� x�−1� (3.1)
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(2) For all x� y� z ∈ G,

�xy� z� = �x� z�y�y� z� = �x� z��x� z� y��y� z�� (3.2)

�x� yz� = �x� z��x� y�z = �x� z��x� y��x� y� z�� (3.3)

(3) For all x� y� z ∈ G,

�x� y−1� z�y�y� z−1� x�z�z� x−1� y�x = 1� (3.4)

The proof of this lemma is easy: just use the definition of a commutator to
express each side of the above equalities as a product of x� y� z and their
inverses.

Corollary 3.2 Let G be a group.

(1) For all x� y� z ∈ G,

�x−1� y� = (
�x� y�−1

)x−1 = �x� y� x−1�−1�x� y�−1� (3.5)

�x� y−1� = (
�x� y�−1

)y−1 = �x� y� y−1�−1�x� y�−1� (3.6)

(2) For all x� y� z ∈ G,

�x� y� z� = (
�z� x−1� y−1�−1

)xy (
�y−1� z−1� x�−1

)zy
� (3.7)

Proof: The corollary follows from Lemma 3.1 by making the appropriate
substitutions. To derive (3.5), replace y by x−1 and z by y in (3.2). For (3.6),
replace z by y−1 in (3.3). To derive (3.7), replace y by y−1 in (3.4).

Lemma 3.3 Let G be a group. Let x� y ∈ G. Suppose that �y� x� commutes
with both x and y. Then for all positive integers n

�y� xn� = �yn� x� = �y� x�n� (3.8)

�xy�n = xnyn�y� x�
1
2 n�n−1�� (3.9)

Proof: The equality (3.8) follows by induction on n, using (3.2) and (3.3) in
the inductive step. To establish (3.9), use the fact that yix = xyi�yi� x�.

We will now consider a collection of results related to nilpotency of groups.
Let H and K be subgroups of a group G. Then �H�K� is defined to be the
subgroup generated by all elements of the form �h� k� where h ∈ H and
k ∈K. Note that �H�K�= �K�H�, by Equation (3.1). The subgroup �H�K�L�

is defined by �H�K�L� = ��H�K��L�. The following lemma, known as the
Three Subgroup Lemma, is often useful.
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Lemma 3.4 Let K, L and M be subgroups of a group G. Then �K�L�M� �
�M�K�L��L�M�K� whenever �M�K�L� and �L�M�K� are normal subgroups
of G.

Proof: Suppose that �M�K�L� and �L�M�K� are normal subgroups of G.
The subgroup �K�L�M� is generated by elements of the form �g�h� where
g ∈ �K�L� and h ∈M . We may express g as a product of commutators of the
form �g′� h′� where g′ ∈ K and h′ ∈ L, and then use Equations (3.2) and (3.3)
to express �g�h� as a product of conjugates of elements of the form �x� y� z�

where x ∈ K, y ∈ L and z ∈ M . But (3.7) expresses �x� y� z� as a product
of a conjugate of an element of �M�K�L� and a conjugate of an element
of �L�M�K�. Since �M�K�L� and �L�M�K� are normal, we find that each
generator of �K�L�M� lies in �M�K�L��L�M�K�, so the lemma follows.

The lower central series G1�G2�G3� � � � of a group G is defined by G1 = G

and Gi+1 = �Gi�G� for every positive integer i. From now on, we will always
use Gi to denote the ith term of the lower central series of G. It is not difficult
to see, using the definition of the lower central series, that the subgroups Gi

are characteristic subgroups of G. Clearly Gi/Gi+1 is central in G/Gi+1. For
all normal subgroups N of G, we have that �G/N�i = �GiN�/N . Moreover, if
H is a subgroup of G then Hi is a subgroup of Gi for all positive integers i.

Proposition 3.5 Let G be a group. Let A=G/G2 =G/G′ and Ai =Gi/Gi+1.
Then A2 is a homomorphic image of A∧2 and Ai+1 is a homomorphic image
of Ai ⊗A for all i � 1.

Proof: It follows immediately from Lemma 3.1 that the map A×A → A2,
�aG′� bG′� �→ �a� b�G3 is well-defined and bilinear. It is also alternating since
�a�a� = 1 for all a ∈ G. Therefore there is a homomorphism A∧2 → A2 such
that aG′ ∧ bG′ �→ �a� b�G3 for all a�b ∈ G. This is surjective since G2 is
generated by the commutators �a� b� for a�b ∈ G, and therefore A2 is a
homomorphic image of A∧2. The proof that Ai+1 is a homomorphic image of
Ai ⊗A for all i � 1 is similar and we omit it.

Proposition 3.6 Let G be a group. For all positive integers i and j, we have
that �Gi�Gj� � Gi+j .

Proof: We use induction on j. The case when j = 1 follows by definition of
the lower central series. Assume that j > 1 and that �Gi�Gj−1� is a subgroup
of Gi+j−1 for any group G and any i� 0. We prove that �Gi�Gj� is a subgroup
of Gi+j as follows.
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By replacing G by the quotient G/Gi+j if necessary, we may assume that
Gi+j = 
1�. Our inductive hypothesis implies that

�Gi�Gj−1�G� � �Gi+j−1�G� = Gi+j = 
1�� and

�G�Gi�Gj−1� = �Gi�G�Gj−1� = �Gi+1�Gj−1� � Gi+j = 
1��

In particular, �Gi�Gj−1�G� and �G�Gi�Gj−1� are normal. But now Lemma 3.4
implies that

�Gi�Gj� = �Gj�Gi� = �Gj−1�G�Gi�

� �Gi�Gj−1�G��G�Gi�Gj−1� = 
1� = Gi+j �

Hence the proposition follows by induction on j.

Proposition 3.7 Let i be a positive integer. Let G be a group generated by
a set S. Let T be a subset of Gi whose image in Gi/Gi+1 generates Gi/Gi+1.
Then Gi+1/Gi+2 is generated by the set


�t� s�Gi+2 � t ∈ T� s ∈ S��

Proof: Write S̄ for the image of S in G/G′ and T̄ for the image of T in
Gi/Gi+1. Then S̄ generates G/G′ and, by assumption, T̄ generates Gi/Gi+1.
It follows that the set 
t̄ ⊗ s̄ � t̄ ∈ T̄ � s̄ ∈ S̄� generates the tensor product
Gi/Gi+1 ⊗G/G′ and the result now follows immediately from
Proposition 3.5.

The final result of this section will form one of the key steps in Sims’
upper bound for the number of isomorphism classes of p-groups of a given
order. Recall that a group G is nilpotent if Gr = 
1� for some integer r. If r
is the smallest such integer, we say that G is nilpotent of class r−1. A finite
group is nilpotent if and only if it is the direct product of its Sylow subgroups
(see [36, Theorem 2.3.5]). In particular, all p-groups are nilpotent.

Proposition 3.8 Let G be a nilpotent group, and let H be a subgroup of G.
If H2G3 = G2, then Hi = Gi for all i � 2.

Proof: We prove first that HrGr+1 =Gr for all r � 2. We prove this equality
using induction on r: it is true when r = 2, by assumption. Assume that r > 2
and that HsGs+1 = Gs whenever 2 � s < r. Clearly HrGr+1 � Gr , and so we
must prove that Gr � HrGr+1. We need two preliminary results. Our first
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result asserts that whenever K, L and M are subgroups of G such that L is
normal in G and such that �K�M�L� � Gr+1 then

�KL�M� � �K�M��L�M�Gr+1� (3.10)

(Note that the right-hand side of (3.10) is indeed a subgroup, for �L�M� � L

as L is normal, and so ��K�M�� �L�M�� � �K�M�L� � Gr+1.) To prove this
result, observe that the subgroup �KL�M� is generated by elements of the form
�xy� z� where x ∈ K, y ∈ L and z ∈ M . But (3.2) expresses this commutator
as the product of three commutators, the first in �K�M�, the second in Gr+1

and the third in �L�M� and so the result follows. We will use this result
three times: with K = Hr−1, L = Gr and M = G; with K = H2, L = G3 and
M = Hr−2 and with K = Hr−1, L = Gr and M = H . In all three cases, the
condition �K�M�L� � Gr+1 follows by the fact that Hi � Gi for all positive
integers i and by Proposition 3.6.

The second result we require asserts that

�Hr−1�G� � �G�Hr−2�H��H�G�Hr−2�Gr+1� (3.11)

(The right-hand side of (3.11) is a subgroup, since the subgroups �G�Hr−2�H�

and �H�G�Hr−2� lie in Gr and so commute modulo Gr+1.) To see why (3.11)
holds, first note that Hr−1 is generated by elements of the form �h′� h� where
h ∈H and h′ ∈Hr−2. We may use (3.2) and (3.5) to express a typical element
of �Hr−1�G� as a product of various elements of Gr+1 and elements of the
form �h′� h� g� where h ∈ H , h′ ∈ Hr−2 and g ∈ G. Here we use the fact that

�Hr−1�G�Hr−1� � �Gr−1�G�Gr−1� � G2r−1 � Gr+1

by Proposition 3.6. So our second result holds if we can show that elements
of the form �h′� h� g� all lie in �G�Hr−2�H��H�G�Hr−2�Gr+1. But Equation
(3.7) shows that �h′� h� g� is equal to the product of a conjugate of an element
of �G�Hr−2�H� and a conjugate of an element of �H�G�Hr−2�. Since both
�G�Hr−2�H� and �H�G�Hr−2� are contained in Gr , and since �Gr�G�=Gr+1,
these conjugates differ from the original elements by members of Gr+1. Hence
the result follows.

Using these two results, we may establish our inductive step:

Gr = �Gr−1�G�

= �Hr−1Gr�G� (by the inductive hypothesis)

= �Hr−1�G�Gr+1 (by (3.10))

� �G�Hr−2�H��H�G�Hr−2�Gr+1 (by (3.11))

� �Gr−1�H��G2�Hr−2�Gr+1 (using Hi � Gi and Proposition 3.6)
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= �Hr−1Gr�H��H2G3�Hr−2�Gr+1 (by the inductive hypothesis)

= �Hr−1�H��Gr�H��H2�Hr−2��G3�Hr−2�Gr+1 (by (3.10))

= HrGr+1 (by Proposition 3.6)�

So, by induction on r, we find that Gr = HrGr+1 for r � 2 as required.
Next we prove that Gi = HiGi+k for k � 1 and i � 2. This has just been

proved when k = 1. Moreover, if k > 1 and Gi = HiGi+k−1 then

Gi = HiGi+k−1 = HiHi+k−1Gi+k = HiGi+k�

the second equality using the case r = i+k−1 of the fact that Gr = HrGr+1

for r � 2. So the claim follows by induction on k.
We are assuming thatG is nilpotent, and soGi+k = 
1� for all sufficiently large

k. Hence the previous paragraph implies that Gi = Hi for i � 2, as required.

3.3 The Frattini subgroup

Let G be a group. The Frattini subgroup ��G� of G is the characteristic
subgroup of G defined as the intersection of all the maximal subgroups of
G. This section investigates the Frattini subgroup of a group, with an eye to
using the results in Section 4.2.

Lemma 3.9 Let G be a finite group, and let X be a subset of G. Then ��G�

and X together generate G if and only if X generates G.

We may express this lemma more informally by saying that ‘��G� is the set
of non-generators of G’.

Proof: Clearly G = �X� implies that G = �X∪��G��. For the converse,
suppose that G �= �X�. Then �X� is contained in some maximal subgroup M

of G. Since ��G� is the intersection of all maximal subgroups of G, we have
that ��G� � M . But now �X∪��G�� � M<G, and so G �= �X∪��G��.

When G is a p-group, the maximal subgroups of G have an especially
simple form. This is a consequence of the next lemma.

Lemma 3.10 Let G be a finite group, and let H be a subgroup of G. Suppose
that H is a p-group, and that p divides the index of H in G. Then H is strictly
contained in its normaliser NG�H�. Moreover, there exists a subgroup K of
G such that H has index p in K.
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Proof: There is a natural action of the subgroup H on the set � of cosets of
H in G. A coset is fixed by H under this action if and only if it is contained
in NG�H�. So the index of H in NG�H� is equal to the number of trivial orbits
of H acting on �. Now, p divides ���. Since H is a p-group, p divides the
length of any non-trivial orbit in �. Hence p divides the number of trivial
orbits. So p divides the index of H in NG�H� and thus H is strictly contained
in NG�H�. Let x ∈ NG�H� be such that xH has order p in NG�H�/H . The last
assertion of the lemma now follows by taking K to be the group generated
by H and x.

Corollary 3.11 Let G be a finite p-group. Then every maximal subgroup M

of G is normal and has index p in G.

Lemma 3.12 Let G be a finite p-group. Then G/��G� is an elementary
abelian p-group of order pd, where d is the minimal number of generators
of G. Moreover ��G� = GpG′, where Gp is the subgroup generated by the
set 
xp 
 x ∈ G�.

Proof: By Corollary 3.11, every maximal subgroup M of G is normal and
has index p in G. It follows that every maximal subgroup contains GpG′,
and so GpG′ � ��G� and G/��G� is an elementary abelian group. Since
G is generated by d elements, so is G/��G� and so �G/��G�� � pd. If
�G/��G��<pd then G/��G� may be generated by d−1 elements, and so G

may be generated by ��G� together with the inverse image of these elements
under the natural map from G to G/��G�. By Lemma 3.9, this implies
that G may be generated by d− 1 elements. This contradiction shows that
�G/��G�� = pd.

We have seen that ��G� � GpG′. Since G/�GpG′� is elementary abelian,
the intersection of all maximal subgroups of G/�GpG′� is trivial. The inverse
images in G of these maximal subgroups under the natural homomorphism
from G to G/�GpG′� are maximal in G and their intersection is GpG′. Thus
��G� � GpG′ and so ��G� = GpG′, as required.

Lemma 3.12 implies that the Frattini subgroup of a p-group is generated by
the set of values of the words xp and �x� y� in G. (Thus ��G� is an example of
a verbal subgroup; see [75].) This implies, in particular, that for any normal
subgroup N of a p-group G, we have ��G/N� = ��G�/N .

We will use the next lemma in the proof of Pyber’s theorem.

Lemma 3.13 Let G be a finite p-group. Let B be the group of automorphisms
of G that induce the identity automorphism on G/��G�. Then B is a p-group.
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Proof: Suppose that B is not a p-group. So there exists x ∈ B such that x
has order not a power of p. By replacing x by a suitable power of x, we may
assume that x has order q, where q is a prime distinct from p.

Let g ∈ G. Since x induces the identity automorphism on G/��G�, we
have that x permutes the elements in the coset g��G�. Each cycle of x has
length either 1 or q. Since g��G� has order a power of p (and since a power
of p is not a multiple of q), not all these cycles can have length q. Hence
x fixes an element in every coset g��G� of ��G� in G. In particular the
elements in G that are fixed by x generate G modulo ��G�, and so generate
G by Lemma 3.9. Since x fixes a generating set for G, we find that x is the
identity automorphism. This contradicts the fact that x has order q, and so
the lemma follows.

To finish this section, we prove (as an aside) a result due to Wielandt that
gives a characterisation of nilpotency in terms of the Frattini subgroup.

Proposition 3.14 Let G be a finite group. Then G is nilpotent if and only if
G′ � ��G�.

Proof: Suppose that G is nilpotent. Any proper subgroup H of a nilpotent
group G is strictly contained in its normaliser. (To see this, let i be the largest
integer such that Gi is not contained in H . Then �Gi�H� � Gi+1 � H , and so
Gi � NG�H�.) In particular, any maximal subgroup M of G is normal. Since
G/M is non-trivial and nilpotent, �G/M�′ is a proper subgroup of G/M .
Hence, since M is maximal, �G/M�′ is trivial and therefore G/M is abelian.
Thus G′ � M for any maximal subgroup M of G and so G′ is contained in
the intersection ��G� of all maximal subgroups of G.

To prove the converse, suppose that G′ ���G� (and so in particular every
maximal subgroup of G is normal). Let P be a Sylow subgroup of G, and
assume, seeking a contradiction, that NG�P� is a proper subgroup of G. Then
NG�P� � M for some maximal subgroup M of G. Now P � M , and so P is
a Sylow subgroup of the normal subgroup M . By the Frattini argument (see
Gorenstein [36, page 12, Theorem 3.7]), NG�P�M = G. But NG�P� � M and
so we have our required contradiction. Thus every Sylow subgroup is normal
in G and so G is nilpotent.

3.4 Linear algebra

This section contains some enumeration results from linear algebra, rehearses
some of the standard material on alternating forms and draws out some of the
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immediate consequences for elementary abelian p-groups. Throughout this
section, q will be a power of a prime number, and Fq will be the finite field
with q elements.

Proposition 3.15 Let V be a vector space of dimension d over the finite field
Fq. There are

�qd −1��qd −q� · · · �qd −qk−1�

choices for a sequence v1� v2� � � � � vk of linearly independent vectors in V . In
particular,

�GL�d� q�� = �qd −1��qd −q� · · · �qd −qd−1� � qd
2
�

Proof: Assume that we have already chosen linearly independent vectors
v1� v2� � � � � vk−1 ∈ V . The result follows if we can show that there are qd−qk−1

choices for vk. But vk can be any vector of V that is not in the �k− 1�-
dimensional subspace U spanned by v1� v2� � � � � vk−1. There are qd vectors in
V and qk−1 vectors in U , and so there are qd −qk−1 possibilities for vk and
the first statement of the proposition follows.

The second statement of the proposition follows from the first statement
together with the observation that a d×d matrix with entries in Fq is invertible
if and only if its rows are linearly independent vectors in �Fq�

d. The final
inequality follows from the fact that qd −qi < qd, but this bound can be seen
directly by observing that a d×d matrix is specified by choosing its d2 entries.

Proposition 3.16 Let V be a vector space over Fq of dimension d. For
0 � k � d, let nd�k be the number of subspaces of V of dimension k. Then

nd�k = �qd −1��qd −q� · · · �qd −qk−1�

�qk −1��qk −q� · · · �qk −qk−1�
� (3.12)

Moreover,

qk�d−k� � nd�k � qk�d−k+1�� (3.13)

Proof: A subspace of V is determined by choosing a basis for it. By
Proposition 3.15, a basis v1� v2� � � � � vk for a k-dimensional subspace may
be chosen in �qd − 1��qd − q� · · · �qd − qk−1� ways. Each subspace U has
�qk −1��qk −q� · · · �qk −qk−1� bases (again by Proposition 3.15), and so the
total number nd�k of subspaces satisfies (3.12), as required. The bounds for
nd�k given in (3.13) are obtained by noting that for 0 � i < k � d,

qd−k � qd −qi

qk −qi
� qd−k+1

and so the proposition is proved.
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Since an elementary abelian p-group may be thought of as a vector space
over Fp, we have the following corollary to Proposition 3.16.

Corollary 3.17 Let p be a prime number, and let P be an elementary abelian
group of order pd. Then P has exactly nd�k subgroups of order pk, where

nd�k = �pd −1��pd −p� · · · �pd −pk−1�

�pk −1��pk −p� · · · �pk −pk−1�
�

We now turn to some standard results concerning alternating forms. Let V
and W be vector spaces over a field F . Just as for abelian groups, a bilinear
map � 
 V ×V →W is said to be alternating if ��v� v�= 0 for all v ∈ V . Note
that ��u� v� = −��v�u� for any vectors u� v ∈ V when � is an alternating
map: to see this, expand ��u+ v�u+ v�. If W has dimension 1 over F , we
say that � is an alternating form on V .

Let � be an alternating form on V . For a subspace U of V , we define
U⊥ by

U⊥ = 
v ∈ V 
 ��u� v� = 0 for all u ∈ U��

The radical R of an alternating form on V is the subspace defined by
R = V⊥, so

R = 
u ∈ V 
 ��u� v� = 0 for all v ∈ V��

If the radical R of an alternating form � is trivial, we say that � is non-
degenerate.

We say that a basis u1� u2� � � � � ur� v1� v2� � � � � vr of V is symplectic (with
respect to the alternating form �) if for all i� j ∈ 
1�2� � � � � r��

��ui� uj� = 0�

��vi� vj� = 0 and

��ui� vj� =
{

1 when i = j�

0 otherwise.

Proposition 3.18 Let V be a finite-dimensional vector space over a field F ,
and let � 
 V ×V → F be a non-degenerate alternating form on V . Then
there exists a basis u1� u2� � � � � ur� v1� v2� � � � � vr of V that is symplectic with
respect to �. In particular, the dimension of V must be even.

This is a standard result in linear algebra. Here is a sketch of the proof. A
symplectic basis for V may be built up as follows. Firstly choose any non-zero
vector u1 ∈V . Since � is non-degenerate, the linear map � 
 V → F defined by
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��v� = ��u1� v� is not zero, and so we may choose v1 ∈ V such that ��v1� =
��u1� v1�= 1. It is now not difficult to show that vectors u1 and v1 are linearly
independent, and so they span a subspace U of dimension 2. The subspace
U⊥ is a complement to U in V , and the restriction of � to U⊥ is again a non-
degenerate alternating form. A symplectic basis u2� u3� � � � � ur� v2� v3� � � � � vr
for U⊥ is chosen, and the resulting basis u1� u2� � � � � ur� v1� v2� � � � � vr is a
symplectic basis for V . It is not difficult to show that every symplectic basis
may be constructed in this way.

Let V be a vector space of dimension 2r over a finite field Fq, and let �
be a non-degenerate alternating form on V . We write Sp�2r� q� for the group
of all linear transformations of V that preserve the alternating form, so

Sp�2r� q� = 
g ∈ GL�V� � ��u� v� = ��gu� gv� for all u� v ∈ V��

Proposition 3.19 Let V be a vector space of dimension 2r over a finite field
Fq, and let � be a non-degenerate alternating form on V . Then the number
of bases for V that are symplectic with respect to � is

�q2r −1�q2r−1�q2r−2 −1�q2r−3 · · · �q2 −1�q = qr
2
�q2r −1�

�q2r−2 −1� · · · �q2 −1��

Moreover, this is the order of Sp�2r� q�.

Proof: We prove the result by induction on the dimension 2r of V . When
r = 0 the result is trivial. Assume that r is positive and, as an inductive
hypothesis, assume the result to be true for vector spaces of smaller dimension
than V . Consider the construction of a symplectic basis given above. There
are clearly q2r − 1 choices for the non-zero vector u1. The kernel of the
map � 
 V → F has codimension 1 and therefore contains q2r−1 vectors. The
possible choices for the vector v1 make up a particular coset of the kernel,
and so there are q2r−1 choices for v1. So the number of symplectic bases
for V is �q2r − 1�q2r−1 times the number of symplectic bases for U⊥. Our
inductive hypothesis now implies that the number of symplectic bases of
V agrees with the formula above. The statement follows by induction on
r. The final statement of the proposition now follows fairly easily. For let
u1� u2� � � � � ur� v1� v2� � � � � vr be a fixed symplectic basis of V . Then it is easy
to see that an (invertible) linear transformation g lies in Sp�2r� q� if and only
if the image of u1� u2� � � � � ur� v1� v2� � � � � vr under g is a symplectic basis.
So there is a bijection between the elements of Sp�2r� q� and the set of
symplectic bases of V , given by associating the element g ∈G with the image
of u1� u2� � � � � ur� v1� v2� � � � � vr under g.
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Enumerating p-groups: a lower bound

Let p be a fixed prime number. For any positive integer m, f�pm� is the
number of (isomorphism classes of) groups of order pm. This chapter will
show that

f�pm� � p
2
27 m

2�m−6��

This bound, and the proof we shall give, are due to Graham Higman [45]. The
chapter is divided into two sections. The first section investigates a specific
class of groups that we will need in our enumeration. In fact, this class is
the set of relatively free groups in a certain variety of p-groups. Let G be a
group from this class. We will show that the isomorphism classes of certain
quotients of G are in one-to-one correspondence with the orbits of Aut G on
the set X of subgroups of the Frattini subgroup of G. In the second section,
we give an upper bound on the length of an orbit of Aut G acting on X. This
enables us to show that a large number of isomorphism classes of groups
occur as quotients of the group G, and this will provide the lower bound we
need.

4.1 Relatively free groups

Let r be a positive integer. Let Fr be a free group of rank r, generated by
x1� x2� � � � � xr . Let Gr be the quotient of Fr by the subgroup N generated by
all words of the form xp

2
, �x� y�p and �x� y� z�. Note that all words of the form

�xp� y� lie in N , by Lemma 3.3. The group Gr is the relatively free group
in the variety of p-groups of �-class 2; see Hanna Neumann [75] for an
introduction to varieties of groups in general. A p-group G is said to have
�-class 2 if there exists a central elementary abelian subgroup H of G such

23
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that G/H is elementary abelian. We identify the elements xi with their images
in Gr . Using this identification, x1� x2� � � � � xr generate Gr .

Lemma 4.1 Let H be a group of �-class 2, and let y1� y2� � � � � yr ∈H . There
is a homomorphism � 
 Gr → H such that ��xi� = yi for i ∈ 
1�2� � � � � r�.

Proof: Since Fr is free, there is a unique homomorphism � 
 Fr → H such
that ��xi� = yi for all i ∈ 
1�2� � � � � r�. By our restriction on H , we have
N � ker� and so � induces a homomorphism � 
Gr →H such that ��xi�= yi
for i ∈ 
1�2� � � � � r�, as required.

Lemma 4.2 The group Gr is a p-group. The Frattini subgroup ��Gr� of
Gr is central of order p

1
2 r�r+1� and index pr . Moreover, any automorphism

� ∈ Aut Gr that induces the identity mapping on Gr/��Gr� fixes ��Gr�

pointwise.

Proof: Since any commutator or pth power in Gr is central of order p, we
have that Gp

rG
′
r is a central elementary abelian p-group. Since Gr/G

p
rG

′
r is

also an elementary abelian p-group, Gr is a p-group.
By Lemma 3.12, ��Gr�=Gp

rG
′
r , and so ��Gr� is central. It is not difficult

to show that ��Gr� is generated by the elements x
p
i for i ∈ 
1�2� � � � � r� and

�xj� xi� where 1 � i < j � r. These elements form a minimal generating set of
��Gr�; we can see this as follows. Suppose there exist ai ∈ 
0�1� � � � � p−1�
for i = 1�2� � � � � r and bi�j ∈ 
0�1� � � � � p−1� for 1 � i < j � r such that

r∏
i=1

(
x
p
i

)ai ∏
1�i<j�r

�xj� xi�
bi�j = 1� (4.1)

Let H be the cyclic group of order p2, generated by an element h. Since H

has �-class 2, Lemma 4.1 implies that for all k such that 1 � k � r, there
exists a homomorphism �k 
 Gr → H such that

�k�xi� =
{

1 if i �= k�

h if i = k�

Under �k, Equation (4.1) becomes �hp�ak = 1, and so ak = 0. Hence a1 =
a2 = · · · = ar = 0. We may show that bi�j = 0 for all i and j by using a similar
argument, where the homomorphism � maps xi and xj to the generating
elements ⎛⎝ 1 1 0

0 1 0
0 0 1

⎞⎠ and

⎛⎝ 1 0 0
0 1 1
0 0 1

⎞⎠
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of the group H of 3 × 3 upper unitriangular matrices over Fp and where �

maps all other generators to 1. Hence the generating set of ��Gr� is minimal,
and ���Gr�� = pr+ 1

2 r�r−1�.
Now Gr/��Gr� is elementary abelian, and has the images of x1� x2� � � � � xr

as a minimal generating set. Therefore ��Gr� has index pr .
Let � ∈ Aut Gr be an automorphism that induces the identity mapping

on G/Gr . So there exist h1� h2� � � � � hr ∈ ��Gr� such that ��xi� = xihi for
i = 1�2� � � � � r. Since ��Gr� is central and of exponent p,

��x
p
i � = ��xi�

p = �xihi�
p = x

p
i h

p
i = x

p
i �

Also, since ��Gr� is central,

���xj� xi�� = ���xj����xi�� = �xjhj� xihi� = �xj� xi��

Hence � fixes ��Gr� pointwise, as required.

Lemma 4.3 Let N1�N2 � ��Gr�. Then Gr/N1 � Gr/N2 if and only if there
exists � ∈ Aut Gr such that ��N1� = N2.

Proof: Note that quotients by N1 and N2 make sense, since ��Gr� is con-
tained in the centre of Gr .

An element � ∈ Aut Gr mapping N1 to N2 induces an isomorphism �′ from
Gr/N1 to Gr/N2. We need to show the converse.

Let �′ 
 Gr/N1 →Gr/N2 be an isomorphism. Let y1� y2� � � � � yr ∈Gr be such
that �′�xiN1� = yiN2. Since Gr has �-class 2, Lemma 4.1 implies that there
exists a homomorphism � 
 Gr →Gr such that ��xi�= yi. Now, since �′ is an
isomorphism, y1� y2� � � � � yr and N2 together generate Gr . Since N2 � ��Gr�,
the elements y1� y2� � � � � yr and ��Gr� together generate Gr and so Lemma 3.9
tells us that y1� y2� � � � � yr generate Gr . But the elements yi are contained in
the image of �, and so � is surjective. Since Gr is finite, this implies that
� ∈ Aut Gr . Finally, we need to show that ��N1� = N2. The definition of
� shows that ��x�N2 = �′�xN1� when x is one of the generators xi, and
so ��x�N2 = �′�xN1� for all x ∈ Gr . In other words, the following diagram
commutes, where the vertical maps are natural:

Gr

�−→ Gr

↓ ↓
Gr/N1

�′−→ Gr/N2

It is easy to check from this diagram that ��N1� = N2, and so the lemma
follows.
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4.2 Proof of the lower bound

This section contains a proof of Graham Higman’s lower bound for the
number of isomorphism classes of p-groups of a given order.

Proposition 4.4 Let r be a positive integer, and let s be an integer such that
1 � s � 1

2 r�r+1�. Then there are at least p
1
2 rs�r+1�−r2−s2

isomorphism classes
of groups of order pr+s.

Proof: Let Gr be the group defined in Section 4.1. Let X be the set of sub-
groups N ���Gr� of index ps in ��Gr�. Each subgroup N ∈X gives rise to
a group Gr/N of order pr+s. Moreover, by Lemma 4.3 the set of isomorphism
classes of groups that arise in this way is in one-to-one correspondence with
the set of orbits of Aut Gr acting in the natural way on X.

Let � be the natural homomorphism from Aut Gr to Aut �Gr/��Gr��. By
Lemma 4.2, any automorphism � ∈ ker � fixes ��Gr� pointwise and so acts
trivially on X. Thus ker � is contained in the stabiliser of every element
of X, and so the length of any orbit of Aut Gr acting on X is at most
�Aut Gr �/�ker �� � �Aut�Gr/��Gr���.

We may regard Gr/��Gr� as a vector space over Fp, and group automor-
phisms of Gr/��Gr� correspond exactly with invertible linear transforma-
tions in this setting. Hence �Aut�Gr/��Gr��� = �GL�r�p�� � pr2

by Propo-
sition 3.15. So every orbit on X has length at most pr2

. By Corollary 3.17,
�X� � p� 1

2 r�r+1�−s�s. Hence there are at least p� 1
2 r�r+1�−s�s/pr2

orbits of Aut Gr

on X. Thus there are at least p
1
2 rs�r+1�−r2−s2

isomorphism classes of groups of
order pr+s, as required.

Theorem 4.5 The number f�pm� of p-groups of order pm is at least

p
2
27 m

2�m−6��

Proof: The theorem is trivially true in the case when m � 6. When m > 6,
define the integer s by

s =
⎧⎨⎩

1
3m if m ≡ 0 mod 3�
1
3 �m+2� if m ≡ 1 mod 3�
1
3 �m+1� if m ≡ 2 mod 3�

and define r = m− s. Then, by Proposition 4.4,

f�pm� � p
1
2 rs�r+1�−r2−s2 � p

2
27 m

2�m−6��

as required.
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The proof of Theorem 4.5 gives an indication as to why the constant 2/27
appears in the group enumeration function: Proposition 4.4 yields approx-
imately p

1
2 a

2bm3
groups having a Frattini subgroup of index pam and order

pbm, and 2/27 is the maximum (at a = 2/3) of the function 1
2a

2b subject to
a+b = 1.



5
Enumerating p-groups: upper bounds

Our aim in this chapter is to prove a good upper bound on the number f�pm�

of isomorphism classes of groups of order pm. We will establish that

f�pm� � p
2
27 m

3+O�m5/2��

The leading term is the best possible, by the results of Chapter 4. This bound,
but with the larger error term of O�m8/3�, is due to Charles Sims [86]. The
modification of Sims’ argument that leads to the improved error term is due
to Mike Newman and Craig Seeley [77].

Before proving the upper bound above, we give an argument that produces
a weaker upper bound, but which is much more elementary than the Sims
approach.

5.1 An elementary upper bound

The upper bound for f�pm� we give in this section is due to Graham
Higman [45]. A better upper bound, using more complex techniques, was
also given by Higman in the same paper, but he remarks of the bound
we will give ‘It seems to me surprising that an upper bound obtained
so simply should be as near the truth as [Theorem 4.5] shows that this
must be’.

The strategy of the proof is to show that any group of order pm has a
presentation of a restricted type, and then to give an upper bound for the
number of such presentations. This is also the basic strategy used to prove the
Sims bound, but Sims uses a class of smaller presentations, thus improving
the upper bound but at the expense of having to use more sophisticated
arguments.

28
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Theorem 5.1 Let p be a prime number and let m be an integer such that
m � 1. Then

f�pm� � p
1
6 �m

3−m��

Proof: Let G be a group of order pm, and let G = G�0� > G�1� > · · · >
G�m− 1� > G�m� = 
1� be a chief series for G. Thus G�i� is a normal
subgroup of G of index pi in G.

For 1 � i � m, let gi ∈ G�i−1�\G�i�. Then every element g ∈ G may be
written uniquely in the form

g = g
�1
1 g

�2
2 · · ·g�m

m (5.1)

where �1��2� � � � ��m ∈ 
0�1� � � � � p− 1�. Moreover, for i � 1 we have that
g ∈ G�i� if and only if �1 = �2 = · · · = �i = 0.

We have that gpi ∈ G�i� since G�i− 1�/G�i� has order p. Hence for 1 �
i � m there exist �i�i+1��i�i+2� � � � ��i�m ∈ 
0�1� � � � � p−1� such that

g
p
i = g

�i�i+1
i+1 g

�i�i+2
i+2 · · ·g�i�m

m � (5.2)

Now G�j − 1�/G�j� is central in G/G�j� since it has order p and is a
normal subgroup of the p-group G/G�j�. Hence the commutator �gj� gi� lies
in G�j� for all integers i and j such that 1 � i < j � m. Therefore we may
write

�gj� gi� = g
�i�j�j+1

j+1 g
�i�j�j+2

j+2 · · ·g�i�j�mm (5.3)

for some elements �i�j�k ∈ 
0�1� � � � � p−1�.
It is not difficult to verify that the generators g1� g2� � � � � gm, the relations

(5.2) for 1 � i�m and the relations (5.3) for 1 � i < j �m form a presentation
for G. (This is a so-called power-commutator presentation for G.) To verify
the relations do form a presentation, it is only necessary to verify that the
product of two words in normal form (5.1) can be brought into normal
form using the relations given. This can be done by one of the collection
processes used in computational p-group theory. See Sims [87] for a detailed
discussion of such processes. One method goes roughly as follows. Given
the product of two words in normal form, all occurrences of the generator
g1 can be moved to the far left, using the relations (5.3) with i = 1. The
resulting power of g1 can then be made to lie in the correct range by using
(5.2) with i = 1. This process results in a word of the form g

�1
1 g, where

g is a word in g2� g3� � � � � gm. The process is then repeated with g and the
generator g2. After m applications of this process, the result is a word in
normal form.
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As the relations (5.2) and (5.3) form a presentation for G, the isomorphism
class of G is determined by the values of the elements �i�k where 1 � i < k�m

and �i�j�k where 1 � i < j < k�m. There are at most p choices for the values
of each of these 1

6 �m
3 −m� elements, and so the number of isomorphism

classes of groups of order pm is at most p
1
6 �m

3−m�, as required.

5.2 An overview of the Sims approach

We need to improve the leading term of the upper bound given in Section 5.1.
This is achieved by reducing the number of relations in our presentation for
a group G of order pm, by choosing the set of generators for the group more
carefully. In the bound of Section 5.1, the power relations are specified by the
elements �i�k where 1 � i < k�m. Since there are at most p

1
2 m�m−1� choices for

the elements �i�k, the power relations do not affect the leading term of the enu-
meration function, and so we must concentrate on choosing the presentation
of a group G in such a way that the number of commutator relations we need
is reduced as much as possible. To this end, the role of the chief series of G in
the previous section will be taken by the lower central series G1�G2� � � � of G.
This will allow us to make more detailed use of the commutator structure of
the group.

We define the Sims rank s�G� of a p-group G to be the smallest non-
negative integer s such that there exists H � G with s generators such that
G2 =H2G3. (Recall that, by Proposition 3.8, this condition on H implies that
Hi = Gi for i � 2.) We will show that when the Sims rank of a p-group is
large, there are comparatively few possibilities for G/G3. When the Sims
rank is small, there are comparatively few possibilities for G once G/G3 is
fixed. This trade-off will be used to prove the upper bound on the number of
groups of order pm that we are seeking.

The proof is divided into three parts, each contained in one of the next three
sections. Firstly, we will concentrate on bounding the number of possibilities
for G/G3 when the Sims rank s�G� is fixed. It is the number of possibilities
for the commutator structure of G/G3 that is important, and we consider
a ‘linearised’ version of the problem of counting the possible commutator
structures that can arise. Secondly, we use our analysis of this linearised
problem to show that we may always choose a presentation for G to have
a special form, that has fewer commutator relations when compared with
Higman’s approach above. Finally, we give an upper bound for the number
of groups of order pm by bounding the number of choices for the presentations
of this special form.
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5.3 ‘Linearising’ the problem

Let V and W be vector spaces over some field. Recall from Chapter 3 that
a map � � � 
 V ×V → W is alternating if it is bilinear and if �x� x� = 0 for
all x ∈ V . Let U1 and U2 be subspaces of V . We define �U1�U2� to be the
subspace of W spanned by all vectors of the form �x� y� where x ∈ U1 and
y ∈ U2.

A p-group G naturally gives rise to an alternating map as follows. There is a
natural function � 
 G×G→G2/G3��G2�, where �x� y� ∈G×G is mapped
to �x� y�G3��G2�. The facts that �G2�G1�=G3 and that �gp�h�= �g�h�p mod
G3 for all g�h ∈G imply that multiplying x and y by elements of ��G� does
not change ��x� y�, and so � induces a map � � � 
 �G/��G��× �G/��G��→
G2/G3��G2�. Now, both G/��G� and G2/G3��G2� are elementary abelian
p-groups, and so we may think of them as vector spaces V and W over Fp. It
is not difficult to verify that � � � 
 V ×V → W is bilinear and that �x� x� = 0
for all x ∈ V . Moreover, the Sims rank of G is s if and only if s is the minimal
dimension of a subspace U of V such that �U�U� = W . (This follows since a
subgroup H of G has the property that H2G3 = G2 if and only if the image
U of H under the natural homomorphism from G to V has the property that
�U�U� = W .) The aim of this section is to give a bound on the number of
possibilities for the map � � � and some structural information about this map,
if we know the Sims rank of G.

Proposition 5.2 Let � � � 
 V ×V → W be an alternating map, and suppose
that �V�V� = W . Suppose dimW> 0. Let U be a subspace of V of minimal
dimension subject to the property that �U�U� = W . Then U has a basis
x1� x2� � � � � xs such that if we define Vi = �x1� x2� � � � � xi� then for 1 � i� s−1

�xi� xi+1� �∈ �Vi�Vi��

Proof: Define s = dimU . We show by induction that there exists a basis
x1� x2� � � � � xs of U satisfying the proposition, the inductive hypothesis being
that there exists a (linearly independent) set x1� x2� � � � � xk ∈ U such that

�xi� xi+1� �∈ �Vi�Vi� for all i ∈ 
1�2� � � � � k−1�� (5.4)

The hypothesis is clearly true when k= 2, for since dimW> 0 and �U�U�=W

we have that dimU � 2 and there exist x1� x2 ∈ U such that �x1� x2� �= 0.
To prove the inductive step, suppose that 2 < k � s and there exists a

linearly independent set y1� y2� � � � � yk−1 ∈ U such that

�yi� yi+1� �∈ ��y1� y2� � � � � yi� � �y1� y2� � � � � yi�� for all i ∈ 
1�2� � � � � k−2��
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For any i ∈ 
1�2� � � � � k− 1�, define Ui = �y1� y2� � � � � yi�. We consider four
cases:

• There exists x ∈ U \Uk−1 such that �yk−1� x� �∈ �Uk−1�Uk−1�. In this case,
setting xi = yi for 1 � i � k−1 and setting xk = x, we see that (5.4) holds.

• �yk−1� x� ∈ �Uk−1�Uk−1� for all x ∈ U \Uk−1, but there exists x ∈ U \Uk−1

such that �yj� x� �∈ �Uk−1�Uk−1� for some j ∈ 
1�2� � � � � k− 2�. Set xi = yi
for all i ∈ 
1�2� � � � � k− 2�, set xk−1 = yk−1 + yj and set xk = x. Note that
Vi = Ui = �x1� x2� � � � � xi� whenever i � k− 1. Hence �Vi�Vi� = �Ui�Ui�

whenever i � k− 1 and so (5.4) clearly holds when i < k− 2. But (5.4)
also holds when i = k−2:

�xk−2� xk−1� = �yk−2� yk−1�+ �yk−2� yj� �∈ �Uk−2�Uk−2�

since �yk−2� yk−1� �∈ �Uk−2�Uk−2� and �yk−2� yj� ∈ �Uk−2�Uk−2�. Furthermore,
(5.4) holds when i = k−1:

�xk−1� xk� = �yk−1� x�+ �yj� x� �∈ �Uk−1�Uk−1�

since �yk−1� x� ∈ �Uk−1�Uk−1� and �yj� x� �∈ �Uk−1�Uk−1�. Hence (5.4) holds
in this case.

• Suppose that the above two possibilities do not occur. So we have that
�Uk−1�U� = �Uk−1�Uk−1� and there exist x� y ∈ U \Uk−1 such that �x� y� �∈
�Uk−1�Uk−1�. Suppose further that

�yk−2� yk−1�+ �yk−2� x� ∈ �Uk−2�Uk−2��

This implies that �yk−2� x� �∈ �Uk−2�Uk−2�. Set xi = yi for all i ∈ 
1�2� � � � �
k− 2�, set xk−1 = x and xk = y. So Vi = Ui for 1 � i � k− 2. Now, (5.4)
clearly holds when i < k−2, and also in the case i= k−2 since �yk−2� x� �∈
�Uk−2�Uk−2�. To see that the case i = k−1 also holds, we observe that

�Vk−1�Vk−1� ⊆ �Uk−2�Uk−2�+ �Uk−2� xk−1� ⊆ �Uk−1�Uk−1��

Since �x� y� �∈ �Uk−1�Uk−1�, (5.4) holds in the case when i = k−1.
• Finally, we suppose that �Uk−1�U� = �Uk−1�Uk−1� and there exist x� y ∈
U \Uk−1 such that �x� y� �∈ �Uk−1�Uk−1� and such that

�yk−2� yk−1�+ �yk−2� x� �∈ �Uk−2�Uk−2��

Set xi = yi for all i ∈ 
1�2� � � � � k−2�, set xk−1 = yk−1 +x and set xk = y.
Again, it is clear that (5.4) holds when i < k− 2. Since Vk−2 = Uk−2

and �xk−2� xk−1� = �yk−2� yk−1�+ �yk−2� x� �∈ �Uk−2�Uk−2�, (5.4) holds when
i = k−2. Finally,

�Vk−1�Vk−1� ⊆ �Uk−2�Uk−2�+ �Uk−2� yk−1 +x� ⊆ �Uk−1�Uk−1��
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and so the fact that �xk−1� xk� = �yk−1� y�+ �x� y� implies that (5.4) holds
when i = k−1.

The proposition now follows by induction on k.

Corollary 5.3 Let V and W be vector spaces over some field, and let � � � 

V ×V → W be an alternating map such that �V�V� = W . Then there exists a
subspace U of V such that �U�U� = W and dimU � dimW +1.

Proof: The corollary is trivial when dimW = 0, so assume that dimW> 0.
Let U be a subspace of V of minimal dimension subject to the property that
�U�U�=W . Proposition 5.2 shows that U has a basis x1� x2� � � � � xs such that
the s− 1 vectors �x1� x2�� �x2� x3�� � � � � �xs−1� xs� form a linearly independent
set in W . Hence dimU −1 � dimW and so dimU � dimW +1.

Corollary 5.4 Let V and W be vector spaces over some field, and let � � � 

V ×V →W be an alternating map such that �V�V�=W . Let s be the smallest
integer such that there exists an s-dimensional subspace U of V such that
�U�U� = W . Then for any subspace K of V ,

dim�K�K� � dimK+dimW +1− s�

Proof: The map � � � induces an alternating map � � �′ 
 V ×V → W/�K�K�.
Since �V�V�′ = W/�K�K�, Corollary 5.3 implies that there is a subspace L of
V such that dimL � dim�W/�K�K��+ 1 and �L�L�′ = W/�K�K�. But now,
�K+L�K+L� = W . Thus

s � dim�K+L� � dimK+dimL � dimK+dimW −dim�K�K�+1

and the corollary is proved.

We have established some information about the structure of alternating
maps arising from p-groups with Sims rank s as defined on p. 30. The
following proposition uses this information to provide two upper bounds on
the number of such maps. Each bound is good in certain situations, but both
bounds must be used together to provide the approximations we require. The
idea of using bounds on the number of alternating maps in this way is the
contribution of Newman and Seeley.

Proposition 5.5 Let V and W be vector spaces over Fp of dimensions r1 and
r2 respectively, and let s be a positive integer. Let Np�r1� r2� s� ∈ R be such
that pNp�r1�r2�s� is the number of alternating maps � � � 
 V ×V → W for which
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there exists an s-dimensional subspace U of V with the property that �U�U�=
W , but no �s− 1�-dimensional subspace U0 exists such that �U0�U0� = W .
Then

Np�r1� r2� s� � 1
2 r

2
1 �r2 − �s−1��+O��r1 + r2�

8/3� and (5.5)

Np�r1� r2� s� � 1
2 r

2
1 �r2 − �s−1��+ 1

2 r1r2�s−1�+O��r1 + r2�
5/2�� (5.6)

Proof: We begin by proving the bound (5.5). Define f = 
r2/3
1 � and define

g = �r1/f�. Let x1� x2� � � � � xr1
be a basis of V . Note that the map � � � is

determined by �xk� x�� where 1 � k < � � r1. Since there are at most pr2

choices for each vector �xk� x��, we have (trivially) that the number of maps
of the form we are looking for is at most p�

r1
2 �r2 . When s < 2r2/3

1 + 2, this
bound implies (5.5) and so we may assume that s � 2r2/3

1 +2.
Define subspaces V1�V2� � � � � Vg of V by

Vi = �x�i−1�f+1� x�i−1�f+2� � � � � x�i−1�f+f�
for i ∈ 
1�2� � � � � g−1� and

Vg = �x�g−1�f+1� x�g−1�f+2� � � � � xr1
��

For all integers i and j such that 1 � i < j � g, dim�Vi +Vj� � dimVi +
dimVj � 2f and so Corollary 5.4 implies that

dim�Vi +Vj�Vi +Vj� � 2f + r2 +1− s < r2�

the last inequality coming from the fact that s � 2r2/3
1 + 2. For all integers

i and j such that 1 � i < j � g, let Wij be a �2f + r2 + 1 − s�-dimensional
subspace of W containing �Vi +Vj�Vi +Vj�.

We may now obtain the bound (5.5) as follows. Proposition 3.16 shows
that the number of subspaces in a vector space of dimension r2 over Fp is at
most pr2

2 (the bound clearly holds when d = 0, and the upper bound of the
proposition implies this bound whenever d � 1). So there are at most pr2

2�
g
2�

choices for the subspaces Wij . Once the subspaces Wij have been fixed, there
are at most p2f+r2+1−s choices for each image �xk� x��, since xk� x� ∈ Vi+Vj for
some integers i and j such that 1 � i < j � g and then �xk� x�� ∈ Wij . Hence,

once the subspaces Wij have been fixed, there are at most p�
r1
2 ��2f+r2+1−s�

choices for the map � � �. Now, f = r
2/3
1 +O�1� and g = r

1/3
1 +O�1�. Hence

pNp�r1�r2�s� is bounded above by

p�
r1
2 ��2f + r2 +1− s�+ r2

2

(
g

2

)
= p�

r1
2 ��r2−�s−1��+O�r1+r2�

8/3
�

This establishes the bound (5.5).
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We now establish the bound (5.6). We will use the same techniques as
in the proof of the bound (5.5), except our choice of f will differ and
our counting argument changes slightly. When s � 2r1/2

1 +2, the trivial upper

bound of p�
r1
2 �r2 implies the bound (5.6). So we may assume that s > 2r1/2

1 +2.
Let f = 
r1/2

1 � and define g = �r1/f�. We choose a basis x1� x2� � � � � xr1
and

define subspaces Vi and Wij just as before. Note that Wij is well-defined, since
r2 − s+1+2f < r2.

By Proposition 3.16, the number of d-dimensional subspaces of W is
bounded above by p�r2−d+1�d. Hence the number of possibilities for each sub-
space Wij is at most p�r2−�r2−s+1+2f�+1��r2−s+1+2f� = p�s−2f��r2−s+1+2f�. Just as
before, there are

(
g

2

)
subspaces Wij , and once these subspaces have been

chosen there are at most pr2−s+1+2f choices for each of the
(
r1
2

)
images

�xk� x�� with 1 � k < � � r1. So pNp�r1�r2�s� is bounded above by p to the
power (

g

2

)
�s−2f��r2 − s+1+2f�+

(
r1

2

)
�r2 − s+1+2f��

But f = r
1/2
1 +O�1� and g = r

1/2
1 +O�1�, and so the bound (5.6) follows.

5.4 A small set of relations

In this section we show that we may always find a presentation for a p-
group G of a restricted type. Our eventual enumeration in the next section
will depend on the fact that there are comparatively few possibilities for
presentations of this sort.

We begin by choosing our generating set for G and finding a collection of
relations this set satisfies. We then prove that we have a presentation for G.

Let G be a group of order pm. Let G=G1 �G2 � · · · �Gc �Gc+1 = 
1� be
the lower central series of G. Define integers r1� r2� � � � � rc by setting ri to be
the rank of Gi/Gi+1. Define V =G/��G� and W =G2/G3��G2�. The char-
acterisation of the Frattini subgroup of a p-group given in Lemma 3.12 implies
that dimV = r1 and dimW = r2. We choose a basis 
xi� for V and a basis 
yj�
for W as follows. As before, the process of forming commutators in G induces
an alternating bilinear map � � � 
 V ×V →W . Let s be the Sims rank of G. Let
U be a subspace of V of minimal dimension such that �U�U�=W ; then U has
dimension s. By Corollary 5.3 we have that s � r2 + 1. By Proposition 5.2,
there exists a basis x1� x2� � � � � xs of U such that for all i ∈ 
1�2� � � � � s− 1�,
�xi� xi+1� �∈ �Vi�Vi�, where we define Vi = �x1� x2� � � � � xi�. Define

Wi = �Vi�Vi� and di = dimWi�
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Note that 0 = d1 < d2 < · · · < ds = r2. Define d0 = 0. Choose a basis
y1� y2� � � � � yr2

for W such that Wi = 〈
y1� y2� � � � � ydi

〉
for all i ∈ 
2�3� � � � � s�.

Now

Wi = �Wi−1� �x1� xi�� �x2� xi�� � � � � �xi−1� xi��
and so we may in addition choose the vectors yj to have the following
property: there exist integers f�1�� f�2�� � � � � f�r2� such that

yj = �xf�j�� xi� where 1 � f�j� < i whenever di−1 < j � di� (5.7)

Finally, we extend x1� x2� � � � � xs to a basis x1� x2� � � � � xr1
of V .

Let g11� g12� � � � � g1r1
be representatives of x1� x2� � � � � xr1

in G. Define
g21� g22� � � � � g2r2

by setting g2j = �g1f�j�� g1i� whenever di−1 < j � di. Note
that g2j is a representative of yj in G. Define H to be the subgroup of G

generated by g11� g12� � � � � g1s. Now H2, the second term in the lower cen-
tral series of H , contains all the elements g2j . Since y1� y2� � � � � yr2

generate
G2/G3��G2�, we have that H2G3 = G2 and so Proposition 3.8 shows that
Hi = Gi for all i � 2.

For i ∈ 
3�4� � � � � c�, let gi1� gi2� � � � � giri ∈ G be chosen so that Gi/Gi+1 is
generated by gi1Gi+1� gi2Gi+1� � � � � giriGi+1. Since Gi = Hi when i � 2, we
may choose (by Proposition 3.7) gij = �g�i−1�k� g1�� for some k and � where
1 � k� ri−1 and 1 � �� s. In fact, we claim that when i= 3 we can choose k

such that d�−1 <k. To show that we may do this, it suffices to prove that every
commutator in the set 
�g2k� g1�� � 1 � � � s�1 � k � r2� lies in the subgroup
L generated by G4 and the set 
�g2k� g1�� � 1 � �� s and d�−1 < k� r2�. Let a
be an integer such that 3 � a� s and assume (as an inductive hypothesis) that
we have shown that �g2k� g1�� ∈ L whenever 1 � � < a and 1 � k � r2. Since
d0 = d1 = 0, the hypothesis is true when a = 3. We show that �g2k� g1a� ∈ L

whenever 1 � k � r2. When k > da−1, the commutator �g2k� g1a� lies in L by
the definition of L so we may assume that 1 � k� da−1. But in this case (5.7)
implies that g2k = �g1f�k�� g1i� where 1 � f�k� < i � a−1, and so

�g2k� g1a� = �g1f�k�� g1i� g1a�

= �g1i� g1a� g1f�k��
−1�g1a� g1f�k�� g1i�

−1 mod G4�

Now, modulo G3 the commutators �g1i� g1a� and �g1a� g1f�k�� are equal to a
product of the elements g2j . Since f�k� < a and i < a our inductive hypothesis
implies that the expression above is an element of L modulo G4 and hence,
since L contains G4, we find that �g2k� g1a� ∈ L, as required. Hence, by
induction on a, our claim follows.

We have now chosen our generating set for G. We now exhibit a collection
of relations that these elements satisfy.
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For 1 � i� c and 1 � j � ri, let a�i� j� be the smallest positive integer such

that gp
a�i�j�

ij ∈ �Gi+1� gi1� gi2� � � � � gi�j−1��. Note that every element g ∈ G may
be written uniquely in the form

g = g
e�1�1�
11 g

e�1�2�
12 · · ·ge�1�r1�

1r1
g
e�2�1�
21 · · ·ge�c�rc�crc

where 0 � e�i� j� < pa�i�j�. In the following, we will abbreviate this product to∏
g
e�i�j�
ij � 1 � i � c� 1 � j � ri�

Note that g ∈ Gi if and only if e�u� v� = 0 whenever u < i. This implies that

�Gi� = p
∑c

u=i

∑ru
v=1 a�u�v��

In particular, since �G� = pm,

c∑
u=1

ru∑
v=1

a�u� v� = m� (5.8)

Note that (5.8) and the fact that the integers a�u� v� are positive implies that
for any i ∈ 
1�2� � � � � c�,

c∑
u=i+1

ru∑
v=1

a�u� v� � m− r1 − r2 −· · ·− ri� (5.9)

For all integers i and j such that 1 � i � c and 1 � j � ri, define integers
b�i� j� u� v� by

g
pa�i�j�

ij = ∏
gb�i�j�u�v�uv � 1 � u � c� 1 � v � ru� (5.10)

Similarly, for all i, j and k such that 1 � i � c, 1 � j � ri and 1 � k � r1,
define the integers c�i� j� k�u� v� by

�gij� g1k� = ∏
gc�i�j�k�u�v�uv �1 � u � c� 1 � v � ru� (5.11)

Note that b�i� j� u� v� = 0 whenever u < i and whenever u = i and v � j.
Moreover, c�i� j� k�u� v� = 0 whenever u � i.

We have defined a generating set for G and a collection of relations that
these generators satisfy. We now show that a subset of these relations (together
with the integers p, c, s, di and ri) suffice to define the isomorphism class of
G uniquely.
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Theorem 5.6 The isomorphism class of the group G is determined by the
integers p, c, s, r1� r2� � � � � rc, d0�d1� � � � � ds together with the integers

a�i� j� 1 � i � c� 1 � j � ri�

b�i� j� u� v� 1 � i � c� 1 � j � ri� i � u � c� 1 � v � ru�

c�1� j� k�u� v� 1 � j < k � r1� 2 � u � c� 1 � v � ru�

c�2� j� k�u� v� 1 � k � s� dk−1 < j � r2� 3 � u � c� 1 � v � ru�

c�i� j� k�u� v� 3 � i � c� 1 � j � ri� 1 � k � s� i < u � c� 1 � v � ru�

Proof: We will show that any group G of nilpotency class at most c generated
by the set of elements 
gij �1 � i � c�1 � j � ri� and satisfying the relations
(5.10) when 1 � i � c, 1 � j � ri and the relations (5.11) when i = 1 and
1 � j < k� r1; when i = 2, 1 � k� s and dk−1 < j � r2; and when 3 � i � c,
1 � j � ri and 1 � k � s has order at most pm. This is sufficient to prove the
theorem, for suppose L and M are groups that give rise to the same collection
of integers. Since L and M each possess a generating set that satisfies the
above relations, both L and M are isomorphic to quotients of G. Moreover,
L and M have order pm, by (5.8). If G has order at most pm, we have that L
and M must in fact be isomorphic to G, and so L and M are isomorphic.

To show that G has order at most pm, let H �G be the subgroup generated
by 
g11� g12� � � � � g1s�. Define subgroups H2�H3� � � � �Hc by

Hi = �
guv � i � u � c� 1 � v � ru��
and define Hc+1 = 
1�. For u � 2, the relations we are given include those
defining each guv as a commutator and so we may write each element guv as
a commutator of length u in g11� g12� � � � � g1s. Hence

G � H � H2 � H3 � · · · � Hc � Hc+1 = 
1��

Moreover, since G has nilpotency class at most c and the generators of Hc

may be represented as commutators of length c, we have that Hc is central in
G and so in particular Hc is normal in H .

As the notation suggests, the subgroups Hi are the terms in the lower
central series for H . However, we do not prove this. We do, however, wish
to show that Hi/Hi+1 is central in H/Hi+1 for all i such that i � 2. Suppose
firstly that i � 3 and we have shown that Hi+1 is normal in H . (This is
certainly true when i = c− 1, since Hc is normal even in G.) The relations
(5.11) that we are given include those that imply that Hi/Hi+1 is centralised
by g11Hi+1� g12Hi+1� � � � � g1sHi+1, and so Hi/Hi+1 is central in H/Hi+1; in
particular Hi is normal in H . Induction on c− i now shows that Hi/Hi+1 is
central in H/Hi+1 for i� 3. It remains to show that H2/H3 is central in H/H3.
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Assume, as an inductive hypothesis, that

H2/H3 is centralised by g11H3� g12H3� � � � � g1�a−1�H3�

This hypothesis is true when 2 � a � 3, for since d0 = d1 = 0 it is implied
by the relations (5.11). For our inductive step, it is sufficient to show that
�g2�� g1a� ∈ H3 for 1 � � � r2. This is implied by our commutator relations
when � > da−1, and so we may assume that 1 � � � da−1. One of the given
relations (5.11) is the equality

g2� = �g1x� g1y�

where 1 � x < y < a, by our choice (5.7) of the generators g2j . We claim that
for any i ∈ 
1�2� � � � � r2�, �g2i� �g1y� g1a�� ∈ H3. When i > da−1, this follows
from our given commutator relations. But when i � da−1, the commutator
relation (5.7) shows that g2i = �g1u� g1v� where 1 � u < v � a− 1. By our
inductive hypothesis, g1uH3 and g1vH3 centralise H2/H3, and so �g1u� g1v�H3

centralises H2/H3. Since one of the given commutator relations expresses
�g1y� g1a� as a product of elements in H2, this implies that �g2i� �g1y� g1a�� ∈H3

for all values of i and so our claim follows. Now

g−1
1a g2�g1a = g−1

1a �g1x� g1y�g1a

= �g−1
1a g1xg1a� g

−1
1a g1yg1a�

= �g1x�g1x� g1a�� g1y�g1y� g1a���

Since �g1x� g1a� ∈ H2, this element commutes with g1x and g1y modulo H3

by our inductive hypothesis and commutes with �g1y� g1a� modulo H3 by the
claim we proved above. Hence,

g−1
1a g2�g1a = �g1x� g1y�g1y� g1a�� mod H3�

But �g1y� g1a� ∈ H2, and so commutes modulo H3 with g1x and g1y by our
inductive hypothesis. Therefore

g−1
1a g2�g1a = �g1x� g1y� = g2� mod H3�

so g1a centralises H2 modulo H3, as required. Thus, by induction on a, H2/H3

is central in H/H3.
The given commutator relations directly imply that H/H2 is abelian, that

H is normal in G and that G/H is abelian, hence the quotients of consecutive
terms in the sequence

G � H � H2 � H3 � · · · � Hc � 1
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are abelian. But now the relations (5.10) imply that

�Hi/Hi+1� � p
∑ri

j=1 a�i�j��

�H/H2� � p
∑s

j=1 a�1�j� and

�G/H� � p
∑r1

j=s+1 a�1�j��

Hence �G� � p
∑c

i=1
∑ri

j=1 a�i�j� = pm, and so the theorem follows.

5.5 Proof of the upper bound

This section completes the enumeration of p-groups by providing an upper
bound on the number of isomorphism classes of groups of order pm.

Theorem 5.7 Let p be a prime number. Then

f�pm� � p
2
27 m

3+O�m5/2��

Theorems 4.5 and 5.7 combine to produce the following theorem.

Theorem 5.8 Let p be a prime number. Then

f�pm� = p
2
27 m

3+O�m5/2��

Before embarking on proving Theorem 5.7, we give the following elementary
lemma.

Lemma 5.9 Let n be a positive integer. Then there are exactly 2n−1 ordered
partitions of n.

Proof: An ordered partition of n is produced by taking the expression

�1+1+1+· · ·+1� = n

and grouping the terms of this sum by replacing some of the ‘+’ signs by
‘�+ �’. There are n− 1 plus signs in this expression, and so there are 2n−1

ways of adding brackets. So the number of ordered partitions of n is 2n−1.

Corollary 5.10 Let n be a positive integer. The number p�n� of (unordered)
partitions of n is at most 2n−1.
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Proof of Theorem 5.7: Let a prime p and a positive integer m be fixed.
The previous section showed that the isomorphism class of a group of order
pm is determined by a certain collection of integers, namely the integers
c� s� ri� di� a�i� j�� b�i� j� u� v� and c�i� j� k�u� v�. We will provide an upper
bound on the number of choices for these integers. We start by showing
that there are relatively few choices for the integers c� s� ri� di� a�i� j� and
b�i� j� u� v�, and so we need to concentrate on finding a good upper bound for
the number of choices for the integers c�i� j� k�u� v� to provide a good upper
bound on the number of p-groups of order pm.

The sum � = r1 + r2 + · · · + rc is such that 1 � � � m. The integers
r1� r2� � � � � rc form an ordered partition of the integer � with c parts, and
so once � is fixed the number of choices for c and r1� r2� � � � � rc is at most
equal to the number of ordered partitions of � . Lemma 5.9 shows that the
number of ordered partitions of � is 2�−1. Since 1 � � � m, there are at
most

∑m
�=1 2�−1 choices for c and r1� r2� � � � � rc, which is less than 2m. The

integers d2 −d1�d3 −d2� � � � � ds −ds−1 form an ordered partition of r2, since
the integers di are strictly increasing. Moreover, since d0 = d1 = 0, the inte-
gers di and s are determined by this partition. So, again using Lemma 5.9,
the number of choices for s and d0�d1� � � � � ds is at most 2r2−1 � 2m−1. The
integers a�i� j� are positive and sum to m, and so the number of choices for
a�i� j� is at most the number of ordered partitions of m. Hence there are at
most 2m−1 choices for the integers a�i� j�. Finally, to count the number of
choices for the integers b�i� j� u� v�, note that 0 � b�i� j� u� v� < pa�u�v� and so
there are at most pa�u�v� choices for each integer b�i� j� u� v�. When i and j

are fixed, the number of choices for the integers b�i� j� u� v� is at most

c∏
u=i

ru∏
v=1

pa�u�v� = p
∑c

u=i

∑ru
v=1 a�u�v� � p

∑c
u=1

∑ru
v=1 a�u�v� = pm�

Thus there are at most pm choices for the integers b�i� j� u� v� when i and j

are fixed. But there are at most m choices for the integers i and j, for once i

has been chosen there are ri choices for j, and
∑c

i=1 ri � m. So there are at
most pm2

choices for the integers b�i� j� u� v�.
In summary, the number of choices for the integers c� s� ri� di� a�i� j� and

b�i� j� u� v� is bounded above by

2m2m−12m−1pm2

and this is much less than our error term of pO�m5/2�. Hence to prove the upper
bound we require, it suffices to provide a good upper bound on the number
of choices for the integers c�i� j� k�u� v� once the integers s� c� ri� di� a�i� j�

and b�i� j� u� v� have been chosen.



42 Enumerating p-groups: upper bounds

We need to choose the integers c�i� j� k�u� v� when i = 1 and 1 � j <

k � r1; when i = 2, 1 � k � s and dk−1 < j � r2; when 3 � i � c, 1 � j �
ri and 1 � k � s. In all these cases, i < u � c and 1 � v � ru. For each
choice of i� j� k�u� v, we know that 0 � c�i� j� k�u� v� � pa�u�v� −1. Now, the
integers c�1� j� k�2� v� mod p determine the map � � � 
 V ×V →W defined in
Section 5.4, and so we may choose the integers c�i� j� k�2� v� subject to the
additional condition that the minimum dimension of a subspace U of V such
that �U�U� = W is s.

In the notation of Proposition 5.5, there are pNp�r1�r2�s� choices for a map
� � � 
 V × V → W such that the minimum dimension of a subspace U of
V satisfying �U�U� = V is s. Once this map has been chosen, the values
c�1� j� k�2� v� mod p are determined, and so the number of choices for the
integers c�1� j� k�2� v� is at most

pNp�r1�r2�s�
r1∏
j=1

r1∏
k=j+1

r2∏
v=1

pa�2�v�−1 = pNp�r1�r2�s�+�r12 ���
∑r2

v=1 a�2�v��−r2�� (5.12)

since there are
(
r1
2

)
choices for j and k. Similarly, the number of choices for

the integers c�1� j� k�u� v� where u � 3 is at most

r1∏
j=1

r1∏
k=j+1

c∏
u=3

ru∏
v=1

pa�u�v� = p�
r1
2 �

∑c
u=3

∑ru
v=1 a�u�v�� (5.13)

So, from (5.12) and (5.13), the number of choices for the integers c�1� j� k�u� v�
is at most

pNp�r1�r2�s�+�r12 ���
∑c

u=2
∑ru

v=1 a�u�v��−r2� � pNp�r1�r2�s�+�r12 ��m−r1−r2��

the final inequality following from (5.9) with i = 1.
We now give an upper bound on the number of choices for the integers

c�i� j� k�u� v� when i > 1. When i, j and k are fixed, the number of choices
for the integers c�i� j� k�u� v� is at most

c∏
u=i+1

ru∏
v=1

pa�u�v� � pm−r1−r2−···−ri �

by (5.9). When i � 3, there are sri choices for j and k and so there are at
most

psri�m−r1−r2−···−ri�

choices for the integers c�i� j� k�u� v�. When i= 2, there are r2 −dk−1 choices
for j once k is fixed. Since the sequence d1� d2� � � � � ds is strictly increasing
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and non-negative, we have that dk−1 � k− 2 whenever k � 2. Hence, since
d0 = 0, we find that the number of choices for j and k is

sr2 −
s∑

k=1

dk−1 = sr2 −
s∑

k=2

dk−1

� sr2 −
s∑

k=2

�k−2�

= sr2 −
(
s−1

2

)
�

and so there are at most

p�sr2−�s−1
2 ���m−r1−r2�

choices for the integers c�2� j� k�u� v�.
Thus the number of choices for the integers c�i� j� k�u� v� is at most p to

the power M , where

M =Np�r1� r2� s�+
(
r1

2

)
�m− r1 − r2�+

(
sr2 −

(
s−1

2

))
�m− r1 − r2�

+
c∑

i=3

sri�m− r1 − r2 −· · ·− ri��

Now ri�m− r1 −· · ·− ri� � ∑ri
j=1�m− r1 −· · · ri−1 − j� and so

c∑
i=3

sri�m− r1 − r2 −· · ·− ri� � s
c∑

i=3

ri∑
j=1

�m− r1 −· · ·− ri−1 − j�

= s
r3+r4+···+rc∑

k=1

�m− r1 − r2 −k�

� s
m−r1−r2∑

k=1

�m− r1 − r2 −k�

= s

(
m− r1 − r2

2

)
�

So we find that

M �Np�r1� r2� s�+
1
2
r2

1 �m− r1 − r2�

+
(
�s−1�r2 − 1

2
�s−1�2

)
�m− r1 − r2�

+ 1
2
�s−1��m− r1 − r2�

2 +O�m2��

(5.14)
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We need to show that this upper bound for M is at most 2
27m

3 +O�m5/2�. We
consider two cases, depending on the size of r1. Suppose that r1 � 6

10m. By
the upper bound (5.6),

M � 1
2
r2

1 �m− r1 − �s−1��+ 1
2
r1r2�s−1�

+
(
�s−1�r2 − 1

2
�s−1�2

)
�m− r1 − r2�

+ 1
2
�s−1��m− r1 − r2�

2 +O�m5/2��

Setting x = r1/m, y = r2/m, z= �m− r1 − r2�/m and u= �s−1�/m, we need
to show that the function A�x� y� z�u� defined by

1
2
x2�z+y−u�+ 1

2
xyu+

(
uy− 1

2
u2

)
z+ 1

2
uz2

is at most 2
27 when x� y� z�u are non-negative and satisfy x+y+z= 1, u� y

and x � 6
10 . This may be shown using standard techniques—see Lemma A.1

in Appendix A for details.
Now suppose that r1 � 6

10m. The bounds (5.5) and (5.14) combine to show
that

M � 1
2
r2

1 �m− r1 − �s−1��+
(
�s−1�r2 − 1

2
�s−1�2

)
�m− r1 − r2�

+ 1
2
�s−1��m− r1 − r2�

2 +O�m8/3��

As before, define x= r1/m, y = r2/m, z= �m−r1 −r2�/m and u= �s−1�/m
and let B�x� y� z�u� be defined by

B�x� y� z�u� = 1
2
x2�z+y−u�+

(
uy− 1

2
u2

)
z+ 1

2
uz2�

It is not difficult to show that the maximum value � of B�x� y� z�u� on the
region defined by x � 0, y � 0, z � 0, u � 0, x+ y+ z = 1, u � min
x� y�
and x � 6

10 is strictly less than 2
27 (see Lemma A.2 in Appendix A). But this

implies that M ��m3 +O�m8/3�� 2
27m

3 +O�m5/2� when r1 � 6
10m. We have

shown that M � 2
27m

3 +O�m5/2� whatever the value of r1, and so the theorem
follows.
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6
Some more preliminaries

This chapter contains material that we will use in the proof of Pyber’s upper
bound on the number of soluble groups of order n. Section 6.1 contains results
on Hall subgroups and Sylow systems of soluble groups and Section 6.2
deals with the Fitting subgroup of a soluble group. Section 6.3 concerns itself
with primitivity in permutation and linear groups, and also contains a result
bounding the number of generators of a permutation group.

6.1 Hall subgroups and Sylow systems

Let G be a finite group. A subgroup H of G is said to be a Hall subgroup if
�H� and �G 
 H� are coprime. Let � be a set of prime numbers. A subgroup
H of G is a Hall �-subgroup if �H� is a � number (a product of primes in
�) and �G 
 H� is a � ′ number (a product of primes not in �).

Theorem 6.1 Let G be a soluble group of order p
�1
1 · · ·p�k

k . Let r be an
integer such that 1 � r � k and let � = 
p1� p2� � � � � pr�. Then:

(i) The group G has a Hall �-subgroup (of order p�1
1 · · ·p�r

r ).
(ii) Any two Hall �-subgroups are conjugate in G.

(iii) Any �-subgroup of G is contained in a Hall �-subgroup.

Proof: The proof is by induction on �G�. The theorem is trivial when �G� = 1,
so we may assume that �G� > 1 and that the theorem is true for all groups of
order less than �G�. We must show that the group G satisfies properties (i),
(ii) and (iii) of the theorem.

Let M be a minimal normal subgroup of G. Since G is soluble, �M� = p�

for some prime p dividing n. Applying the inductive hypothesis to G/M

we find that G/M has a Hall �-subgroup K/M . Further, all such subgroups

47
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are conjugate in G/M and any �-subgroup of G/M is contained in a Hall
�-subgroup of G/M . The proof is now divided into two cases.

The first case is when p belongs to �. In this case K is a Hall �-subgroup
of G, and so property (i) of the theorem follows. If H is any Hall �-subgroup
of G then H contains M (since HM is a �-group). Moreover, H/M is
a Hall �-subgroup of G/M and so our inductive hypothesis implies that
�gM�−1�H/M��gM� = K/M for some gM ∈ G/M . But this means that K =
g−1Hg. Thus we have shown that property (ii) follows. Finally, suppose that
L is a �-subgroup of G. Then LM/M is a �-subgroup of G/M and so
is contained in a Hall �-subgroup H/M of G/M . But then H is a Hall
�-subgroup of G, and L�H . Thus (iii) follows, and we have established the
inductive step in this case.

The second case is when p does not belong to �. Then �K/M� and �M� are
coprime. The Schur–Zassenhaus theorem implies that there is a complement
H for M in K and any two complements are conjugate in K. (We will prove
this in Chapter 7, Corollary 7.17.) But then �H� = �K/M� and so H is a Hall
�-subgroup of G, and so property (i) follows. Let H1 be any Hall �-subgroup
of G. To establish property (ii), it is enough to show that there exists a
conjugate H2 of H1 that lies in K. (For then H2 is a complement of M in K, and
so the Schur–Zassenhaus theorem implies that H2 and H are conjugate.) Now,
H1M/M is a Hall �-subgroup of G/M . By the inductive hypothesis there
exists g1 in G such that �g1M�−1�H1M/M��g1M�=K/M . Thus g−1

1 H1g1 �K

and so property (ii) follows. It remains to prove property (iii). Let L be a
�-subgroup of G. Now LM/M is contained in some Hall �-subgroup K1/M

of G/M (so L � K1). Since all Hall �-subgroups of G/M are conjugate in
G/M , K1 and K are conjugate in G. So there exists a conjugate L1 of L such
that L1 � K. We have that K = HM and so

L1M = L1M ∩HM = �L1M ∩H�M�

Now L1 and L1M ∩H are complements for M in L1M and therefore are con-
jugate by the Schur–Zassenhaus theorem. Thus L1 is conjugate to a subgroup
of H . Thus L is contained in a Hall �-subgroup of G (namely an appropriate
conjugate of H). So we have established property (iii) in this case, and so the
inductive step follows here also.

The theorem now follows by induction on �G�.
Let G be a group of order p�1

1 p
�2
2 · · ·p�k

k . A Sylow system in G is a family
P1�P2� � � � � Pk where Pi is a Sylow pi-subgroup and PiPj = PjPi for all i� j ∈

1�2� � � � � k�. Whenever i �= j, we find that PiPj is a subgroup and its order is
p
�i
i p

�j

j . Further, if� ⊆ 
p1� p2� � � � � pk� then
∏

pi∈� Pi is a Hall�-subgroup ofG.
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Theorem 6.2 Let G be a soluble group of order p�1
1 p

�2
2 · · ·p�k

k . Then

(i) G has a Sylow system;
(ii) any two Sylow systems are conjugate in G;

(iii) if H � G and Q1� � � � �Qk is a Sylow system for H then there is a Sylow
system P1� � � � � Pk for G such that Qi = H ∩Pi for all i ∈ 
1�2� � � � � k�.

Proof: For each i ∈ 
1�2� � � � � k�, define �i = 
p1� p2� � � � � pk� \ 
pi�. We say
that a subgroup H is a Hall pi-complement if H is a Hall �i-subgroup. Let � be
the set of all Sylow systems inG and let�i be the set of all Hall pi-complements
in G for 1 � i � k. We claim that there is a bijection between the set � of
Sylow systems P1�P2� � � � � Pk of G and the set �1 ×�2 ×· · ·×�k of sequences
G1�G2� � � � �Gk where each Gi is a Hall pi-complement. For, given a Sylow
system P1�P2� � � � � Pk, we may define Gi = ∏

j �=i Pj for all i ∈ 
1�2� � � � � k�.
The remark after the definition of a Sylow system shows that each Gi is a
Hall pi-complement. In the reverse direction, suppose that G1�G2� � � � �Gk are
such that each Gj is a Hall pi-complement. The index of Gj is p

�j

j and hence
(since these indices are coprime) we find that for any subset S ⊆ 
1�2� � � � � k�
the index of

⋂
j∈S Gj is

∏
j∈S p

�j

j and so �⋂j∈S Gj� = ∏
j �∈S p

�j

j . Define Pi =⋂
j �=i Gj . Then �Pi� = p

�i
i and so Pi is a Sylow pi-subgroup of G. Moreover,

for i �= j we find that
〈
Pi�Pj

〉 = ⋂
� �∈
i�j� G�, a group of order p�i

i p
�j

j . Hence
PiPj = PjPi = 〈

Pi�Pj

〉
, and so the Pi form a Sylow system for G. We have

therefore constructed a bijection from � to �1 ×�2 ×· · ·×�k as required.
Theorem 6.1 shows that a sequence G1�G2� � � � �Gk of Hall pi-complements

exists, and so the above correspondence shows that G has a Sylow system
and part (i) of the theorem follows.

The group G acts naturally on � and the sets �i by conjugation. The
bijection we constructed above respects conjugation, and so the sets � and
�1 ×�2 ×· · ·×�k are isomorphic as G-sets. To prove part (ii) of the theorem,
we must show that G acts transitively on �, which is the same as showing
that G acts transitively on �1 ×�2 ×· · ·×�k. By Theorem 6.1 part (ii), we
see that the action of G on �i is transitive. Further, for i = 1� � � � � k

��i� = �G 
 NG�Gi�� = p
�i
i

for some �i such that �i � �i. Therefore the action of G on �1 × · · ·×�k

is transitive as the �i are transitive G-spaces with orders that are pairwise
coprime. This establishes part (ii) of the theorem.

Let H be a subgroup of G and Q1� � � � �Qk a Sylow system for H . Let
Hi =

∏
j �=i Qj . So Hi is a Hall pi-complement in H for i = 1� � � � � k. For each

i there exists a Hall pi-complement Gi in G such that Hi �Gi (by part (iii) of
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Theorem 6.1). As seen previously, these pi-complements determine a Sylow
system P1� � � � � Pk in G and it is not difficult to see that H ∩Pi = Qi for
1 � i � k. Thus part (iii) of the theorem follows.

6.2 The Fitting subgroup

This section contains some basic results concerning the Fitting subgroup F�G�

of a group G. We stress that these results depend on G being finite. We prove
results about F�G� itself, and about the relationship between F�G� and the
Frattini subgroup ��G�.

If P and Q are normal p-subgroups of a group G, then PQ is a normal
p-subgroup containing both P and Q. If P and Q are maximal with respect
to the property of being a normal p-subgroup of G, then P = PQ = Q (the
first equality by the maximality of P, the second by the maximality of Q).
So there is a unique maximal normal p-subgroup of a finite group G, and we
denote this subgroup by Op�G�. (In particular, Op�G� = G in the case when
G is a p-group.) We define the Fitting subgroup by

F�G� = 〈
Op�G� � p is a prime

〉
�

If p and q are distinct primes then

�Op�G��Oq�G�� � Op�G�∩Oq�G� = 
1��

Thus

F�G� = Op1
�G�×Op2

�G�×· · ·×Opk
�G�

where p1� � � � � pk are the distinct primes dividing �G�. In particular, since
F�G� is the direct product of its Sylow subgroups, F�G� is nilpotent.

Proposition 6.3 Let G be a finite group. Then F�G� is the unique maximal
nilpotent normal subgroup of G.

Proof: If N is a nilpotent normal subgroup of G, then

N = Q1 ×Q2 ×· · ·×Qk

where Qi is the Sylow pi-subgroup of N . Since the Qi are characteristic
subgroups of N , they are normal subgroups of G. Therefore Qi � Opi

�G�.
Thus N � F�G�, as required.

Theorem 6.4 Let G be a finite group, and let S be the (unique) maximal
soluble normal subgroup of CG�F�G��. Then S = Z�F�G��.
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Proof: Define C = CG�F�G�� and Z = Z�F�G��. Clearly Z � S.
Suppose, for a contradiction, that Z is strictly contained in S. Since S is

normal in G, this implies that S/Z contains a minimal normal subgroup M/Z

of G/Z. Since S/Z is soluble, M/Z is abelian and so M ′ � Z. Since M � C,
we find that �M ′�M�� �F�G��M�= 1, and so M is nilpotent (of class at most
2). Thus M � F�G� by Proposition 6.3. The fact that M �C now implies that
M � Z. This contradicts the fact that M/Z is a minimal normal subgroup of
G/Z, and so the theorem follows.

Corollary 6.5 If G is a finite soluble group, then CG�F�G�� = Z�F�G��.

The remainder of this section is concerned with proving the following
theorem due to W. Gaschütz:

Theorem 6.6 If G is finite, then F�G/��G�� = F�G�/��G�.

In preparation for the proof of this theorem, we prove two lemmas. The
second of these two lemmas, Lemma 6.8, is a generalisation of the Frattini
argument (which is the special case when N = K).

Lemma 6.7 Let N be a finite group with a normal subgroup K, and suppose
that N/K is nilpotent. Then any two Sylow p-subgroups of N are conjugate
by an element of K.

Proof: Suppose that P1 and P2 are Sylow p-subgroups of N . Then P1K/K

and P2K/K are Sylow p-subgroups of N/K. Since N/K is nilpotent it has a
unique Sylow p-subgroup. So we have P1K/K = P2K/K. Thus P1K = P2K

and P2 is a Sylow p-subgroup of P1K. Hence P2 = y−1P1y for some y in
P1K. Now y = xk for some x in P1 and k in K. Therefore

P2 = y−1P1y = k−1P1k�

Lemma 6.8 Let G be a finite group with a normal subgroup N . Suppose K

is a normal subgroup of N such that N/K is nilpotent. Then for any Sylow
subgroup P of N

G = NG�P�K�

Proof: Let g be an element of G. Then g−1Pg is a Sylow subgroup of
N . By Lemma 6.7 there exists k ∈ K such that g−1Pg = k−1Pk. But then
gk−1 ∈ NG�P� and so g ∈ NG�P�K. Hence G = NG�P�K, as required.
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We now show that the statement of Theorem 6.6 makes sense:

Proposition 6.9 Let G be a finite group, and let N be a normal subgroup of
G. Suppose that N contains ��G� and that N/��G� is nilpotent. Then N is
nilpotent. In particular, ��G� is nilpotent and so ��G� � F�G�.

Proof: Let P be a Sylow p-subgroup of N . Lemma 6.8 (applied in the case
when K = ��G�) implies that NG�P���G� = G. But ��G� is a set of ‘non-
generators’ for G by Lemma 3.9, and so NG�P� = G. In particular, every
Sylow subgroup of N is normal and so N is nilpotent.

Proof of Theorem 6.6: Let N be the subgroup of G containing ��G� with
the property that N/��G� = F�G/��G��. To prove the theorem, it suffices
to show that F�G� = N .

Now, F�G� contains ��G�, by Proposition 6.9. Moreover, F�G�/��G� is a
nilpotent normal subgroup of G/��G� and so is contained in F�G/��G�� by
Proposition 6.3. Hence F�G��N . Furthermore, since F�G/��G�� is nilpotent
Proposition 6.9 implies that N is nilpotent. Hence N � F�G�. So N = F�G�

and the theorem is proved.

6.3 Permutations and primitivity

This section begins by proving an elementary theorem that bounds the num-
ber of generators of a permutation group. After this, the section discusses
primitivity in permutation and linear groups.

Let G be a permutation group acting on a set �. We will write the action of
G on the left, so for g ∈ G and � ∈ � we write g� for the image of � under g.
We assume throughout this section that all sets on which groups act are finite.

Theorem 6.10 Let � be a set of order n, and let G be a permutation group
acting on �. If G has r orbits on �, then G can be generated by n− r

elements. In particular, any permutation group of degree n can be generated
by n−1 elements.

Proof: Let � be fixed. We prove the theorem by induction (on n− r). When
r = n, the group G is trivial and so the result holds. Assume, as an inductive
hypothesis, that any permutation group on � with more than r orbits satisfies
the theorem. Let G have r orbits on �, and let � lie in a non-trivial orbit
� of G. We may write � = �1 ∪�2 ∪ · · · ∪�k, where the sets �i are orbits
of the stabiliser G� of � in G. We may assume (without loss of generality)
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that �k = 
��. Since � is a non-trivial orbit, k > 1. For i ∈ 
1�2� � � � � k−1�,
let gi ∈ G be such that gi� ∈ �i. Now, G is generated by G� together with
the k− 1 elements g1� g2� � � � � gk−1. But G� has at least k+ �r − 1� orbits
on �, and so our inductive hypothesis implies that G� can be generated by
n− �r −k−1� elements. Hence G may be generated by n− r elements, and
so the theorem follows.

In fact, it is possible to strengthen Theorem 6.10 further. The following
theorem is due to McIver and Neumann, and is stated in their paper [67]. See
Cameron, Solomon and Turull [14] for a sketch proof of this theorem.

Theorem 6.11 Let � be a set of order n, and let G be a permutation group
acting on �. When n �= 3 then G can be generated by 
n/2� elements.

We omit the proof of this theorem (and remark that the current proof of
the theorem uses the classification of finite simple groups and therefore is not
elementary—it would be very interesting to find such a proof, or an efficient
algorithm to produce such a small generating set).

We now turn to the notion of a primitive permutation group. Let G be a
permutation group acting on a set �. The first step in trying to understand G

is often to write � as the disjoint union � = �1 ∪�2 ∪ · · · ∪�r , where the
subsets �i are the orbits of G on �. Then G�G�1 ×G�2 ×· · ·×G�r , where
G�i is the permutation group induced by G on �i. For many problems, it is
now sufficient to consider the transitive groups G�i . The next step is often to
decompose a transitive permutation group further, by analysing equivalence
relations that the group preserves. In analogy to the above reduction to a
direct product of transitive groups, this process will often result in a reduction
to a wreath product of primitive groups. We now define these notions, and
discuss some of their basic properties.

A congruence is a G-invariant equivalence relation on �. So an equivalence
relation � is a congruence if for all g ∈ G and ��� ∈ �

� ∼� � if and only if g� ∼� g��

An equivalence class of a congruence is known as a congruence class. A
subset � ⊆ � is a block if and only if for all g ∈ G either g� = � or
g�∩� = ∅. It is not difficult to show that � ⊆ � is a block if and only if it
is a congruence class.

The trivial equivalence relation (where �∼ � if and only if �= �) and the
universal equivalence relation (where �∼� for all ���∈�) are congruences
for any permutation group G acting on �. (In the trivial case the blocks are



54 Some more preliminaries

singletons, and in the universal case there is a single block �.) We say that a
transitive permutation group G is primitive if there are no other congruences,
otherwise we say that G is imprimitive. Note that a primitive group is transitive
by definition. The following lemma shows that more is true.

Lemma 6.12 Let G be a primitive permutation group, acting on the set �.
Let N be a non-trivial normal subgroup of G. Then N is transitive.

Proof: Define an equivalence relation � on � by � ∼� � if and only if there
exists h ∈ N such that h� = �. In other words, � ∼� � if and only if � and � lie
in the same N -orbit. Let g ∈ G and let ��� ∈ � be such that � ∼� �. Let h ∈ N

be such that h� = �. Since N is normal, gh = h′g for some h′ ∈ N . But

h′g� = gh� = g�

and so g� ∼� g�. Similarly, g� ∼� g� implies that � ∼� � and so � is a
congruence; the orbits of N are the blocks of �. Since N is non-trivial, � is
not the trivial equivalence relation. Since G is primitive, this implies that �
is the universal equivalence relation. But the definition of � now shows that
N is transitive and so the lemma follows.

Recall that a permutation group G is regular if it is transitive and the
stabiliser G� of a point � ∈ � is the trivial group. It is easy to show (by
observing that point stabilisers of a transitive group are conjugate) that any
transitive abelian permutation group is regular.

Proposition 6.13 Let G be a primitive soluble group acting faithfully on a
set �. Let M be a minimal normal subgroup of G.

(i) The subgroup M acts regularly on �. In particular, we have that ��� =
�M� = pd for some prime number p and positive integer d.

(ii) Let �∈�, and let G� be the stabiliser of � in G. Then G is the semidirect
product of M by G�. Moreover, the action of G� on M by conjugation
is faithful, and G� is isomorphic to an irreducible soluble subgroup of
GL�d�p�.

Proof: By Lemma 6.12, M acts transitively on �. Since G is soluble, M
is an elementary abelian group of order pd for some prime number p and
some positive integer d. Since M is abelian and transitive, M is regular. This
proves part (i).

Define H = G�. Since M is transitive, G = MH . Since M acts regularly,
M ∩H = 
1�. So G is the semidirect product of M by H . Suppose that
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h ∈ H centralises M . Then hg� = gh� = g� for all g ∈ M . But, since M is
transitive, g� runs through all of � as g runs through M . Hence h is the
identity permutation. Thus the action of H on M by conjugation is faithful.
In particular, H may be identified with a subgroup of Aut �M�. Since M is
elementary abelian of order pd, we have that Aut �M� � GL�d�p�, and so H

may be identified with a subgroup of GL�d�p�. Moreover, this subgroup is
irreducible by our choice of M , since H-invariant ‘subspaces’ of M correspond
to normal subgroups of G contained in M . Hence the proposition follows.

We round off this brief discussion of primitive soluble groups by making
the following remark. Since the subgroup M acts regularly, we may identify
M and � by identifying g ∈M with g� ∈�. Now, for any h ∈H and g ∈M ,
we have that

h�g�� = hgh−1�h�� = hgh−1��

and so the action of H on � is determined by the action of H on M by
conjugation. This shows that the permutation group G is determined (up to
isomorphism) by the action of H on M . (The conjugacy class of G in Sym���

is determined by the conjugacy class of H in GL�d�p�.)
We now consider imprimitive groups. Let k be an integer such that k � 2,

and let � be a set such that ��� � 2. Let � = �× 
1�2� � � � � k�, so � is the
union of k copies �1��2� � � � ��k of the set � (where �i = �× 
i�). Let �
be the equivalence relation on � defined by ��� i� ∼� ��

′� i′� if and only if
i = i′. So the equivalence classes of � are the subsets �i of �. We define an
imprimitive permutation group on � that preserves � as follows. Let H be a
permutation group on �, and let Q be a permutation group on 
1�2� � � � � k�.
Let B be the product of k copies of H . We may regard B as a permutation
group on � by defining

�h1� h2� � � � � hk���� i� = �hi�� i� (6.1)

for all �h1� h2� � � � � hk� ∈ B and all ��� i� ∈ �. The group Q can naturally be
regarded as a permutation group on � by defining

y��� i� = ��� yi� (6.2)

for all ��� i� ∈ � and all y ∈ Q. In Sym���, it is easy to check that Q

normalises B, and that B∩Q = 
1�, so BQ is a semidirect product of B by
Q. Since both B and Q preserve the congruence � above, therefore so does
the group BQ. This group is the wreath product HwrQ of H by Q. Since �

is a non-trivial congruence, HwrQ is an imprimitive group.
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In fact, we may just as easily define the wreath product as an abstract
group, and then give an action on �× 
1�2� � � � � k� to turn it into a permu-
tation group. In this approach, we note that any y ∈ Q is associated with the
automorphism �h1� h2� � � � � hk� �→ �hy−11� hy−12� � � � � hy−1k� of B. So we may
define HwrQ as the semidirect product of B by Q, arising from the resulting
natural homomorphism from Q to AutB. More concretely, we may define
HwrQ as the set of expressions of the form �h1� h2� � � � � hk�y, with hi ∈ H

and y ∈ Q. The multiplication in HwrQ is then defined by

�h1� h2� � � � � hk�y�h
′
1� h

′
2� � � � � h

′
k�y

′ = �h1hy−11� h2hy−12� � � � � hkhy−1k�yy
′�

Once the wreath product is defined as an abstract group, the imprimitive
action of HwrQ on �× 
1�2� � � � � k� may be defined by (6.1) and (6.2).

If G1�G2�G3 are permutation groups acting on sets �1��2��3 respec-
tively, then we may form the wreath product �G1wrG2�wrG3 on ��1 ×
�2�×�3 and the wreath product G1wr �G2wrG3� on �1 × ��2 ×�3�. The
natural bijection between ��1 ×�2�×�3 and �1 × ��2 ×�3� shows that
�G1wrG2�wrG3 and G1wr �G2wrG3� are isomorphic as permutation groups,
and so we may unambiguously write both these groups as G1wrG2wrG3.
Similarly, if G1�G2� � � � �Gr are permutation groups acting on �1��2� � � � ��r

respectively, the group G1wrG2wr · · ·wrGr acting on �1 ×�2 ×· · ·×�r is
unambiguously defined.

The importance of the wreath product construction comes from the follow-
ing result.

Proposition 6.14 Let G be a transitive permutation group on the set �. Let
�0 < �1 < � � � < �r be a maximal chain in the lattice of congruences on �

(we define a partial order on the set of congruences by � � �′ whenever
every congruence class of � is contained in a congruence class of �′). Let
�0 ⊆ �1 ⊆ · · · ⊆ �r be such that �i is a congruence class of �i. For all
i ∈ 
1�2� � � � � r�, let �i be the set of congruence classes of �i−1 contained in
�i and let Gi be the group �G�i

��i of permutations of �i induced from the
setwise stabiliser G�i

of �i. Then the groups Gi are primitive, and we may
identify � with �1 ×�2 ×· · ·×�r in such a way that

G � G1wrG2wr · · ·wrGr�

Proof: We first note that since the chain of congruences is maximal, we have
that �0 is the trivial congruence and �r is the universal congruence on �. In
particular, this implies that �r = �.

It is not difficult to show that the congruences � preserved by Gi are in
one-to-one correspondence with those congruences �′ preserved by G such
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that �i−1 � �′ � �i. (Here, a block B of � corresponds to the block ∪ ∈B of
�′. The remaining blocks of �′ are the translates of this one block by elements
of G.) Since the chain �0 < �1 < � � � < �r is maximal, no congruence lies
strictly between �i−1 and �i, and so Gi is primitive.

To prove that G can be embedded in the wreath product, we use induction
on the length r of the maximal chain of congruences. Assume that the result
is true for maximal chains of congruences of smaller length. Let �=�r−1 and
H = �G��

�. Since G is a transitive permutation group on �, we have that H
is a transitive permutation group on �. The restrictions of �0� �1� � � � � �r−1 to
� form a maximal chain of equivalence relations preserved by H . So our in-
ductive hypothesis implies that � may be identified with �1 ×�2 ×· · ·×�r−1

in such a way that H � G1wrG2wr · · ·wrGr−1. To prove the proposition, it
is therefore sufficient to show that � may be identified with �×�r in such
a way that G � HwrGr .

Let �r = 
 1�  2� � � � �  k�. Since �r = �, we have that �r is the set of all
blocks of �r−1 and so � is the disjoint union of the sets  i. Since G is transi-
tive, any block  i of �r−1 is a translate of �. So for i ∈ 
1�2� � � � � k� we may
choose xi ∈ G such that xi� =  i. We define a bijection f 
 � → �×�r by

f��� = �x−1
i ��  i� for all � ∈  i�

It is not too difficult to verify that the map taking g ∈ G to fgf−1 ∈
Sym��×�r� embeds G into HwrGr . Indeed, let g ∈ G and let y ∈ Gr

be the permutation of �r induced by g. Let i ∈ 
1�2� � � � � k�. Then there
exists j ∈ 
1�2� � � � � k� such that g−1 i =  j . Now, x−1

i gxj preserves � and so
x−1
i gxj ∈ G�. Let hi be the element of H induced by x−1

i gxj . Then it is not
difficult to check that

fgf−1 = �h1� h2� � � � � hk�y ∈ HwrGr�

and so the proposition follows.

We now turn to an application of wreath products to the theory of linear
groups. A wreath product may be regarded as a linear group as follows. Let
W be a vector space over a field F and let k be a positive integer, where
k � 2. Let H � GL�W� and Q � Sym�k�. Then the direct sum kW of k

copies of W may be made into a HwrQ-module in a natural way as follows.
Let �w1�w2� � � � �wk� ∈ kW . Let �h1� h2� � � � � hk�y ∈HwrQ, where hi ∈H and
y ∈ Q. Then we define

�h1� h2� � � � � hk�y�w1�w2� � � � �wk� = �h1wy−11� h2wy−12� � � � � hkwy−1k��

It is an easy exercise to show that kW is an irreducible HwrQ-module if and
only if H is non-trivial, H acts irreducibly on W and Q is transitive.
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Let V be a vector space over a field F , and let G � GL�V� be irreducible.
We say that G is imprimitive if for some integer k such that k� 2 there exists
a decomposition V = V1 ⊕V2 ⊕· · ·⊕Vk of V such that G permutes the direct
summands. More precisely, for all i ∈ 
1�2� � � � � k� and g ∈ G we have that
gVi = Vj for some j ∈ 
1�2� � � � � k�. If no such decomposition exists, we say
that G is primitive. The irreducible wreath product construction above gives
an example of an imprimitive group (where we define the subspaces Vi to be
the k natural images of W in kW ).

The structural theory for primitive linear groups G is more complicated
than that for permutation groups, and we will spend Chapters 9 and 13
developing some of the appropriate theory when G is soluble. However, the
role of wreath products in reduction from the irreducible to the primitive case
is essentially the same for linear groups as for permutation groups, as can be
seen by the following proposition.

Proposition 6.15 Let G be a group acting faithfully and irreducibly on a
vector space V . Suppose G is imprimitive, so there exists an integer k � 2
and a decomposition V = V1 ⊕ V2 ⊕ · · · ⊕ Vk of V such that G permutes
the direct summands. Let Q � Sym�k� be the permutation group induced
by the action of G on the set of summands Vi. Define W = V1, and define
H � GL�W� to be the group induced by the stabiliser of W in G. Then Q

is transitive and H is irreducible. Moreover, G is isomorphic as a linear
group to a subgroup of HwrQ (where we regard HwrQ as a linear group as
above).

Proof: Since G is irreducible, Q is transitive (for otherwise the sum ⊕Vi,
where i runs over a non-trivial orbit of Q, is a proper G-submodule of V ).
For i ∈ 
1�2� � � � � k� choose xi ∈ G so that xiW = Vi.

To prove that H is irreducible, assume for a contradiction that U is a
proper H-submodule. The subspace x1U ⊕ x2U ⊕· · ·⊕ xkU of V is proper;
we show that it is a G-submodule. Let g ∈ G and i ∈ 
1�2� � � � � k�. Now,
gxiW = gVi = Vj = xjW for some j ∈ 
1�2� � � � � k�, and so x−1

j gxi stabilises
W . By the definition of H , we know that x−1

j gxi acts like an element of H
when restricted to W , and so x−1

j gxiU = U . This means that gxiU = xjU . So
x1U ⊕x2U ⊕· · ·⊕xkU is a proper G-submodule of V , which contradicts the
fact that G is irreducible. Hence H is irreducible.

The remainder of the proof is now very similar to the end of the proof of
Proposition 6.14. We define a bijective linear map f 
 V → kW by

f�v1 +v2 +· · ·+vk� = �x−1
1 v1� x

−1
2 v2� � � � � x

−1
k vk�
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for all vectors v1� v2� � � � � vk in V1�V2� � � � � Vk respectively. Just as before, it
is possible to check that the map g �→ fgf−1 maps G into HwrQ, and so the
proposition follows. (Define y ∈ Sym�k� to be the permutation induced by g

acting on the summands Vi. For i ∈ 
1�2� � � � � k�, define hi ∈ GL�W� to be
the element induced by the restriction of x−1

i gxj to W , where j ∈ 
1�2� � � � � k�
is defined by g−1Vi = Vj . This definition makes sense, and hi ∈ H . Then
fgf−1 = �h1� h2� � � � � hk�y ∈ HwrQ.)

We remark that if the decomposition V = V1 ⊕V2 ⊕ · · ·⊕Vk in Proposi-
tion 6.15 is chosen so that k is as large as possible, then H will in fact be a
primitive subgroup of GL�W�. For let W =W1 ⊕W2 ⊕· · ·⊕W� be a decompo-
sition of W such that �� 2 and H permutes the direct summands Wi. It is not
difficult to check that G permutes the direct summands of the decomposition
⊕1�i�k�xiW1 ⊕xiW2 ⊕· · ·⊕xiW�� of V , contradicting the maximality of k.



7
Group extensions and cohomology

The main aim of this chapter is to explore the connection between group
extensions and the second cohomology group. Towards the end of the chapter
we shall illustrate the use of the second cohomology group in the enumeration
of soluble A-groups. (An A-group is a group whose nilpotent subgroups are
abelian. It is easy to see that a finite group is an A-group if and only if all its
Sylow subgroups are abelian.)

7.1 Group extensions

Let E be a group and let M be a normal subgroup of E. We write G = E/M

and call E an extension of M by G. More formally, by an extension of a
group M by a group G we shall mean a short exact sequence

1 −→ M
i−→ E

�−→ G −→ 1 � (7.1)

So the homomorphism i 
 M −→ E is injective, the map � 
 E −→ G is
surjective and ker � = i�M�.

Two extensions E and E′ of M by G are said to be equivalent if there exists
a homomorphism � 
 E → E′ such that the following diagram commutes. In
the diagram id stands for the identity map.

1 −→ M −→ E −→ G −→ 1
id ↓ � ↓ id ↓

1 −→ M −→ E′ −→ G −→ 1
(7.2)

Note 7.1 The map � has to be bijective and so equivalent extensions are also
isomorphic.

60



7.1 Group extensions 61

For the rest of this section we shall restrict ourselves to the case where M

is an abelian group. Note that we shall be writing M multiplicatively.
We identify M with i�M� and regard M as an abelian normal subgroup of

E. Now E acts on M by conjugation and M is abelian, so M is contained in
the kernel of the action of E. Hence E/M acts on M in a natural way. As G
is isomorphic to E/M , there is a natural action of G on M .

Note 7.2 If E and E′ are equivalent extensions, then they determine the same
action of G on M .

Note 7.3 If M is a ZG-module then there is always an extension E realising
the action of G on M , namely the semidirect product of M by G arising from
the action of G on M .

Now given a ZG-module M we would like to determine extensions E of
M by G realising the action. Let E be such an extension. Let 
sg � g ∈ G� be
a transversal for M in E such that ��sg� = g. Assume for convenience that
s1 = 1. Let g ∈G and let m ∈M . The action of g on m is written as g ·m and
is given by g ·m = sgmsg

−1.
Since � is a homomorphism, for any g�h ∈ G, the elements sgsh and sgh

have the same image gh under �. So

sgsh = f�g�h�sgh

for some unique element f�g�h� in M . Thus f 
 G×G→M and since s1 = 1,
we get that

f�g�1� = 1 = f�1� h� (7.3)

for all g�h in G. The associative law in E also imposes certain conditions on
f . For

�sgsh�sk = f�g�h�sghsk = f�g�h�f�gh�k�sghk

and

sg�shsk� = sg�f�h� k�shk� = sgf�h� k�sg
−1sgshk = �g ·f�h�k��f�g�hk�sghk �

Consequently we must have

f�g�h�f�gh�k� = �g ·f�h�k��f�g�hk� (7.4)

for all g�h� k ∈G. We say that a function f 
 G×G→M satisfying (7.3) and
(7.4) is a factor set.
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Let Z2�G�M� denote the set of all factor sets from G×G to M . We can
define an addition on Z2�G�M� as follows. Let f and f ′ be in Z2�G�M�.
Define

�f +f ′��g�h� = f�g�h�f ′�g�h�

for all g�h in G. It can be shown easily that under this addition Z2�G�M� is
an abelian group.

So given a ZG-module M , an extension E of M by G realising the module
action, and a transversal 
sg � g ∈G� for M in E with the property that s1 = 1
we get an element f of Z2�G�M�. However, this element is dependent on
our choice of transversal for M in E.

Suppose we choose a different transversal 
s′
g � g ∈ G� for M in E with

the property that s′
1 = 1. Then for any g ∈ G, there exists a unique element

a�g� in M such that s′
g = a�g�sg. Thus we get a function a 
 G→M such that

a�1� = 1. Further, corresponding to the new transversal we get a new factor
set f ′ in Z2�G�M�.

Now for any g�h in G,

f ′�g�h� = s′
gs

′
hs

′
gh

−1

= a�g�sg a�h�sh �a�gh�sgh�
−1

= a�g�
(
sga�h�sg

−1
)
sgshsgh

−1a�gh�−1

= a�g� �g ·a�h�� f�g�h�a�gh�−1

= �g ·a�h��a�gh�−1 a�g� f�g�h� � (7.5)

For any function a 
 G → M with a�1� = 1, define �a 
 G×G → M as
follows. For any g�h ∈ G,

�a�g�h� = �g ·a�h��a�gh�−1 a�g� � (7.6)

Define B2�G�M� as follows: B2�G�M� = 
�a � a 
 G → M anda�1� = 1�. It
is not difficult to check that �a ∈ Z2�G�M�. Thus B2�G�M� ⊆ Z2�G�M�.

Let a�b be functions from G to M satisfying a�1� = 1 and b�1� = 1. For
any g ∈ G, define �a+ b��g� = a�g�b�g�. This definition of addition makes
the set 
a 
 G → M � a�1� = 1� into a group. It is easy to show that �

is a homomorphism from the above group to Z2�G�M�. Hence the image
B2�G�M� of � is a subgroup of Z2�G�M�.

Define H2�G�M�= Z2�G�M�/B2�G�M�. This abelian group H2�G�M� is
called the 2-dimensional cohomology group of M with respect to G. Now
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(7.5) tells us that f ′ − f = �a. So f ′ − f ∈ B2�G�M� or f +B2�G�M� =
f ′ +B2�G�M�. Thus f and f ′ determine the same element of H2�G�M�.
Hence given a ZG-module M and an extension E of M by G realising the
action, E determines a unique element of H2�G�M�. We are in a position to
state the following theorem.

Theorem 7.4 Two extensions of M by G are equivalent if and only if they
determine the same action of G on M and the same element of H2�G�M�.

Proof: We have already mentioned in Note 7.2 that equivalent extensions
give rise to the same action and it also follows easily from the definition of
equivalence that they determine the same element of H2�G�M�.

Let E and E′ be two extensions of M by G that realise the same action
of G on M and also determine the same element of H2�G�M�. We wish to
construct a homomorphism � from E to E′ such that diagram (7.2) commutes.

Let E determine an element f +B2�G�M� of H2�G�M�. We shall show
that multiplication in E is completely determined by the action of G on M

and the element f +B2�G�M� and use this to define �.
Formally, let the extension E be given as in (7.1). As we had done earlier

we shall identify M with i�M� and regard M as an abelian normal subgroup
of E. Let 
sg � g ∈ G� be a transversal for M in E with s1 = 1 and ��sg� = g.

Every element of E can be represented uniquely as msg for some m ∈ M

and g ∈ G. Multiplication in E is determined by the data we have collected,
because

�msg� �m
′sh� = m�sgm

′sg
−1� �sgsh�

= 
m�g ·m′�f�g�h�� sgh �

Now E′ determines the same action of G on M and the same element
f +B2�G�M� of H2�G�M�. Let T ′ = 
s′

g � g ∈ G� be a transversal for M in
E′ with s′

1 = 1. Every element of E′ can be represented uniquely as ms′
g for

some m ∈ M and g ∈ G. Define f ′�g�h� = s′
gs

′
hs

′
gh

−1 for all g�h in G.
Since E and E′ give rise to the same element of the group H2�G�M�, we

must have f ′ +B2�G�M� = f +B2�G�M�. Thus f ′ −f = �a for some �a ∈
B2�G�M�. Define � 
 E → E′ as ��msg�=ma�g�−1 s′

g. We can show without
difficulty that � is a homomorphism such that diagram (7.2) commutes. This
establishes the equivalence of E and E′.

Theorem 7.5 Let M be a ZG-module and let � be the set of extensions of
M by G realising the action of G on M . Then
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(i) There is a bijection between the set of equivalence classes of extensions
in � and elements of H2�G�M�.

(ii) The number of isomorphism classes of extensions contained in � is at
most �H2�G�M��.

Proof: We can define a map from the set of equivalence classes of ex-
tensions in � to H2�G�M� by associating the equivalence class of E with
f +B2�G�M�, where f +B2�G�M� is the unique element of H2�G�M� deter-
mined by E. Theorem 7.4 shows that this map is well-defined and injective.
We only have to show that it is also surjective.

Let f ′ +B2�G�M� be an element of H2�G�M�. Let E′ =M×G and define
a multiplication in E′ as follows:

�m�g� �m′� h� = �m�g ·m′� f ′�g�h�� gh�

for all m�m′ in M and g�h in G.
It is easy to check that E′ is a group under this multiplication and is

an extension of M by G in � determining the element f ′ +B2�G�M� of
H2�G�M�. Hence our map is surjective. The second part of the theorem
follows by Note 7.1 and part (i).

We have explored previously extensions of an abelian group M by an
arbitrary group G. We now consider the special case when G is abelian and
focus on extensions of M by G that are abelian. Of course, M must be a
trivial ZG-module for abelian extensions to arise.

By Theorem 7.5 we may regard H2�G�M� as the group of equivalence
classes of extensions of M by G. We define Ext�G�M� to be the subset of
H2�G�M� consisting of equivalence classes of abelian extensions.

Note 7.6 An element f +B2�G�M� of H2�G�M� belongs to Ext�G�M� if
and only if f�g�h� = f�h� g� for all h�g ∈ G. In other words, an extension
E is abelian if and only if a factor set f determined by it satisfies the
symmetry condition given above. The condition also clearly ensures that
Ext�G�M� � H2�G�M�.

The second cohomology group is just one of an infinite family of groups
Hn�G�M�, defined for any positive integer n. We will make this gener-
alisation in the next section, but we finish this section by describing the
group H1�G�M� and its role in the classification of certain subgroups in the
semidirect product of M by G.



7.1 Group extensions 65

Let G be a group and let M be a ZG-module. As above, we write the action
of g ∈ G on m ∈ M as g ·m. Define Z1�G�M� to be the set of all functions
f 
 G → M such that f�1� = 1 and such that

f�g1g2� = �g1 ·f�g2��f�g1�

for all g1� g2 ∈ G. Such functions are known as derivations from G to M . If
f� f ′ ∈ Z1�G�M�, we define the function f +f ′ from G to M by

�f +f ′��g� = f�g�f ′�g�

for all g ∈ G. It is easy to check that f + f ′ is again a derivation, and this
definition of addition makes Z1�G�M� into an abelian group.

Let m ∈ M . Then the function �m 
 G → M defined by

�m�g� = �g ·m−1�m

for all g ∈ G is a derivation, since clearly �m�1� = 1 and since

�m�g1g2� = �g1g2 ·m−1�m = �g1 · ��g2 ·m−1�mm−1��m

= �g1 · ��g2 ·m−1�m���g1 ·m−1�m = �g1 ·�m�g2���m�g1��

The functions �m are known as inner derivations. (Let E be an extension of M
by G. The derivation �m is related to the inner automorphism of E obtained by
conjugation by x ∈ E, where xM = g−1. Indeed, if E is a semidirect product
of M by G then �m�g�= �g−1�m�.) We write the set of inner derivations from
G to M as B1�G�M�. It is not difficult to show that B1�G�M� is a subgroup
of Z1�G�M� (by showing that �m1m2

= �m1
+ �m2

for all m1�m2 ∈ M). We
define H1�G�M� to be the quotient Z1�G�M�/B1�G�M�.

Let E be the semidirect product E =M�G of M by G realising the action
of G on M . Recall that a subgroup X of E is a complement to M if E = MX

and M ∩X = 
1�. So G, thought of as a subgroup of E, is a complement
to M in E. We will now show that the groups Z1�G�M� and H1�G�M� are
intimately associated with the complements of M in E.

Proposition 7.7 Let G be a group, let M be a ZG-module and let E =M�G.
There is a bijection between the set Z1�G�M� of derivations from G to M

and the set of complements of M in E.

Proof: Let X be a complement to M in E. We will define a derivation f from
G to M as follows. The natural homomorphism from E onto G induces an
isomorphism � 
 X → G. Let � 
 G → X be the inverse of this isomorphism.
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Thinking of G as a subgroup of E, we note that � is the unique map from G

to X such that ��g� ∈ Mg for all g ∈ G. We define f 
 G → M by

f�g� = g���g��−1

for all g ∈ G. Note that ��g� = mg for some m ∈ M , and so g���g��−1 =
g�mg�−1 =m−1 ∈M . Thus f is well-defined. We find that f ∈ Z1�G�M� for,
since ��1� = 1, we have that f�1� = 1 and also

f�g1g2� = g1g2���g1g2��
−1

= g1g2���g2��
−1���g1��

−1

= g1g2���g2��
−1g−1

1 g1���g1��
−1

= �g1 ·f�g2��f�g1��

Conversely, given f ∈ Z1�G�M� we may define

X = 
f�g�−1g 
 g ∈ G��

We find that X is a subgroup, since

f�g1�
−1g1f�g2�

−1g2 = f�g1�
−1g1f�g2�

−1g−1
1 g1g2

= �g1 ·f�g2�f�g1��
−1g1g2

= f�g1g2�
−1g1g2�

Moreover, since f�g�−1 ∈ M the elements of X form a complete set of coset
representatives for M in E and so X is a complement for M in E.

It is not difficult to check that the two correspondences defined above are
inverses of each other, and so the proposition is established.

Theorem 7.8 Let G be a group, let M be a ZG-module and let E = M �G.
There is a bijection between the set H1�G�M� and the conjugacy classes of
complements to M in E.

Proof: Let X1 and X2 be complements to M in E, and suppose that X1

and X2 are conjugate. So X1 = hX2h
−1 for some h ∈ E. For i ∈ 
1�2�, let

�i 
 G → Xi be the unique isomorphism such that �i�g� ∈ Mg for all g ∈ G

and let fi ∈ Z1�G�M� be the derivation corresponding to Xi. We must show
that f1 −f2 ∈ B1�G�M�.

Since X2 is a complement to M in E, we may write the element h defined
above in the form h = m−1

0 x2 for some m0 ∈ M and x2 ∈ X2. But then
X1 =m−1

0 x2X2x
−1
2 m0 =m−1

0 X2m0. So the isomorphism 	 
 X2 →X1 given by
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	�x� = m−1
0 xm0 for all x ∈ X2 is well-defined. Since m0 ∈ M , we have that

	�x� ∈ Mx for all x ∈ X2. But then both �1 and 	�2 are isomorphisms from
G to X1 preserving cosets of M , and so �1 = 	�2:

�1�g� = m−1
0 �2�g�m0

for all g ∈ G. Thus for any g ∈ G,

�f1 −f2��g� = g�1�g�
−1�2�g�g

−1

= gm−1
0 �2�g�

−1m0�2�g�g
−1

= g�2�g�
−1��2�g�

−1�m0��2�g�g
−1

= ��2�g�
−1�m0��

the last equality following since �2�g�g
−1 and ��2�g�

−1�m0� lie in the abelian
group M and so commute. But �2�g� = gm for some m ∈ M , and so

��2�g�
−1�m0� = �m−1g−1�m0� = �g�m−1�m0�g

−1��g−1�m0�

= �g−1�m0� = �g ·m−1
0 �m0 = �m0

�g��

Thus f1 −f2 = �m0
∈B1�G�M�. Reversing this argument shows that whenever

f1 − f2 = �m0
∈ B1�G�M� we have that X1 = m−1

0 X2m0. Hence the theorem
is proved.

7.2 Cohomology

In the previous section we defined the 1- and 2-dimensional cohomology
groups. As mentioned earlier, these groups are just two of an infinite family
Hn�G�M�, defined for any positive integer n. We shall describe these groups
here. For the rest of this section M will be written additively.

Let M be a ZG-module. Define Cn�G�M� to be the set of all functions f
from G×G×· · ·×G (with n factors G) to M subject to the condition

f�g1� � � � � gn� = 0 (7.7)

whenever there exists i ∈ 
1�2� � � � � n� such that gi = 1. The elements of
Cn�G�M� are called n-dimensional (normalised) cochains. We define an
addition on Cn�G�M� as follows. Let f� f ′ be in Cn�G�M�. Define

�f +f ′��g1� � � � � gn� = f�g1� � � � � gn�+f ′�g1� � � � � gn� �

Under this operation Cn�G�M� is an abelian group.
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For each cochain f in Cn�G�M� we can define a function �nf of n+ 1
variables as follows. Let gi ∈ G for i = 1� � � � � n+1. Define

�nf�g1� � � � � gn+1� = g1 ·f�g2� � � � � gn+1�

+
n∑
i=1

�−1�if�g1� � � � � gi−1� gigi+1� gi+2� � � � � gn+1�

+ �−1�n+1f�g1� � � � � gn� �

It is easy to check that �nf belongs to Cn+1�G�M�. Further, it can be shown
that the map �n 
 C

n�G�M� → Cn+1�G�M� is a homomorphism. This map �n
is called the coboundary operator and �nf is called the coboundary of f .

Define Zn�G�M� as the kernel of �n and Bn�G�M� as the image of �n−1.
Elements of Zn�G�M� are called n-dimensional cocycles and elements of
Bn�G�M� are called n-dimensional coboundaries.

It is not difficult to check that �n�n−1 = 0. Thus the image of �n−1 is
contained in the kernel of �n. So Bn�G�M� � Zn�G�M�. We define the
n-dimensional cohomology group Hn�G�M� to be Zn�G�M�/Bn�G�M�.

Note 7.9 Equations (7.3) and (7.4) rewritten additively show that factor
sets are nothing but 2-dimensional cocycles. Again (7.6) rewritten additively
shows that �a is a 2-dimensional coboundary. Thus our previous definitions
of Z2�G�M�, B2�G�M� and H2�G�M� agree with our current definitions.
Similarly, our previous definitions of Z1�G�M�, B1�G�M� and H1�G�M�

agree with our current definitions.

There is another approach used to define the n-dimensional cohomology
group which uses the concept of ‘free resolutions’. The rest of this section
is devoted to describing this method. Our main source of reference for the
material presented here is [89]. The advantages of using this approach over
the previous one will be evident when we consider the restriction and transfer
maps in the next section.

As in the previous case we are given a group G and a ZG-module M . We
can regard Z as a ZG-module by setting �

∑
g∈G ngg�n = �

∑
g∈G ng�n. Under

this action Z is called the trivial ZG-module. Before we present the definition
of a free resolution let us dwell briefly on the notion of a ‘free module’.

Let R be any ring. (We assume that all rings have a multiplicative identity.)
Let A be an R-module. Let X be a subset of A satisfying the property that any
map from X into any R-module M is uniquely extendable to an R-module
homomorphism from A to M . Then we say that A is a free R-module freely
generated by X.
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We now present a concrete construction of a free ZG-module on a set X,
so showing that free ZG-modules always exist. Let us denote by R the group
ring ZG and let X be any non-empty set. Consider the set (of formal linear
combinations)

RX =
{ n∑

i=1

rixi
∣∣ ri ∈ R�xi ∈ X�n � 0

}
�

Each element of RX has a (unique) expression as
∑

x∈X rxx where rx = 0
except for finitely many x ∈ X.

We can define an addition between elements in RX by setting∑
x∈X

rxx+ ∑
x∈X

sxx = ∑
x∈X

�rx + sx�x �

Clearly under this addition RX is an abelian group. We can make it a left
R-module by defining r�

∑
x∈X rxx� = ∑

x∈X�rrx�x.
It is easy to see that the module RX has the property that any map from

X into an R-module M extends uniquely to an R-module homomorphism
between RX and M . Thus RX is a free R-module freely generated by X.

Note that if X is taken as the empty set then the free module generated by
X is the zero module.

Any two free R-modules freely generated by X are isomorphic, as the
identity map on X extends to an isomorphism between any two such modules.
Moreover, it is easy to show that any R-module is a homomorphic image of
some free R-module.

It is easy to see that a free R-module RX has the following ‘projective’
property. Let M and N be R-modules, and let � 
 RX → N and � 
 M → N

be homomorphisms. Then provided that im�⊆ im� there exists a homomor-
phism � 
 RX → M such that �� = �.

We say that a sequence � consisting of free ZG-modules Xi and ZG-
module homomorphisms di is a free resolution of the trivial ZG-module Z if
the sequence

� 
 · · · −→ Xn

dn−→ Xn−1

dn−1−→ · · · −→ X1

d1−→ X0

d0−→ Z −→ 0

is exact, that is, imdn = kerdn−1 for all n � 1 and imd0 = Z.

Note 7.10 Free resolutions exist. We can construct a sequence of free modules
and module-homomorphisms to get a free resolution by the following method.
The trivial ZG-module Z is the homomorphic image of some free ZG-module,
say X0. Let X0/K1 � Z. Then there exists a free ZG-module X1 such that
K1 is a homomorphic image of X1. So there is a submodule K2 such that
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X1/K2 � K1. Proceeding similarly we get a sequence of free ZG-modules
and ZG-module homomorphisms such that the sequence

· · · −→ Xn · · · −→ X1 −→ X0 −→ Z −→ 0

is exact.

Keeping to the notation established in the paragraph preceding Note 7.10
we find that the ZG-module homomorphisms di from Xi to Xi−1 induce
abelian group homomorphisms d∗

i from Hom
ZG�Xi−1�M� to Hom

ZG�Xi�M�.
For any f ∈ Hom

ZG�Xi−1�M� and x ∈Xi, we have d∗
i �f��x�= f�di�x��. Thus

d∗
i �f� = f di. Since the sequence � is exact, we find that di di+1 = 0 and so

d∗
i+1d

∗
i = 0. Consequently, imd∗

i is contained in kerd∗
i+1.

We define the n-dimensional cohomology group Hn�G�M� to be the quo-
tient kerd∗

n+1/imd∗
n. This definition seems to depend on the free resolution

that we have chosen but this is not the case: this is the content of Theo-
rem 7.11 below. We have now given two definitions of a cohomology group.
That these definitions are compatible can be shown using the concept of
‘standard bar resolutions’: see the discussion after the proof of Theorem 7.11.

Theorem 7.11 The definition of an n-dimensional cohomology group does
not depend on the free resolution � .

Proof: Let � and � be two free resolutions of the trivial ZG-module Z.
We first show that there exists a morphism � 
 � → � ; in other words, a
sequence �0��1� � � � of ZG-module homomorphisms such that the following
diagram commutes:

� 
 · · · dn+1−→ Xn

dn−→ Xn−1

dn−1−→ · · · d1−→ X0

d0−→ Z −→ 0
↓ �n ↓ �n−1 ↓ �0 ↓ id

� 
 · · · dn+1−→ Xn

dn−→ Xn−1

dn−1−→ · · · d1−→ X0

d0−→ Z −→ 0

To see why � exists, note first that imd0 = imd0, and so the fact that X0 is free
implies that there exists a map �0 such that d0 = d0�0. Assume, as an inductive
hypothesis, that �0��1� � � � ��n−1 have been chosen so that di�i = �i−1di for
0 � i < n (where we set�−1 = id). Then dn−1�n−1dn = �n−2dn−1dn = 0 and so
im�n−1dn ⊆ kerdn−1 = imdn.So, sinceXn is free, thereexistsahomomorphism
�n suchthatdn�n =�n−1dn.Hence,by induction,amorphism� 
� →� exists.

For any non-negative integer n, we find that � induces a homomorphism
�∗

n 
 Hom
ZG�Xn�M�→ Hom

ZG�Xn�M� where �∗
n�f�= f�n. It is not difficult

to verify that �∗
n�kerd

∗
n+1� ⊆ kerd∗

n+1 and �∗
n�imd

∗
n� ⊆ imd∗

n, and so � also
induces a homomorphism � ′

n 
 kerd
∗
n+1/imd

∗
n → kerd∗

n+1/imd∗
n.
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Similarly, there exists a morphism � 
 � → � that induces maps � ′
n 


kerd∗
n+1/imd∗

n → kerd
∗
n+1/imd

∗
n. We aim to show that the maps� ′

n are isomor-
phisms, by showing that � ′

n = �� ′
n�

−1. This is sufficient to prove the theorem.
Consider the morphism � 
 � → � defined by � = ��. So �n = �n�n,

�∗
n = �∗

n�
∗
n and �′

n = � ′
n�

′
n for n � 0. We claim that � is ‘homotopic to the

identity’, namely that there exist homomorphisms �n 
 Xn → Xn+1 such that
�n− id = dn+1�n+�n−1dn for n� 0 (where we set �−1 = 0). To see this, first
note that the following diagram commutes:

· · · dn+1−→ Xn

dn−→ XN−1

dn−1−→ · · · d1−→ X0

d0−→ Z −→ 0
↓ �n−id ↓ �n−1−id ↓ �0−id ↓ 0

· · · dn+1−→ Xn

dn−→ Xn−1

dn−1−→ · · · d1−→ X0

d0−→ Z −→ 0

In particular, d0��0 − id� = 0, and so im ��0 − id� ⊆ kerd0 = imd1. Since X0

is free, there exists a homomorphism �0 such that d1�0 = �0 − id, as required.
Assume, as an inductive hypothesis, that�0��1� � � � ��n have been chosen. Now,

dn+1��n+1 − id −�ndn+1� = ��n − id�dn+1 −dn+1�ndn+1

= �dn+1�n +�n−1dn�dn+1 −dn+1�ndn+1

= 0

and so im ��n+1 − id−�ndn+1�⊆ kerdn+1 = imdn+2. Since Xn+1 is free, there
exists a map �n+1 such that dn+2�n+1 = �n+1 − id −�ndn+1, as required. So
the maps �0��1� � � � exist by induction, and our claim follows.

To prove that the homomorphisms �′
n are identity maps, we need to show

that ��∗
n − id�f ∈ imd∗

n whenever f ∈ kerd∗
n+1. But

��∗
n − id�f = f��n − id�

= f�dn+1�n +�n−1dn�

= f�n−1dn since f ∈ kerd∗
n+1

∈ imd∗
n�

Hence �′
n = � ′

n�
′
n = id.

A similar argument based on the morphism � 
� →� defined by �=��

shows that � ′
n�

′
n = id. Thus � ′

n = �� ′
n�

−1 and so � ′
n is an isomorphism

between kerd∗
n+1/imd∗

n and kerd
∗
n+1/imd

∗
n. This proves the theorem.

The standard bar resolution of Z is defined as follows. Let n be any positive
integer. Consider the collection of all symbols �x1�x2� · · · �xn� where xi are non-
identity elements of G, and let Bn be the free ZG-module generated freely
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by these symbols. We include the case when the xi are identity elements
by setting �x1�x2� · · · �xn� = 0 if any xi is the identity. For n = 0, let B0

be the free ZG-module generated freely by a single symbol � �. Note that
B0 � ZG. Therefore there exists a surjective ZG-module homomorphism
!0 from B0 to Z which corresponds to the mapping � 
 ZG → Z given by
��

∑
g∈G ngg� = ∑

g∈G ng. For all positive integers n, define !n 
 Bn → Bn−1 to
be the ZG-module homomorphism such that

!n�x1�x2� · · · �xn� = x1 · �x2�x3� · · · �xn�

+
n∑
i=1

�−1�i�x1� · · · �xixi+1� · · · �xn�

+ �−1�n�x1� · · · �xn−1�

for all x1� x2� � � � � xn ∈ G\ 
1�.
It is not difficult to check that the sequence � consisting of the free

ZG-modules Bn and ZG-module homomorphisms !n defines a free resolution
of Z. It is this free resolution that is called the standard bar resolution. Since
Bn is the free ZG-module on the set of all symbols, we find that an element f
in Hom

ZG�Bn�M� is determined by its value at these �x1� · · · �xn�. Conversely,
we may assign arbitrary values in M to these symbols to produce an element
f in Hom

ZG�Bn�M�. Thus we find that Hom
ZG�Bn�M� is isomorphic to

the additive group Cn�G�M� defined above. Using this we can show that
the n-dimensional cohomology group arising from the free resolution � is
isomorphic to the quotient Zn�G�M�/Bn�G�M�, and so the two definitions
of Hn�G�M� are compatible.

For the rest of this chapter Hn�G�M� will be defined via free resolutions.
To end this section we prove a result regarding the cohomology group of a
sum of ZG-modules.

Proposition 7.12 Let A and B be ZG-modules. Then Hn�G�A+ B� �
Hn�G�A�+Hn�G�B�.

Proof: Let 
Xn� be a free resolution of the trivial ZG-module Z. Then for
all n,

Hom
ZG�Xn�A+B� � Hom

ZG�Xn�A�+Hom
ZG�Xn�B�

as abelian groups. Let � represent the above isomorphism and �A and �B

the respective projections. It is easy to check that �A���d
∗
n = d∗

n �A��� and
similarly �B���d

∗
n = d∗

n �B���. Consequently, � induces an isomorphism from
Hn�G�A+B� onto Hn�G�A�+Hn�G�B�.
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7.3 Restriction and transfer

Let M be a ZG-module and let H be a subgroup of G. Then M can also
be regarded as a ZH-module by restricting the module action to H , so
we can define Hn�H�M�. It is natural to ask if there is any connection
between Hn�H�M� and Hn�G�M�. The answer lies in two homomorphisms,
the restriction map and the transfer, which connect the two.

Before we define these maps we need to note several facts. The first is that
if X is a free ZG-module then it is also a free ZH-module. So if we consider a
free resolution � of the trivial ZG-module Z, the free ZG-modules Xi in the
resolution are free ZH-modules. Further, the ZG-module homomorphisms
di in the resolution are also trivially ZH-module homomorphisms. Thus �
is also a free resolution of the trivial ZH-module Z. Consequently, we can
study simultaneously, cohomology groups of G and H using a single free
resolution � of the trivial ZG-module Z. Let us assume that � is a fixed
free resolution for the trivial ZG-module Z.

We define the restriction map �∗ 
 Hn�G�M� → Hn�H�M� as follows.
Let f ∈ Hom

ZG�Xn�M�. Then f is also a ZH-module homomorphism from
the ZH-module Xn to the ZH-module M . We define �f to be the ele-
ment f viewed as a member of Hom

ZH�Xn�M�, and so we have a map � 


Hom
ZG�Xn�M�→ Hom

ZH�Xn�M�. The map � is a homomorphism which sat-
isfies �d∗

n =d∗
n �. So � induces a homomorphism �∗ 
 Hn�G�M�→Hn�H�M�;

this map is the restriction map from Hn�G�M� to Hn�H�M�.
We define the transfer map "∗ 
 Hn�H�M� → Hn�G�M� (also known as

induction, or corestriction) as follows. Let H be a subgroup of G such that
�G 
 H� = k. Let M be a ZG-module and let 
t1� � � � � tk� be a right transversal
for H in G. Define " 
 Hom

ZH�Xn�M�→ Hom
ZG�Xn�M� as follows. For any

f ∈ Hom
ZH�Xn�M� and x ∈ Xn, let

�" f��x� =
k∑

i=1

ti
−1 ·f�ti ·x��

It can be shown that " is independent of the choice of transversal and is a
homomorphism satisfying " d∗

n = d∗
n ". So " induces a homomorphism "∗ 


Hn�H�M� → Hn�G�M�; this is the transfer map fromHn�H�M� toHn�G�M�.
With the definitions and notations established above, the following theorem

of Gaschütz and Eckmann holds:

Theorem 7.13 Let H be a subgroup of finite index k in a group G. Then, for
any element f̂ of Hn�G�M�, we have

"∗��∗f̂ � = kf̂ �
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Proof: Let f̂ = f + imd∗
n for some f ∈ kerd∗

n+1. Then "∗��∗f̂ � = "��f�+
imd∗

n.
Now for any x ∈ Xn,

"��f��x� =
k∑

i=1

ti
−1 ·�f�ti ·x�

=
k∑

i=1

ti
−1 ·f�ti ·x�

=
k∑

i=1

ti
−1 · �ti ·f�x�� since f ∈ Hom

ZG�Xn�M�

=
k∑

i=1

f�x�

= kf�x� �

Consequently "∗��∗f̂ � = kf̂ .

Keeping to the notation of Theorem 7.13 we have the following corollaries.

Corollary 7.14 Every element f̂ of Hn�G�M� that is contained in ker �∗

satisfies kf̂ = 0.

Corollary 7.15 If G has finite order then every element f̂ of Hn�G�M� has
finite order dividing �G�.
Proof: Let H be the identity subgroup of G. Now

· · · → 0 → 0 → 0 → Z → Z → 0

is a free resolution 
Xi� of the trivial ZH-module. So Hom
ZH�Xn�M� =

Hom
ZH�0�M� = 
0�, and hence Hn�H�M� = 
0�, for any positive integer n.

Therefore by Theorem 7.13 we get that �G�f̂ = 0 for all f̂ ∈ Hn�G�M�.

Corollary 7.16 Let G be a finite group and let P be a Sylow p-subgroup of G
for some prime p. Then Hn�G�M��p�, the p-primary component of Hn�G�M�,
is isomorphic to a subgroup of Hn�P�M�.

Proof: Since P is a Sylow p-subgroup of G, we have that gcd��G 
 P�� p�= 1.
Further, by Corollary 7.14, for all f̂ in ker �∗, we have ��G 
 P��f̂ = 0. So
ker �∗ has no p-elements other than the identity. Consequently, �∗ restricted to
Hn�G�M��p� is an injective homomorphism from Hn�G�M��p� to Hn�P�M�.
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The following corollary is due to Schur.

Corollary 7.17 Let G be a group and let M be a finite ZG-module. Suppose
that gcd��G�� �M�� = 1. Let E be an extension of M by G realising the action of
G on M . Then E is equivalent to a semidirect product of M by G (and so M has
a complement inE). Moreover, all the complements toM inE are conjugate.

Proof: Corollary 7.15 implies that every element of Hn�G�M� has order
dividing �G�. But every element of Hn�G�M� has order dividing �M� (since
Hn�G�M� is a quotient of a group Zn�G�M� of functions to M under point-
wise addition). This implies that every element of Hn�G�M� has order divid-
ing gcd��G�� �M��. Since gcd��G�� �M�� = 1 we find that Hn�G�M� = 0. In
particular, since H2�G�M� = 
0�, Theorem 7.5 implies that every extension
E of M by G is equivalent to the semidirect product of M by G. Since
H1�G�M� = 
0�, Theorem 7.8 implies that all the complements to M in E

are conjugate. So the corollary follows.

We remark that the conditions of Corollary 7.17 may be weakened to the case
when E is an extension of a group M by a group G with gcd��G�� �M�� = 1
and where one of G and M is soluble. Indeed, the proof of Corollary 7.17 is
the main part of the proof of this more general result. By the Feit–Thompson
Theorem [33], we can then drop the assumption that one of G and M is soluble.

7.4 The McIver and Neumann bound

In this section we shall discuss a bound (Theorem 7.18) proved by McIver and
Neumann [67] on the number of isomorphism classes of finite A-groups. We
shall, however, restrict ourselves to presenting the proof of the enumeration
for soluble A-groups. Let fA� sol�n� denote the number of soluble A-groups
of order n up to isomorphism. Recall that, for any positive integer n, the
integer 	= 	�n� is defined to be the number of prime divisors of n including
multiplicities.

Theorem 7.18 We have that fA� sol�n� � n	+1.

Proof: Let G be a soluble A-group of order n and let n = ∏k
i=1 pi

�i be the
prime factorisation of n. Let M be a minimal normal subgroup. Note that
since G is soluble, M is elementary abelian. Define q = �M�, where q = p�

and p = pi for some i ∈ 
1� � � � � k�. Let H = G/M . Since M is a minimal
normal subgroup of G, we find that it is an irreducible FpH-module.
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Thus G is determined by a quadruple �q�H�M�E� where q is a p-power
divisor of n for some prime p, H is a soluble A-group of order n/q, M is an
irreducible FpH-module of order q and E is a cohomology class corresponding
to an extension of M by H whose Sylow p-subgroups are abelian.

Given q, the number of possibilities for H is fA�sol�n/q� and as inductive
hypothesis we assume that

fA�sol�n/q� �
(
n

q

)	�n/q�+1

=
(
n

q

)	−�+1

�

Up to isomorphism, there are at most �H� irreducible FpH-modules. This
is because of the following. Since an irreducible module is cyclic, it is a
homomorphic image of FpH (as a module). By the Jordan–Hölder theorem,
the number of simple composition factors of FpH is, up to isomorphism, at
most dim FpH , which is �H�. Thus once we have made our choice of H there
are at most n/q choices for M .

Let H2�H�M� denote the second cohomology group which counts the
equivalence classes of extensions of M by H and let H2

A�H�M� denote
the subset of H2�H�M� corresponding to those extensions which are A-
groups. Let Q be a Sylow p-subgroup of H . If Q does not centralise M then
H2

A�H�M� = ∅. So assume that Q centralises M . Keeping to the notation es-
tablished in Section 7.1, it is not difficult to see that an element f +B2�H�M�

of H2�H�M� belongs to H2
A�H�M� if and only if f�g�h�= f�h� g� for all h�g

that are elements of any Sylow p-subgroup of H . In other words, an extension
E of M by H is an A-group if and only if a factor set f determined by E

satisfies the condition given above. The condition also clearly ensures that
H2

A�H�M� � H2�H�M�.
Consider the standard bar resolution for the trivial ZH-module Z. Since

Hom
ZH�Bn�M� is a group of functions into an abelian group of exponent p,

we find that Hom
ZH�Bn�M� is abelian of exponent p. Since a function in

Hom
ZH�Bn�M� is determined by its values on a (finite) free generating set of

Bn, we find that Hom
ZH�Bn�M� is a finite p-group, and so H2�H�M� is a finite

p-group. By Corollary 7.16, the restriction map induces an injection from
H2�H�M� to H2�Q�M�. Moreover, this map takes an element of H2

A�H�M�

to an element of H2
A�Q�M�, and so �H2

A�H�M�� � �H2
A�Q�M��. But H2

A�Q�M�

is simply the group Ext�Q�M�.
Let i be such that p= pi, and define �= �i. Then �Ext�Q�M�� � q�−�. We

can indicate why this is true as follows. Let d be the number of generators
of Q. We may present Q as

Q = 〈
x1� � � � � xd � xm1

1 = x
m2
2 = � � � = x

md

d = 1
〉
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in the category of abelian groups. An abelian extension P of M by Q can be
presented in the form

P = 〈
y1� � � � � yd�M � ym1

1 = z1� � � � � y
md

d = zd
〉

where z1� � � � � zd ∈ M . Clearly there are at most �M� possibilities for each of
the zi, and so we get that �Ext�Q�M�� � �M�d � q�−� � q	−�.

Now if we put these estimates together, we see that the number of quadru-
ples �q�H�M�E� as specified above is at most∑

q

fA�sol�n/q�

(
n

q

)
q	−�

where q runs over the prime-power divisors of n. So

fA� sol�n� �
∑
q

(
n

q

)	−�+1 (
n

q

)
q	−� < n	+1

∑
q

1
q2

<

(
�2

6
−1

)
n	+1 (7.8)

� n	+1�

and the theorem follows.

Note 7.19 In fact, fA�n�� n	+1. This can be shown by estimating the number
of A-groups which have no non-trivial abelian normal subgroups. It was
shown in [67] that the number of such A-groups of order n (up to isomorphism)
is less than 1

4n
	+1. Combining this bound with (7.8) we get the required result.

Later we shall see that in fact there are bounds of the form fA�n� � na�+b,
where � = ��n�. See Corollary 16.22.

Note 7.20 By counting groups that are extensions of an elementary abelian
p-group by an elementary abelian q-group for certain fixed primes p and q,
we will show in Theorem 18.4 that there exists c > 0 such that

fA� sol�n� > nc�

for infinitely many n, with arbitrarily large �. The discussion at the end of
Section 18.1 shows that we may take c to be very close to 3−2

√
2.



8
Some representation theory

In Chapters 9 and 13 we will develop some of the structure theory of soluble
subgroups of the general linear group. The aim of this chapter is to review
the representation theory that we need for this task.

We assume that the reader is familiar with some of the basics of representa-
tion theory. In particular, we assume that the reader knows about such objects
as algebras and modules, has understood the notions of indecomposable,
irreducible and completely reducible modules and the connection between
representations of a group and modules of the corresponding group algebra.
All this material may be found in Chapter II of Curtis and Reiner [20]; see
also Collins [18] or James and Liebeck [53]. We also assume that the reader
has met the theory of semisimple algebras and some of the theory of induced
modules. The first two sections of this chapter are intended as reminders of
the structure theory of semisimple algebras and of Clifford’s theorem respec-
tively. We omit the proofs of many standard results in these two sections. For
a full treatment, see Chapters IV and VII of Curtis and Reiner [20]. The final
two sections contain proofs of two more advanced results that we require,
namely the Skolem–Noether theorem and Wedderburn’s theorem that a finite
skew field is a field. For the most part, these sections follow the approach
given in Cohn [17, Section 7.1].

8.1 Semisimple algebras

Let F be a field, and let R be a finite-dimensional F -algebra. From now on,
we will assume that all vector spaces are finite-dimensional and refer to a
finite-dimensional F -algebra simply as an F -algebra. We say that an ideal I
of R is nilpotent if Ik = 
0� for some positive integer k. In other words, I is
nilpotent if there exists a positive integer k such that

78
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r1r2 · · · rk = 0 for all r1� r2� � � � � rk ∈ I�

We define the radical radR of R to be the sum of all nilpotent left ideals of
R. The radical is, in fact, a nilpotent two-sided ideal of R and R/�radR� has
zero radical (see [20, Theorem 24.4]).

An F -algebra R is called semisimple if radR = 
0�. By the statement at
the end of the previous paragraph, R/�radR� is always semisimple. An F -
algebra R is semisimple if and only if every R-module is completely reducible
(see [20, (25.8)]). We now state the main structure theorem for semisimple
algebras. Here, and in future, by an R-module we mean a left R-module.
Recall that a non-trivial F -algebra R is simple if it has no two-sided ideals
other than 
0� and R.

Theorem 8.1 Let R be a semisimple F -algebra. Then

(i) There are finitely many isomorphism classes of irreducible R-modules.
Let r be the number of such isomorphism classes and let M1�M2� � � � �Mr

be irreducible R-modules that are pairwise non-isomorphic.
(ii) For any i ∈ 
1�2� � � � � r�, define Si to be the sum of all minimal left ideals

of R that are isomorphic (as R-modules) to Mi. Then Si is a simple
F -algebra. Moreover, Si is a two-sided ideal in R and

R = S1 ⊕S2 ⊕· · ·⊕Sr� (8.1)

We call Si the simple component of R corresponding to Mi.
(iii) For all i� j ∈ 
1�2� � � � � r�,

SiMj =
{


0� if i �= j�

Mj if i = j�

Theorem 8.1 parts (i) and (ii) follow directly from Theorems 25.10 and 25.15
of Curtis and Reiner [20]. To show part (iii) of the theorem, observe that Mj

is isomorphic to a minimal left ideal L of R contained in Sj . But now (8.1)
implies that SiL = 
0� whenever i �= j and so SiMj = 
0� when i �= j. Since
Mj is an irreducible R-module, RMj �= 
0� and so SjMj �= 
0�. But SjMj

is an R-submodule of Mj since Sj is a left ideal of R. Hence, since Mj is
irreducible, SjMj = Mj .

This structure theorem allows us to prove the following proposition, which
is part of Exercise 26.2 in Curtis and Reiner [20].

Proposition 8.2 Let R be an F -algebra. If there exists a faithful irreducible
R-module M , then R is simple.
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Proof: Suppose M is a faithful irreducible R-module. Since radR is a left
ideal of R, we find that �radR�M is a submodule of M . Since M is irreducible,
�radR�M = 
0� or �radR�M =M . But the second case cannot occur, since by
the nilpotency of radR we would then have that

M = �radR�M = �radR�2M = · · · = 
0�M = 0�

Thus �radR�M = 
0�. This implies, since M is faithful, that radR = 
0� and
so R is semisimple.

Define the integer r, the irreducible R-modules Mi and the simple compo-
nents Si of R as in Theorem 8.1. Suppose, for a contradiction, that r > 1. Now,
Theorem 8.1 (i) implies that M is isomorphic to Mj for some j ∈ 
1�2� � � � � r�.
Let i ∈ 
1�2� � � � � r�\ 
j�. Then, by Theorem 8.1 (iii), SiM = 
0�. Since M is
faithful, this implies that Si = 
0�, which is a contradiction. Hence r = 1 and
R is simple, as required.

Theorem 8.1 reduces the structure theory of semi-simple F -algebras to
the case when S is a simple F -algebra. The following theorem of Wed-
derburn examines this case. Recall that a skew field is an object satis-
fying the axioms of a field except that multiplication is not necessarily
commutative.

Theorem 8.3 Let S be a simple F -algebra. Then there exists a unique positive
integer k such that S is isomorphic to the ring �k�T� of k×k matrices over
a skew field T . The isomorphism class of T is uniquely determined by S.

This theorem appears as Theorem 26.4 in Curtis and Reiner [20].
Let S be a simple F -algebra; so S � �k�T� for some skew field T and

positive integer k. Let Ik ∈ �k�T� be the k×k identity matrix. It is easy to
prove that the centre of �k�T� is isomorphic to the centre of T , where an
element d in the centre of T corresponds to the scalar matrix dIk ∈ �k�T�.
Since F lies in the centre of S, we find that F is isomorphic to a subfield of
the centre of T .

8.2 Clifford’s theorem

This section aims to give a brief reminder of Clifford’s theorem, a theorem
which describes the FN -module structure of an irreducible FG-module, where
N is a normal subgroup of a finite group G.
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Theorem 8.4 (Clifford’s theorem) Let N be a normal subgroup of a finite
group G and let V be an irreducible FG-module for some field F . Then

V = Y1 ⊕· · ·⊕Yk

as an FN -module, where the subspaces Yi are permuted transitively under
the action of G; there exist a multiplicity m and non-isomorphic irreducible
FN -modules X1� � � � �Xk such that

Yi � mXi

(where mXi = Xi ⊕· · ·⊕Xi (m copies)).

Clifford’s theorem is proved in Section 49 of Curtis and Reiner [20]. We
provide a sketch proof of the theorem.

Sketch proof: Choose a minimal FN -submodule X of V . Then gX is an
FN -submodule of V for any g in G by normality of N . (Note that h�gX� =
g�g−1hg�X for h in N .) Now

∑
g∈G gX is a G-invariant submodule of V . So

by the irreducibility of V we have that

V = ∑
g∈G

gX �

Since gX is an irreducible FN -submodule, V may be expressed as a direct sum
of some of the gX. Let X1� � � � �Xk be the non-isomorphic modules occurring
among the gX and for each i let Yi be the homogeneous FN -submodule of V
which is the sum of the gX that are isomorphic to Xi. Then

V = Y1 ⊕· · ·⊕Yk �

It is not difficult to see that the subspaces Y1� � � � � Yk are permuted transitively
under the action of G. Therefore the Yi have the same dimension and so we
get a multiplicity m such that Yi � mXi for i = 1� � � � � k.

8.3 The Skolem–Noether theorem

This section aims to prove some results concerning simple F -algebras that
we will need in the chapters to come. In particular, we aim to prove the
Skolem–Noether theorem which asserts that isomorphic simple F -subalgebras
of certain F -algebras are conjugate. We also prove a theorem to the effect
that every automorphism of a simple F -algebra that fixes its centre is inner.
The proofs in this section make use of the notion of a tensor product R⊗S

of F -algebras R and S. We begin with a brief reminder of this notion.
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Informally, the elements of R⊗S are F -linear combinations of elements
of the form r ⊗ s where r ∈ R and s ∈ S with the rules that

r ⊗ �s1 + s2� = r ⊗ s1 + r ⊗ s2 for all r ∈ R and all s1� s2 ∈ S

�r1 + r2�⊗ s = r1 ⊗ s+ r2 ⊗ s for all r1� r2 ∈ R and all s ∈ S and

��r�⊗ s = r ⊗ ��s� = ��r ⊗ s� for all r ∈ R� s ∈ S and � ∈ F�

Multiplication in R⊗S is the bilinear operation such that

�r1 ⊗ s1��r2 ⊗ s2� = �r1r2 ⊗ s1s2�

for all r1� r2 ∈ R and s1� s2 ∈ S. For a proof that this multiplication is well-
defined, see Curtis and Reiner [20] Section 12, especially page 72. We now
summarise some of the basic properties of the tensor product of F -algebras
that we will use in this section.

If x1� x2� � � � � xk and y1� y2� � � � � y� are F -bases of R and S respectively, then
an F -basis of R⊗S is given by xi ⊗yj where 1 � i � k and 1 � j � �. Thus
dimF R⊗ S = �dimF R��dimF S�. Using the basis xi ⊗ yj , it is easy to show
that any element z ∈ R⊗S may be written uniquely in the form

z =
k∑

i=1

xi ⊗ si

for some s1� s2� � � � � sk ∈ S.
The F -subalgebras R⊗ 1 and 1 ⊗ S of R⊗ S are isomorphic to R and S

respectively; these subalgebras together generate R⊗S as an F -algebra. Let
M be both an R-module and an S-module, and suppose the actions commute,
so

r�sm� = s�rm� for all r ∈ R� s ∈ S and m ∈ M�

Then M is naturally an R⊗S-module by defining

�r ⊗ s�m = r�sm�

for all r ∈R, s ∈ S and m ∈M . One important special case of this construction
is as follows. We have that R is naturally a (left) R-module. Moreover, R
is also a right R-module, and hence a left Ro-module. (Recall that Ro, the
opposite algebra of R, has the same underlying set and addition as R but
with multiplication ∗ defined by r1 ∗ r2 = r2r1 for all r1� r2 ∈ R.) The actions
of R and Ro on R commute since multiplication is associative, so R is an
R⊗Ro-module. The algebra R⊗Ro is known as the enveloping algebra Re

of R. Our first proposition characterises R⊗Ro and its action on R, in the
case when R is a simple F -algebra with centre F .
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Proposition 8.5 Let R be a simple F -algebra, and suppose the centre of R
is F . Let k = dimF R. Then the homomorphism from the enveloping algebra
Re to EndF �R� induced by the natural action of Re on R is an isomorphism.
In particular, Re � �k�F�.

Proof: It is enough to show that the homomorphism from Re to EndF �R� is
surjective, for the fact that dimF R

e = dimF �k�F�= k2 then implies we have
an isomorphism.

Let x1� x2� � � � � xk be an F -basis for R. Let �∈ 
1�2� � � � � k� and let y1� y2� � � � �

y� ∈ R. We claim that there exists � ∈ Re mapping xi to yi for all i ∈

1�2� � � � � ��. The case � = k of our claim implies that the homomorphism
from Re to EndF �R� is onto, as required.

Consider the case when �= 1. Now, Rx1R is a non-zero two-sided ideal of
R, and so Rx1R=R as R is simple. So y1 ∈R=Rx1R thus y1 = ∑n

j=1 rjx1r
′
j =∑n

j=1�rj ⊗ r ′
j�x1, and so we may take � = ∑n

j=1�rj ⊗ r ′
j� in this case. So our

claim holds when � = 1.
Suppose that � > 1 and our claim holds for all smaller values of �. So there

exist �1��2� � � � ���−1 ∈ Re such that for all i� j ∈ 
1�2� � � � � �−1�

�ixj =
{

1 if i = j�

0 otherwise.

Define z1� z2� � � � � z�−1 ∈ R by zi = �ix�.
We now show that there exists � ∈Re such that �x1 =�x2 = · · · =�x�−1 =

0 and such that �x� �= 0. We consider two cases. Firstly, suppose that zu �∈F for
some u ∈ 
1�2� � � � � �−1�. Then (since F is the centre of R) there exists r ∈R

that does not commute with zu and we may take � = �r ⊗1��u − �1⊗ r��u.
Secondly, suppose that zi ∈ F for all i ∈ 
1�2� � � � � �−1�. Then we may define
� = ∑�−1

i=1 �xi ⊗1��i − �1⊗1�. Here x� is mapped to a non-zero element by �

because the xi are linearly independent over F .
Let �′ ∈ Re map �x� to 1. Such an element exists, by the argument used

for the case when � = 1. Let �� = �′� and define �1��2� � � � ���−1 by �i =
�i − �zi ⊗1���. It is easy to check that for all i� j ∈ 
1�2� � � � � ��,

�ixj =
{

1 if i = j�

0 if i �= j�

But then setting�=∑�
i=1�yi⊗1��i we find that�xi = yi for all i∈ 
1�2� � � � � ��,

as required. Our claim, and hence the proposition, now follows by induction on�.

Proposition 8.6 Let R and S be simple F -algebras. Suppose that the centre
of R is F . Then R⊗S is a simple F -algebra.
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Proof: Let I be a two-sided ideal in R⊗S, and suppose that there exists z ∈ I

that is non-zero. We must show that I =R⊗S. Let x1� x2� � � � � xk be a basis for
R. We may write z= ∑k

i=1 xi ⊗ si for some elements si ∈ S. Since z �= 0, there
exists u ∈ 
1�2� � � � � k� such that su �= 0. Let � be the linear transformation
of R mapping xu to 1 and mapping xi to 0 if i �= u. By Proposition 8.5, there
is an element of Re that induces this linear transformation. Hence there exist
r1� r

′
1� r2� r

′
2� � � � � rk� r

′
k ∈ R such that

k∑
i=1

rixjr
′
i =

{
1 if j = u�

0 if j �= u�
(8.2)

Let y ∈ R⊗S be defined by

y =
k∑

i=1

�ri ⊗1�z�r ′
i ⊗1��

Since I is a two-sided ideal, y ∈ I . But (8.2) implies that y = 1⊗ su and so y

is a non-zero element of �1 ⊗S�∩ I . So I ∩ �1 ⊗S� is a non-zero two-sided
ideal of 1⊗S. Since 1⊗S is isomorphic to the simple F -algebra S, 1⊗S ⊆ I .
But, since I is a left ideal,

R⊗S = �R⊗1��1⊗S� ⊆ �R⊗1�I = I�

Hence I = R⊗S and so R⊗S is simple, as required.

Theorem 8.7 Let R and S be simple F -algebras, and suppose that the centre
of R is F . Let �1� �2 
 S →R be F -algebra homomorphisms. Then there exists
a unit u ∈ R such that

�2�s� = u−1��1�s��u for all s ∈ S� (8.3)

We recall that the definition of an F -algebra homomorphism means that �i
must map 1 ∈ S to 1 ∈ R.

Proof: We may regard R as an R⊗So-module V1 by defining

�r ⊗ s�m = rm��1�s�� for all r�m ∈ R and all s ∈ S

and extending the action by linearity to the whole of R⊗So. Similarly, we
may regard R as an R⊗So-module V2 by defining

�r ⊗ s�m = rm��2�s�� for all r�m ∈ R and all s ∈ S�

We claim that V1 � V2 as R⊗So-modules. Now, So is a simple F -algebra
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since S is a simple F -algebra. By Proposition 8.6, R⊗ So is a simple F -
algebra. By Theorem 8.1, there is a unique irreducible R⊗ So-module V .
Since R⊗So is semisimple, every R⊗So-module is completely reducible. So

V1 � k1V and V2 � k2V

for some positive integers k1 and k2. But the F -dimensions of V1 and V2 are
equal, and so k1 = k2 and therefore V1 � V2. This proves our claim.

Let � 
 V1 → V2 be an R⊗So-module isomorphism from V1 to V2. So for
all r�m ∈ R and all s ∈ S,

��rm��1�s��� = r���m����2�s��� (8.4)

Define u=��1�. Then (8.4) with m= 1 and s = 1 implies that ��r�= ru for
all r ∈R. When r =�−1�1�, this equality shows that u is a unit. Setting r = 1
and m = 1 in (8.4) we find that

�1�s�u = u��2�s��

for all s ∈ S. Thus Equation (8.3) holds and the theorem is established.

We finish this section by proving two corollaries. Corollary 8.8 will be
used in the next section, and Corollary 8.9 will be used in Chapter 13.

Corollary 8.8 Let R be a simple F -algebra with centre F . Let S1 and S2 be
isomorphic simple F -subalgebras of R. Then there exists a unit u ∈ R such
that S2 = u−1S1u.

Proof: Let � 
 S1 → S2 be an isomorphism of F -algebras. The corollary
follows from Theorem 8.7, where we take �1 
 S1 → R to be the inclusion
mapping for S1, and �2 
 S1 →R to be the composition of � with the inclusion
mapping for S2.

Corollary 8.9 (Skolem–Noether) Let R be a simple F -algebra with centre F .
Let � be an F -algebra automorphism of R. Then � is an inner automorphism.

Proof: The corollary follows by applying Theorem 8.7 in the case when
S = R, the homomorphism �1 is the identity mapping and �2 = �.

8.4 Every finite skew field is a field

This section aims to prove Wedderburn’s theorem that a finite skew field is a
field. The theorem is proved at the end of Section 68 of Curtis and Reiner [20],
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using properties of cyclotomic polynomials. We give a different proof, based
on Corollary 8.8 above. We first prove a result that gives structural information
about skew fields that are not necessarily finite (but are finite-dimensional
over their centre).

Proposition 8.10 Let T be a skew field with centre F . Let K be a maximal
subfield of T . Then dimF T = �dimF K�

2.

Proof: Let k = dimF K. We must show that dimF T = k2.
Consider the algebra �k�T� of k×k matrices over T . Note that �k�T� is

a simple F -algebra with centre F . We begin by exhibiting two subalgebras S1

and S2 of �k�T� that are isomorphic to K, and computing their centralisers
in �k�T�.

Let Ik ∈�k�T� be the k×k identity matrix. Let S1 = 
aIk 
 a ∈K�. Then S1

is an F -subalgebra of �k�T� that is isomorphic to K. Since K is a maximal
subfield of T , we have that K is its own centraliser in T . Using this fact, it
is not difficult to check that the centraliser of S1 in �k�T� is �k�K�.

We may regard K as a k-dimensional vector space over F . We choose
an F -basis a1� a2� � � � � ak of K such that a1 = 1. Every element of K gives
rise to an F -linear transformation on K by associating a ∈ K with the map
x �→ ax. We may represent this map by a k×k matrix ��a� with respect to
the basis a1� a2� � � � � ak. If we write ei for the ith standard basis vector, we
have that ��ai�e1 = ei. The map � 
 K → �k�F� ⊆ �k�T� is an injective
homomorphism of F -algebras. Define S2 =��K�. Then S2 is an F -subalgebra
of �k�T� that is isomorphic to K.

We claim that the centraliser of S2 in �k�T� is the set �S2�T of all T -linear
combinations of elements in S2. Note that any two matrices in S2 commute.
Since all the elements of S2 are matrices over F , and F is contained in the
centre of T , it is clear that �S2�T is contained in the centraliser.

Let c be an element of the centraliser of S2 in �k�T�. We must show that
c ∈ �S2�T . We remarked above that, writing ei for the ith standard basis vector,
��ai�∈ S2 maps e1 to ei. So for any vector v= �t1� t2� � � � � tk�

tr ∈Tk there exists
an element of �S2�T that maps e1 to v, namely the matrix

∑k
i=1 ti��ai�. Hence

there exists d ∈ �S2�T such that ce1 = de1. But now, for all i ∈ 
1�2� � � � � k�,

cei = c��ai�e1 = ��ai�ce1 (since c centralises S2)

= ��ai�de1 = d��ai�e1 (since d centralises S2)

= dei�

and so c = d ∈ �S2�T . Thus the centraliser of S2 in �k�T� is �S2�T , and so
our claim follows.
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Since S1 � K � S2, and since both S1 and S2 are simple F -subalgebras of
�k�T�, Corollary 8.8 implies that S1 and S2 are conjugate, and hence their
centralisers are conjugate. In particular, the centralisers of S1 and S2 have the
same F -dimension. Now, dimF �k�K� = k2 dimF K = k3 and dimF �S2�T =
kdimF T (since ��a1����a2�� � � � ���ak� form a T -basis for �S2�T ). Hence
k3 = kdimF T , and so dimF T = k2, as required.

Theorem 8.11 (Wedderburn) Let T be a finite skew field. Then T is a field.

Proof: Suppose, for a contradiction, that T is not a field. Let F be the centre
of T . Then F is a finite field of order q, where q is a power of some prime.
By Proposition 8.10 the F -dimension dimF T of T is a square: k2 say, where
k > 1. Moreover, every maximal subfield of T has F -dimension k. Hence any
maximal subfield of T is isomorphic to Fqk and so Corollary 8.8 implies that
the maximal subfields of T are all conjugate. Let K be a maximal subfield of
T . The number of conjugates of K is at most the index �qk

2 −1�/�qk −1� of
the centraliser of K \ 
0� in the multiplicative group T \ 
0� of T . But then,
considering the union of the maximal subfields L of T , we find that

�⋃L L� = q+�⋃L L\F � � q+ �qk −q��qk
2 −1�/�qk −1� < qk

2
�

since k > 1. So there exists an element x ∈ T that is not contained in a
subfield of T . But x is contained in the subfield F�x� of T . This contradiction
establishes the theorem.
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Primitive soluble linear groups

This chapter proves some basic facts about soluble subgroups of a gen-
eral linear group over a finite field. Our approach parallels that of D. A.
Suprunenko [88]. Throughout this chapter Fq is a finite field with q elements.
We take G to be a finite soluble group and V to be a primitive FqG-module
which is faithful as a G-module.

In fact, all the results of this chapter are valid for any field if the final asser-
tion of Proposition 9.1 is dropped and if the word ‘cyclic’ in Proposition 9.4
is replaced by ‘abelian’.

We fix the following notation:

• V – an FqG-module on which G acts faithfully and primitively. We identify
G with a subset of End

Fq
V , the algebra of all Fq-linear transformations on V ;

• d – the dimension of V over Fq;
• A – a subgroup of G that is maximal subject to being abelian and normal

in G;
• K – the Fq-subalgebra �A�

Fq
of End

Fq
V generated by A;

• X – an irreducible FqA-submodule of V (which is unique up to isomor-
phism, by Clifford’s theorem);

• d1 – the Fq-dimension of X;
• d2 – the multiplicity of X in the FqA-module V (by Clifford’s theorem we

have that V � d2X, and so d2 = d/d1);
• C – the centraliser CG�A� of A in G;
• B – a subgroup of C that is maximal with respect to B/A being an abelian

normal subgroup of G/A.

9.1 Some basic structure theory

Proposition 9.1 The algebra K is isomorphic (as an Fq-algebra) to the field
Fqd1 . The subgroup A is cyclic.

88
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Proof: The FqA-module X is naturally a K-module. Indeed, X is an irre-
ducible K-module, since A⊆K. Since V is faithful as a K-module, and since
V � d2X, we find that X is faithful as a K-module. So K is an Fq-algebra with
a faithful irreducible representation, which means that K is simple by Propo-
sition 8.2. Theorem 8.3 now implies that K is isomorphic as an Fq-algebra to
�k�T� for some integer k and some skew field T . Since A is abelian, K is
commutative. Thus T must be a field, and k = 1. But then K � T and so K

is a field.
Now, X is an irreducible K-module, and so is a vector space over K of

dimension 1. Hence dim
Fq
K = dim

Fq
X = d1 and K has order qd1 . Finally, A

is a multiplicative subgroup of the group of units of a finite field, and so A

is cyclic.

Proposition 9.2 The subgroup C of G may be realised as a subgroup of
GL�d2�K�, by regarding V as a K-module. From this perspective, the field
K is identified with the set of scalar transformations on V .

Proof: We observed above that V is a K-module – a vector space over K.
Since dim

Fq
V = d we have that dimK V = �dim

Fq
V�/�dim

Fq
K� = d2.

We remarked in the proof of Proposition 9.1 that V � d2X as an A-module,
where X is irreducible. So A, and therefore K, acts in the same way on each
factor X in this decomposition. Hence K acts as the set of scalar transforma-
tions when V is regarded as a K-module.

Since C centralises A, and A is a spanning set for K, we have that C

centralises K. Hence for all g ∈ C and z ∈ K,

g�zu� = z�gu� for all u ∈ V�

Moreover, g�u+v� = gu+gv for all u� v ∈ V since C acts Fq-linearly on V .
Thus C may be regarded as a group of K-linear transformations of V , and so
C is isomorphic to a subgroup of GL�d2� q

d1�.

Proposition 9.3 The quotient G/C is isomorphic to a subgroup of the Galois
group Gal�K 
 Fq�.

Proof: We define a homomorphism � 
 G→ Gal�K 
 Fq� by mapping g ∈G

to the automorphism ��g� such that x �→ gxg−1 for all x ∈ K. We see that
this map is well-defined as follows. Firstly, since K is spanned by A and
A is normal in G, conjugation by G permutes the elements of K and so
��g� 
 K → K for all g ∈ G. Secondly, conjugation respects addition and
multiplication, and so ��g� is a field automorphism for all g ∈G. Finally, Fq ⊆
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K is represented by the scalar transformations in End
Fq
V , and G centralises

the scalar transformations associated with Fq, so the elements of Fq are fixed
by ��g�. Thus ��g� ∈ Gal�K 
 Fq� for all g ∈ G.

Since K is spanned by A, the automorphism ��g� is the identity if and only
if g ∈ CG�A� = C. Hence ker� = C and the proposition follows.

9.2 The subgroup B

Recall that the subgroup B is defined to be a subgroup of C that is maximal
subject to B/A being abelian and normal in G/A. The aim of this section is
to provide some structural information about B.

Proposition 9.4 The subgroup B is nilpotent of class at most 2, and
Z�B� = A. Let p be a prime dividing �B� and let P be the Sylow p-subgroup
of B. Then either P is cyclic or P/Z�P� has exponent p and �P ′� = p.

We comment that if the word ‘cyclic’ is replaced by the word ‘abelian’ in
the statement of Proposition 9.4, the resulting statement is true over any field.

Proof: Since B�C, the subgroup A is centralised by B and so A�Z�B�. But
Z�B�, being a characteristic subgroup of a normal subgroup of G, is normal
in G. Since Z�B� is abelian, we must have Z�B�=A by the maximality of A.

The quotient B/A is abelian by our choice of B, and so B′ ⊆ A = Z�B�.
Hence B is nilpotent of class at most 2.

Let p be a prime dividing �B� and let P be the Sylow p-subgroup of B (we
know that P is unique since B is nilpotent). Note that P is a characteristic
subgroup of the normal subgroup B, and so P is normal in G. Moreover,
Z�P�= P∩A. If P is abelian, then P = Z�P��A and so P is cyclic. Suppose
that P is not abelian; so P is nilpotent of class 2. We claim that the exponent
of P ′ divides the exponent of P/Z�P�. Let the exponent of P/Z�P� be p�.
Since P is nilpotent of class 2, Equation (3.8) in Lemma 3.3 implies that

�xi� y� = �x� y�i = �x� yi�

for all integers i and all x� y ∈ P. In particular, for all x� y ∈ P,

�x� y�p
� = �xp

�

� y� = 1�

since xp
� ∈ Z�P�. Thus P ′ is an abelian group generated by elements of order

dividing p�, and our claim follows.
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Assume, for a contradiction, that � > 1. We claim that Pp�−1
, the subgroup

generated by the set 
xp
�−1


 x ∈ P�, is abelian. For let xp
�−1
� yp

�−1 ∈ Pp�−1
where

x� y ∈ P. Then

�xp
�−1
� yp

�−1
� = �x� yp

�−1
�p

�−1 = �x� y�p
2�−2 = 1�

since P ′ has exponent dividing p� and 2�− 2 � �. Thus Pp�−1
is abelian, as

required.
Now, Pp�−1

is a characteristic subgroup of the normal subgroup P, and
so Pp�−1

is normal in G. Thus Pp�−1
A is normal in G, and is abelian since

Pp�−1 � B � C. By the maximality of A, we have that Pp�−1 � A. Hence
Pp�−1 � Z�P�. So the exponent of P/Z�P� divides p�−1. This contradiction
shows that P/Z�P� has exponent p.

Since P has nilpotency class 2, we have that P ′ is non-trivial and P ′ �
Z�P� � A, and so P ′ is cyclic. Moreover, P ′ has exponent p since we have
shown that the exponent of P ′ divides the exponent of P/Z�P�. Since P ′ is
non-trivial, �P ′� = p as required.

Proposition 9.5 Let M = �B�K , the subset of End
Fq
�V� consisting of all

K-linear combinations of B. Then �B/A� = dimK M . In particular, we have
that �B/A� � d2

2.

Proof: Let k = �B/A� and let x1� x2� � � � � xk be a transversal of A in B. We
claim that this set forms a K-basis for M . Clearly B ⊆ �x1� x2� � � � � xk�K , as
every element of B may be written in the form zxi for some z ∈ A ⊆ K

and some i ∈ 
1�2� � � � � k�. Hence x1� x2� � � � � xk form a K-spanning set for
M . To prove our claim, it suffices to show that x1� x2� � � � � xk are linearly
independent.

Suppose, for a contradiction, that there exist z1� z2� � � � � zk ∈ K such that

z1x1 + z2x2 +· · ·+ zkxk = 0� (9.1)

where not all of the zi are 0. Moreover, suppose that the number of non-zero
coefficients zi is as small as possible.

Note that we cannot have zixi = 0 where zi �= 0, as both zi and xi are
invertible linear transformations. Hence at least two of the zi are non-zero:
let u� v ∈ 
1�2� � � � � k� be such that zu �= 0, zv �= 0 and u �= v.

Let y ∈ B be such that �xu� y� �= �xv� y�. We may choose such an element
y, for if no such y exists then (since B has nilpotency class at most 2)

�xux
−1
v � y� = �xu� y��xv� y�

−1 = 1
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for all y ∈ B. But this would imply that xux
−1
v lies in Z�B� = A. This cannot

happen since x1� x2� � � � � xk form a transversal for A in B.
Since B/A is abelian, there exist r1� r2� � � � � rk ∈ A ⊆ K such that

y−1xiy = xiri

for all i ∈ 
1�2� � � � � k�. Since �xi� y�= ri, our choice of y implies that ru �= rv.
But now, using (9.1) we find that

0 = ru�z1x1 + z2x2 +· · ·+ zkxk�−y−1�z1x1 + z2x2 +· · ·+ zkxk�y

= �ru − r1�z1x1 + �ru − r2�z2x2 +· · ·+ �ru − rk�zkxk�

Since zv �= 0 and ru �= rv, the coefficient �ru − rv�zv of xv in this sum is non-
zero. However, the coefficient �ru − ru�zu of xu is zero and so the number
of non-zero coefficients has strictly decreased when compared to (9.1). This
contradicts our choice of the coefficients zi, and so x1� x2� � � � � xk form a
K-basis for M . Hence �B/A� = k = dimK M , as required.

To prove the final statement of the proposition, note that Proposition 9.2
implies that B ⊆ C ⊆ GL�d2�K�. This implies that M is a K-subspace of the
set of all d2 ×d2 matrices over K and so dimK M � d2

2.

Proposition 9.6 Let � ∈ Aut �B�, and suppose that � fixes A pointwise and
induces the identity automorphism on B/A. Then � is inner.

Proof: By Proposition 9.4, B is a direct product of its (characteristic) Sylow
p-subgroups. Hence it is sufficient to consider a prime p dividing �B� and the
Sylow p-subgroup P of B, and to prove that an automorphism �1 ∈ Aut �P�
that fixes Z�P� pointwise and induces the identity automorphism on P/Z�P�

is inner.
Let �1 ∈ Aut �P� be one such automorphism. If P = Z�P� the result

is trivial, and so we may suppose that P is non-abelian. Let the inte-
ger r be defined by �P/Z�P�� = pr and let y1� y2� � � � � yr ∈ P be such that
y1Z�P�� y2Z�P�� � � � � yrZ�P� generate P/Z�P�. Since �1 fixes the elements
of Z�P�, the automorphism �1 is determined by the images �1�yi� where
i ∈ 
1�2� � � � � r�. Since �1 induces the identity automorphism on P/Z�P�,
there exist z1� z2� � � � � zr ∈ Z�P� such that

�1�yi� = yizi

for all i ∈ 
1�2� � � � � r�. Proposition 9.4 implies that P/Z�P� has exponent p,
and so �1 fixes the elements ypi . Thus

y
p
i = �1�y

p
i � = ��1�yi��

p = �yizi�
p = y

p
i z

p
i �
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and hence z
p
i = 1. Since Z�P� is cyclic, there are at most p choices for each

element zi. Thus the number of automorphisms �1 that fix Z�P� pointwise
and induce the identity automorphism on P/Z�P� is at most pr . But there are
�P/Z�P�� = pr inner automorphisms (and they all have the right form). So �1

is always inner. This establishes the proposition.

Proposition 9.7 The quotient C/B acts faithfully by conjugation on B/A.

Proof: Let � 
 C → Aut �B/A� be the map that takes g ∈ C to the auto-
morphism of B/A induced by conjugation by g. To prove the proposition, it
suffices to show that ker� = B. We will first show that ker� = BD, where
D is the centraliser of B in C.

Clearly BD ⊆ ker�. We prove the reverse inclusion as follows. Let g ∈
ker�. The automorphism � of B arising from conjugation by g fixes A

pointwise since g ∈ C and induces the identity automorphism on B/A since
g ∈ ker�. By Proposition 9.6, the automorphism � is inner – let conjugating
by h ∈ B give rise to �. But now h−1g ∈ D, and so g ∈ BD, as required.

To show that ker� = B, it suffices to show that D � B. Suppose, for
a contradiction, that BD/B is non-trivial. Define Z � C as the subgroup
containing B such that Z/B is the last non-trivial term in the derived series
of BD/B. Note that D is normal in G, as it is the intersection of the normal
subgroups C and CG�B�. Hence Z is normal in G. Since Z/B is abelian,
Z′ � B. Moreover, since Z � BD and D centralises B, we have that Z′ �
B′D′ �AD′ �D. Thus Z′ �B∩D=Z�B�=A. Hence Z is a normal subgroup
of G contained in C, it strictly contains B and Z/A is abelian. This contradicts
the maximality of B. Hence ker� = B and so the proposition follows.

We comment that we are now able to deduce a significant amount of struc-
tural information about C/B. Proposition 9.4 shows that B/A � P1/Z�P1�×
P2/Z�P2�×· · ·×Pk/Z�Pk�, where Pi is a non-abelian Sylow pi-subgroup of
B for 1 � i � k. Now, Pi/Z�Pi� is of exponent pi and so may be regarded as
a vector space over Fpi

; moreover, P ′
i has order pi and so may be identified

with Fpi
. The process of forming commutators in Pi induces a non-degenerate

alternating form on Pi/Z�Pi�, and so the rank ri of Pi/Z�Pi� is even. Since
conjugation behaves well with respect to forming commutators and since C

centralises P ′
i , we find that C/B preserves the alternating form on Pi/Z�Pi�.

Hence Proposition 9.7 implies that C/B is isomorphic to a subgroup of
Sp�r1� p1�×Sp�r2� p2�×· · ·×Sp�rk� pk�.



10
The orders of groups

This chapter provides upper bounds on the order of a soluble subgroup of a
symmetric group and of a general linear group. The first theorem we prove
is due to John Dixon [23].

Theorem 10.1 If G � Sym�n� and G is soluble then

�G� � kn−1

where k = 3
√

24 = 2�88 � � �

Proof: We use induction on n. Take � = 
1� � � � � n� and let G � Sym���.
Suppose that G is not transitive. Then � = �1

�∪ �2 where �1 and �2 are
non-empty G-invariant subsets of �. Define G1 = G�1 and G2 = G�2 . Then
G is isomorphic to a subgroup of G1 ×G2. For i ∈ 
1�2�, we have that Gi is a
soluble subgroup of Sym��i� and ��i� < n. So, by the inductive hypothesis,

�G� � �G1�× �G2� � kn1−1kn2−1

where n1 = ��1� and n2 = ��2�. Hence �G� � kn−1 and the result follows in
this case.

Suppose that G is transitive but not primitive. (Recall the discussion in
Section 6.3 on imprimitive permutation groups.) In this case, there is a G-
invariant equivalence relation � on � which is non-trivial and non-universal.
Let � be a fixed element of �, let �1 be the congruence class of � containing
� and let �2 be the set of congruence classes of �. Let G2 = G�2 and take
N to be the kernel of the map from G to G2, so

N = 
g ∈ G 
 � ∼� g� for all � ∈ ���

Now ���1 ×�2, so if n1 = ��1�, n2 = ��2�, then n= n1n2. Let �1��2� � � � �

�n2
be the distinct congruence classes under � and let Ni = N�i . Then N is

94
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isomorphic to a subgroup of N1 ×N2 ×· · ·×Nn2
. Note that for all i, we have

that Ni is a soluble subgroup of Sym��i� and ��i� = n1 < n. Hence, by the
inductive hypothesis,

�G� = �N � �G2� �
(
kn1−1

)n2 kn2−1 = kn−1�

as required.
Suppose finally that G is primitive. Let M be a minimal normal subgroup

of G, let � ∈ � and define H = G�. Since G is soluble and primitive,
Proposition 6.13 implies that G is the semidirect product of M by H and n=
��� = �M� = pd for some prime number p and positive integer d. Moreover,
H is isomorphic to a soluble subgroup of GL�d�p�. Hence

�G� = �M��H�
� n �GL�d�p��
< npd2

� n1+logn

< kn−1

provided that n � 32. For n < 32 we check by hand that �G� � kn−1 with
equality only for Sym�4� of degree 4. The result is almost trivial if n is prime
since then �G� � n�n− 1�. This leaves only the cases n = 4�8�9�16�25�27,
which are easy to deal with.

We remark that the bound of Theorem 10.1 is achieved whenever n is a
power of 4, the group being the iterated wreath product of Sym�4�.

The following theorem was proved independently by P. P. Pálfy and T. R.
Wolf [80, 97].

Theorem 10.2 If G � GL�d� q� and G is both soluble and completely re-
ducible, then

�G� � q3d−2�

Proof: We use induction and assume that the result holds for groups of
smaller degree (perhaps over larger fields). Let V = �Fq�

d, and let G act
faithfully on V .

Suppose first that G is not irreducible, so V = V1 ⊕V2, where V1 and V2 are
non-trivial FqG-modules. Define d1 and d2 by di = dimVi, so d1 +d2 = d.
Then G is isomorphic to a subgroup of the direct product of a soluble
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subgroup of GL�d1� q� and a soluble subgroup of GL�d2� q�. Hence our
inductive hypothesis implies that

�G� � q3d1−2q3d2−2 < q3�d1+d2�−2 = q3d−2�

We may therefore assume that G is irreducible.
Suppose that G is imprimitive, so G preserves a decomposition

V = V1 ⊕· · ·⊕Vm2

where dimVi = m1 for all i. Note that in this case we have that m2 > 1 and
d = m1m2. By Proposition 6.15 we have that G � G1wrG2, where G1 is a
soluble subgroup of GL�m1� q� and G2 is a (transitive) soluble subgroup of
Sym�m2�. So

�G� = �G1�m2 �G2� �
(
q3m1−2

)m2 km2−1 � q3d−2�

since m2 � 2 (where k is as in Theorem 10.1).
Finally, suppose that G is primitive. Let d be the degree of G. Let A be

a maximal abelian normal subgroup of G, let C = CG�A� and let K be the
subalgebra of End

Fq
V generated by A. By Proposition 9.1, K � Fqd1 for some

positive divisor d1 of d. Define d2 = d/d1. Propositions 9.2 and 9.3 imply
that C may be thought of as a (soluble) subgroup of GL�d2� q

d1� and G/C

may be identified with a subgroup of the Galois group Gal�Fqd1 
 Fq� of Fqd1

over Fq. Thus G/C is a cyclic group of order at most d1. When d1 > 1, our
inductive hypothesis implies that

�G� = �G/C�× �C� � d1

(
qd1

)3d2−2
< q3d1d2−2 = q3d−2�

and so we may assume that d1 = 1. In particular, this implies that G= C and
�A� � q−1.

Let the subgroup B of G have the property that B/A is a maximal abelian
normal subgroup of G/A. Propositions 9.5 and 9.7 imply that

�B/A� � d2

and that G/B acts faithfully on B/A. So

�G/B� � �Aut�B/A�� � d4 logd�

Hence

�G� = �A�× �B/A�× �G/B�
� �q−1�d2d4 logd

� q1+2 logd+4�logd�2

� q3d−2
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if d� 45. Now if d< 45 then d ∈ 
4�9�16�25�36� and G/B is isomorphic to
a subgroup of Sp�2�2�, Sp�2�3�, Sp�4�2�, Sp�2�5� and Sp�2�2�× Sp�2�3�
accordingly; see the comment after the proof of Theorem 9.7. In each of these
cases it may be checked that the theorem holds.

Theorem 10.3 If G � Sym�n� is soluble and primitive then �G� � n4.

Proof: Let G be a soluble primitive subgroup of Sym�n�, let M be a minimal
normal subgroup of G and let H be the stabiliser of a point �. Proposition 6.13
shows that n = pd = �M� for some prime p, and that �G� = �M��H�, where
H may be identified with an irreducible soluble subgroup of GL�d�p�. In
particular, H is completely reducible and so Theorem 10.2 implies that

�H� � p3d−2 < �pd�3 = n3�

Thus �G� = �M��H� � nn3 = n4, as required.

In fact, by arguing more carefully, the upper bound of Theorem 10.3 may
be reduced to 24−1/3nc, where c is approximately 3�24399 � � �; see Pálfy [80,
Theorem 1].



11
Conjugacy classes of maximal soluble

subgroups of symmetric groups

In this chapter we shall give bounds for the number of conjugacy classes
of maximal soluble subgroups in symmetric groups. We begin by proving a
simple combinatorial lemma.

Let n be a positive integer. An ordered multiplicative partition of n is a
sequence �n1� n2� � � � � nk� of integers such that ni > 1 for all i and such that∏k

i=1 ni = n.

Lemma 11.1 Let m�n� be the number of ordered multiplicative partitions
of n. Then m�n� � n2.

Proof: We shall prove the lemma by induction. The only multiplicative
partition of 1 arises from the empty sequence. So m�1� = 1. Assume that the
result holds for all numbers less than n. Then

m�n� = ∑
n1�n and n1�2

m�n/n1�

�
∑

n1�n and n1�2

n2

n2
1

(by our inductive hypothesis)

� n2
∑
t�2

1
t2

< n2� since �2/6−1 < 1�

We now state and prove a theorem due to L. Pyber [82]. We introduce the
following notation:

mps�n� = the number of conjugacy classes of primitive maximal soluble
subgroups in Sym�n�;

mts�n� = the number of conjugacy classes of transitive maximal soluble
subgroups in Sym�n�;

mss�n� = the number of conjugacy classes of maximal soluble subgroups
in Sym�n�.
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Theorem 11.2 Using the above notation,

mps�n� � 2�logn�2�3 logn−2��

mts�n� � 23�logn�3
�

mss�n� � 216n�

Proof: We note that mps�n� = 0 unless n = pd for some prime p.
Let G be a primitive soluble subgroup of Sym�n�, let M be a minimal

normal subgroup of G and let H be the stabiliser of a point. Proposition 6.13
implies that M is transitive and n = pd = �M� for some prime p. Moreover,
G = HM and H may be identified with a soluble subgroup of GL�d�p�.

The conjugacy class of G in Sym�n� is determined by the conjugacy class
of H in GL�d�p�. We know from Theorem 10.2 that

�H� � p3d−2 � n3

4
�

Let d�H� be the minimal number of generators of H . Then we have

d�H� � 3 log�n�−2 �

Therefore

mps�n� � the number of �3 log�n�−2� generator subgroups of GL�d�p�

� pd2�3 log�n�−2�

� 2�log�n��2�3 log�n�−2� �

Now let � = 
1�2� � � � � n� and let G be a transitive maximal soluble sub-
group of Sym���. Further, let �0 < �1 < · · · < �k be a maximal chain of
congruences on �. So �0 must be the trivial congruence and �k is the uni-
versal congruence. If we define sets �i and primitive permutation groups
Gi ⊆ Sym��i� as in the statement of Proposition 6.14, then Proposition 6.14
implies that we may identify � with �1 ×�2 × · · · ×�k in such a way
that G � G1wrG2wr · · ·wrGk. Since G is a maximal soluble subgroup of
Sym���, each Gi is a maximal primitive soluble subgroup of Sym��i� and
G=G1wrG2wr · · ·wrGk. In particular, the conjugacy class of G in Sym���

is determined by the conjugacy classes of the subgroups Gi in Sym��i�.
Let ni = ��i�. Then �n1� � � � � nk� is an ordered multiplicative partition of n.
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So

mts�n� = ∑
�n1�����nk�

k∏
i=1

mps�ni�

�
∑

�n1�����nk�

k∏
i=1

(
23�log�ni��

3−2�log�ni��
2
)
�

Now,
k∏

i=1

23�log�ni��
3 � 23�

∑k
i=1 log�ni��

3 = 23�log�n��3
� (11.1)

Let c be a constant and let x1� x2� � � � � xk be real variables. If xi � 1 for all i and∑k
i=1 xi = c then

∑k
i=1 x

2
i � c. Using this fact with c = logn and xi = logni,

we find that
k∏

i=1

2−2 log�ni�
2 � 2−2 logn = n−2� (11.2)

The inequalities (11.1) and (11.2) together imply that

mts�n� �
∑

�n1�����nk�

23�log�n��3
n−2

= m�n�23�log�n��3
n−2

� 23�log�n��3

by Lemma 11.1.
Now let G be an arbitrary maximal soluble subgroup of Sym���. Then G

has orbits �1� � � � ��t where if ni = ��i� then the ni form a partition of n and
if Gi = G�i then G = G1 ×· · ·×Gt. As before, the Gi are maximal soluble
subgroups of Sym��i� and are also transitive. Further, the conjugacy class of
G is determined by the (unordered) set of conjugacy classes of the Gi. Thus

mss�n� = ∑

n1�����nt�

t∏
i=1

mts�ni�

�
∑


n1�����nt�

t∏
i=1

23�log�ni��
3

�
∑


n1�����nt�

t∏
i=1

215ni (since �log�n��3 � 5n)

= p�n�215n�
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where p�n� is the number of (unordered additive) partitions of n. But p�n��
2n−1 by Corollary 5.10, and so mss�n� � 216n, as required.

Comments

1. The constant 3 appearing in the bounds for mps�n� and mts�n� may be
reduced considerably, by improving the upper bound on d�H� in the
proof of Theorem 11.2. Indeed, this upper bound may be reduced by first
bounding ���H�� (using a little of the structure theory of irreducible soluble
subgroups of GL�d�p�) and then using Kovács’ theorem [59] which states
that d�X� � ���X��+1) for a finite soluble group X.

2. One may conjecture that mss�n�� 2n and that in fact mss�n�= 2O�
√
n�. One

may also be able to show that there exists a constant k such that

mss�n�

p�n�
−→ k as n −→ � �

3. Since the number of maximal soluble subgroups of Sym�n� is at most
n!mss�n�, Theorem 11.2 shows that the number of maximal soluble sub-
groups of Sym�n� is polynomial in n!. This contrasts with the situation
when we count all soluble subgroups of Sym�n�. The number of subgroups
(all soluble) of C2 ×· · ·×C2 (d times) is greater than 2

1
4 d

2
. So there are at

least 2
1
4 d

2
soluble subgroups of Sym�2d�, a number which is not bounded

by a polynomial in �2d�!.



12
Enumeration of finite groups with abelian

Sylow subgroups

In this chapter we will concentrate on enumeration of finite soluble A-groups.
There are two reasons for doing this. The first is that A-groups form an
important subclass of groups, especially from the enumeration point of view.
The behaviour of the enumeration function on this subclass is very different
from its behaviour on the class of p-groups or the class of all groups. The
second is that some of the techniques used in the enumeration of finite soluble
A-groups will serve as an introduction to the techniques used in enumerating
finite groups in the class of all groups.

As in Section 7.4, let fA�n� denote the number of (isomorphism classes of)
A-groups of order n and let fA� sol�n� denote the number of soluble A-groups
of order n up to isomorphism.

We shall show that fA� sol�n� � n11�+13. Since ��n� � 	�n�, in most cases
this bound will be better than the bound for the isomorphism classes of soluble
A-groups given in Chapter 7, Theorem 7.18. A similar bound will arise from
Corollary 15.6 of Theorem 15.5 in Chapter 15. This bound in fact has a better
leading term though it is worse in the error term. On the other hand, the tools
required to prove Pyber’s theorem are much more complicated than those
used in this chapter.

We shall prove our bound for fA� sol�n� in Section 12.4. The methods
used here will be an adaptation to soluble A-groups of the techniques used
by Pyber [82]. His approach in turn draws on an earlier work of G. A.
Dickenson [21]. We shall also use some of the results proved in previ-
ous chapters and so will end up with a weaker bound than that given by
Venkataraman [94]. But the main aim of the section will be to understand the
essential aspects of Pyber’s proof by working within the easier framework of
soluble A-groups.
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12.1 Counting soluble A-groups: an overview

Let n be a positive integer and let n = ∏k
i=1 pi

�i be the prime factorisation of
n. Consider a soluble A-group G of order n. We can embed G into a soluble
A-group Ĝ which is a direct product of k ‘nice’ soluble A-groups Ĝi, where
i = 1� � � � � k.

By ‘nice’ we mean that for each i, the group Ĝi has as its Sylow pi-
subgroup a group Pi which is isomorphic to the Sylow pi-subgroup of G.
Further, Ĝi can be regarded as a semidirect product of Pi by Mi, where Mi is
a maximal soluble pi

′-A-subgroup of Ai = Aut �Pi�.
Let ��Pi� denote the Frattini subgroup of Pi. There is a natural homo-

morphism from Ai to Aut �Pi/��Pi��, and by Lemma 3.13 the kernel of this
homomorphism is a pi-subgroup. Also, as a consequence of Lemma 3.12, we
have that Aut �Pi/��Pi�� is isomorphic to GL�di� pi� where di is the minimal
number of generators required to generate Pi.

We estimate the choices for G as a subgroup of Ĝ using a method of
‘Sylow systems’ which was introduced by Pyber in [82]. The choices for Ĝ
depend on those for the groups Ĝi. Once Pi is fixed we need to enumerate
the choices for Mi as a maximal soluble pi

′-A-subgroup of Ai. The natural
homomorphism described above and some simple results in Section 12.3 help
us to ‘linearise’ the environment for counting the choices for Mi. Finally,
putting together the various estimates gives us an upper bound for fA� sol�n�.

In the next section we count the number of conjugacy classes of subgroups
that are maximal amongst soluble p′-A-subgroups of GL�d� q�, where p is a
prime and q is a power of p.

12.2 Soluble A-subgroups of the general linear group
and the symmetric group

Lemma 12.1 The number of transitive soluble subgroups of Sym�n� is at
most 3�n2−1�/2 2n log�n�+3�log�n��3

.

Proof: Let H be a transitive soluble subgroup of Sym�n�. Then H is con-
tained in a transitive maximal soluble subgroup M of Sym�n�. By The-
orem 11.2, the number mts�n� of conjugacy classes of transitive maximal
soluble subgroups of Sym�n� is at most 23�log�n��3

. Any conjugacy class of
transitive maximal soluble subgroups of Sym�n� can contain at most n! sub-
groups. Thus we have less than or equal to 2n log�n�+3�log�n��3

choices for M .
Also by Theorem 10.1 we know that �M� � 3n−1. By Theorem 6.11, any



104 Enumeration of finite groups with abelian Sylow subgroups

subgroup of Sym�n� can be generated by �n+ 1�/2 elements. Thus once M

is chosen, we have at most 3�n2−1�/2 choices for H . Putting together all these
estimates we get the required upper bound.

In the next proposition we will bound the number of conjugacy classes of
subgroups of GL�d� q� that are maximal amongst irreducible soluble p′-A-
subgroups. The structure of such A-groups is relatively simple as compared
with that of maximal soluble subgroups of GL�d� q� that are irreducible. So
there is much less theory involved in the proof of this proposition.

Proposition 12.2 Let T = GL�d� q�, where q is a power of some prime p.
Then the number of conjugacy classes of irreducible soluble p′-A-subgroups
of T is at most q6d2

213d.

Proof: Let G be a subgroup of T that is maximal among irreducible soluble
p′-A-subgroups of T . Let V = �Fq�

d and let F = F�G�, where F�G� is the
Fitting subgroup of G. (Section 6.2 of Chapter 6 contains information on the
Fitting subgroup.) By Proposition 6.3, the Fitting subgroup of G is the unique
maximal normal nilpotent subgroup of G and since G is an A-group, F is
abelian. In the first part of this proof we show that there are relatively few
possibilities for F up to conjugacy.

By Clifford’s theorem (Theorem 8.4), regarding V as an F -module we have

V = Y1 ⊕Y2 ⊕· · ·⊕Yr

where the subspaces Yi are permuted transitively by the action of G. Further,
there is a multiplicity � and there are pairwise non-isomorphic irreducible
FqF -submodules X1� � � � �Xr of V such that Yi = �Xi for all i.

Now let Ki be the kernel of the action of F on Yi. Since Yi = �Xi, when
we restrict the action of F to Xi, we find that the kernel of this action is still
Ki. Thus F/Ki acts faithfully on Yi and when its action is restricted to Xi, it
acts faithfully and irreducibly on Xi. Let Ei denote the subalgebra generated
by F/Ki in End

Fq
�Yi�. As Yi = �Xi we find that Xi is a faithful Ei-module.

Thus Ei is an Fq-algebra with a faithful irreducible representation and so Ei

is simple by Proposition 8.2. Since F/Ki is abelian, Ei is commutative. Thus
(see Theorem 8.3) Ei is a field.

Now, Xi is an irreducible Ei-module, and so is a vector space over Ei of
dimension 1. Hence dim

Fq
Ei = dim

Fq
Xi. Thus if dim

Fq
Xi = s, then Ei � Fqs .

Note that d = �rs. We will bound the number of possibilities for F (up to
conjugacy), once �, r and s are fixed.
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Let E∗
i denote the multiplicative group of the field Ei. Now F/Ki � E∗

i �
GL�Yi�. Therefore

F � F/K1 ×F/K2 ×· · ·×F/Kr

� E∗
1 ×E∗

2 ×· · ·×E∗
r

� GL�Y1�×GL�Y2�×· · ·×GL�Yr�

� GL�V� �

Let E = E∗
1 ×· · ·×E∗

r . Then �E� = �qs −1�r . Note that as an FqE-module

V = �X1 ⊕· · ·⊕�Xr

where for all i, E∗
i acts faithfully and irreducibly on Xi and dimEi

Xi = 1.
Further, for i �= j, E∗

i acts trivially on Xj . It is not difficult to show that there
is only one conjugacy class of subgroups like E in GL�V�.

So once �, r and s are chosen such that d = �rs, up to conjugacy there
is only one choice for E. Since E is a direct product of r isomorphic cyclic
groups, any subgroup of E can be generated by r elements. In particular, F
can be generated by r elements and so the number of choices for F as a
subgroup of E is at most �E�r , that is �qs −1�r

2

.
Now G acts transitively on 
Y1� � � � � Yr�. So we have a homomorphism from

G into Sym�r�. Let N be the kernel of this map. Then G/N is a transitive
soluble A-subgroup of Sym�r�. Clearly F � N .

For any g in G, if gYi = Yj then gKig
−1 = Kj . Further, since Ei is the

subalgebra generated by F/Ki in End
Fq
�Yi�, we will have gEig

−1 = Ej . Thus
for all g ∈ N , since gYi = Yi, we get that gKig

−1 =Ki and gEig
−1 = Ei for all

i. Thus N acts by conjugation on each Ei and this action clearly leaves each
element of the ground field Fq fixed. So for each i, we have a homomorphism
from N into Gal�Ei 
 Fq� with kernel Ni =CN�Ei�. We claim that

⋂r
i=1 Ni = F .

Since F is abelian and Ei is the subalgebra generated by F/Ki, we have
that F � Ni for all i. On the other hand, let t ∈ ⋂r

i=1 Ni and let h ∈ F . Then
for all i,

hKi = t�hKi�t
−1 = tht−1tKit

−1 = tht−1Ki �

Thus h−1tht−1 ∈ ⋂r
i=1 Ki = 
1�. So for all h in F we have th = ht. Thus

t ∈ CG�F�. But since G is soluble we have that CG�F�� F , by Corollary 6.5.
Hence we have proved our claim.

So N/F is isomorphic to a subgroup of Gal�E1 
 Fq�×· · ·× Gal�Er 
 Fq�.
Since for each i, Gal�Ei 
 Fq� is isomorphic to a cyclic group of order s, we
can regard N/F as a subgroup of a direct product of r isomorphic cyclic
groups. Consequently, N/F can be generated by r elements.
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We now proceed to bound the choices for N given a choice of F . Let X be
the subgroup of T = GL�d� q� which normalises F and preserves the direct
sum decomposition

V = Y1 ⊕· · ·⊕Yr �

So X = 
x ∈NT�F� � xYi = Yi� for all i�. Note that since F is fixed, X is known
and F � N � X. We will now determine the choices for N as a subgroup
of X.

It is easy to see that for each i, we have that X acts by conjugation on Ei and
leaves each element of the ground field Fq fixed. So we have a homomorphism
from X into Gal�Ei 
 Fq� with kernel CX�Ei�. Let C = ⋂r

i=1 CX�Ei�. Note that
N ∩C = ⋂r

i=1 Ni = F . Also we can regard X/C as a subgroup of Gal�E1 


Fq�×· · ·× Gal�Er 
 Fq�. So �X/C� � sr . Further, for each i we have that C
centralises Ei and so we have a homomorphism from C into GLEi

�Yi�. Thus
we get that C is isomorphic to a subgroup of GLE1

�Y1�× · · · × GLEr
�Yr�.

Since dimEi
Yi = � and Ei � Fqs , we get that �C� � qs�

2r and �X� � srqs�
2r .

Now NC/C �N/�N ∩C�=N/F . So NC/C can be generated by r elements
and we have �X/C�r choices for NC/C as a subgroup of X/C and this is clearly
less than or equal to sr

2
.

Once a choice of NC/C is made as a subgroup of X/C, we choose a set
of r (or fewer) generators for NC/C. Since N ∩C = F , as a subgroup of X,
N is determined by F and r other elements that map to the generating set of
NC/C that we have chosen. There are �C� choices for an element of X that
maps to any fixed member of X/C. So there are at most �C�r possibilities in
all for N as a subgroup of X once NC/C has been chosen. Putting all the
estimates together, once F is fixed we have at most qs�

2r2
sr

2
choices for N as

a subgroup of X.
We are now left with determining the choices for G given that F and N

are fixed. Let Y be the subgroup of T that permutes the Yi and normalises F .
So N � G � Y . Further, there is a homomorphism from Y into Sym�r� with
kernel X. Thus Y/X may be regarded as a subgroup of Sym�r�.

Clearly G∩X = N and so GX/X � G/N . Thus GX/X is a transitive
soluble A-subgroup of Sym�r� and by Lemma 12.1 we have at most 3�r2−1�/2

2r log�r�+3�log�r��3
choices for GX/X as a subgroup of Y/X. Theorem 6.11 shows

that GX/X can be generated by �r + 1�/2 elements. Once the choice for
GX/X as a subgroup of Y/X is fixed and �r + 1�/2 generators for GX/X

have been chosen, G is determined as a subgroup of Y by N and �r + 1�/2
elements of Y that map to the generating set of GX/X. Thus we have at most
�X��r+1�/2 choices for G as a subgroup of Y . This implies that once F and
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N are fixed we have at most 3�r2−1�/2 2r log�r�+3�log�r��3
sr�r+1�/2qs�

2r�r+1�/2 choices
for G as a subgroup of Y .

Putting together all the estimates, we get the following. The number of
conjugacy classes of subgroups that are maximal amongst irreducible soluble
p′-A-subgroups of T is at most∑

���r�s�

�qs −1�r
2
qs�

2r2
sr

2
3�r2−1�/2 2r log�r�+3�log�r��3

sr�r+1�/2 qs�
2r�r+1�/2

where ��� r� s� ranges over the ordered triples of positive integers satisfying
d = �rs.

This part is devoted to simplifying the above expression. We note that

• �qs −1�r
2
sr

2 � q2sr2−r2
(since s � qs−1);

• 3�r2−1�/2 � 2�r2−1�.

It is easy to see that we have at most 6d5/6 choices for ��� r� s�. Also
log r � r − 1. Therefore the number of conjugacy classes of subgroups that
are maximal amongst irreducible soluble p′-A-subgroups of T is at most

6d5/6 q6d2
23�logd�3−1 �

Using the fact that 3�log�d��3 + �5/6� log�d�+ log�6�− 1 is at most 13d,
we get the required result.

Corollary 12.3 Let q be a power of a prime p and let T = GL�d� q�. Then the
number of conjugacy classes of subgroups that are maximal amongst soluble
p′-A-subgroups of T is at most q6d2

214d−1.

Proof: Let G be maximal amongst soluble p′-A-subgroups of T . Now G

is completely reducible, by Maschke’s theorem. Thus G = G1 × · · · ×Gk

where for each i, we have that Gi is maximal amongst irreducible soluble
p′-A-subgroups of GL�di� q� and d = d1 + · · ·+dk. Further, the conjugacy
classes of Gi in GL�di� q� respectively determine the conjugacy class of G
in T . Therefore the number of conjugacy classes of subgroups of T that are
maximal among soluble p′-A-subgroups of T is at most

∑ k∏
i=1

q6d2
i 213di �

∑
q6d2

213d�

where the sum is over all (unordered) partitions d1�d2� � � � � dk of d. Since
the number of partitions of d is at most 2d−1 by Corollary 5.10, the result
follows.
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12.3 Maximal soluble p′-A-subgroups

We require three more small results to establish our upper bound for fA� sol�n�.
These are presented in this section.

For any group G and a prime p, let Ms�p′�A�G� be the set of subgroups of G
that are maximal amongst soluble p′-A-subgroups of G and let �Ms�p′�A�G��

denote the set of conjugacy classes of subgroups of G that are maximal
amongst soluble p′-A-subgroups of G.

Lemma 12.4 Let G be a finite group and let H be a subgroup of G. Then
�Ms�p′�A�H�� � �Ms�p′�A�G��.

Proof: Let M belong to Ms�p′�A�H�. Then there exists M̂ ∈ Ms�p′�A�G� such
that M � M̂ . If M1 ∈ Ms�p′�A�H� and M1 � M̂ then

T = �M�M1� � M̂ ∩H �

Consequently, T is a soluble p′-A-subgroup of H and hence T = M = M1.
Therefore �Ms�p′�A�H�� � �Ms�p′�A�G��.

Lemma 12.5 Let G be a finite group and N a normal p-subgroup of G. Then
��Ms�p′�A�G��� � ��Ms�p′�A�G/N���.

Proof: Let M belong to Ms�p′�A�G�. Since MN/N � M/�M ∩N� � M we
have that MN/N is a soluble p′-A-subgroup of G/N . We prove that MN/N

is maximal with respect to this property.
Now let T/N be any soluble p′-A-subgroup of G/N such that MN/N �

T/N . Clearly T is soluble and N is the Sylow p-subgroup of T . So by
the Schur–Zassenhaus theorem (see Corollary 7.17 and the remark following
it), there exists a p′-subgroup H of T such that T = HN . Clearly H is a
Hall p′-subgroup of T . So by Theorem 6.1 we have that M � tHt−1 for
some t in T . But H is a soluble p′-A-subgroup of G and M ∈ Ms�p′�A�G�,
so M = tHt−1. Therefore T/N = HN/N = tHt−1N/N = MN/N and thus
MN/N ∈ Ms�p′�A�G/N�.

We can now define a map from �Ms�p′�A�G�� to �Ms�p′�A�G/N�� which takes
�M� in �Ms�p′�A�G�� to �MN/N� in �Ms�p′�A�G/N��. We shall show that this
map is injective.

Suppose �M1N/N� = �M2N/N� for some M1 and M2 in Ms�p′�A�G�. Then
there exists g in G such that gM1g

−1N = M2N . It is easy to see that M2N is
a soluble subgroup of G and by the Schur–Zassenhaus theorem there exists
b in M2N such that gM1g

−1 = bM2b
−1. Consequently �M1� = �M2� and the

lemma follows.
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For a group G and a prime p, let Op′�G� denote the largest normal p′-
subgroup of G and let Op�G� denote the largest normal p-subgroup of G.
Recall from Section 6.2 of Chapter 6 that for a finite group G of order n,
the Fitting subgroup of G, denoted by F�G�, is the direct product of the
subgroups Op�G� for all primes p dividing n.

Lemma 12.6 Let G be a soluble A-group of order
∏k

i=1 p
�i
i where the pi are

distinct primes and let Gi = G/Op′
i
�G�. Then Gi is a soluble A-group and

(i) G � G1 ×· · ·×Gk as a subdirect product;
(ii) Op′

i
�Gi� = 
1� and Gi is a semidirect product of its Sylow pi-subgroup

by a p′
i-subgroup and any Sylow pi-subgroup of Gi is isomorphic to a

Sylow pi-subgroup of G.

Proof: Part (i) follows from the fact that
⋂k

i=1 Op′
i
�G� = 
1�. It is obvious

that Op′
i
�Gi� = 
1� and this implies that F�Gi� = Opi

�Gi�. Let Pi be a Sylow
pi-subgroup of Gi. Since Gi is a soluble A-group, by Corollary 6.5 we have

Pi � CGi
�Opi

�Gi�� = CGi
�F�Gi�� = F�Gi� �

Thus Pi = Opi
�Gi� and so Gi is an extension of a pi-subgroup by a p′

i-
subgroup. The result follows by the Schur–Zassenhaus theorem.

Note 12.7 Let Gi and Pi be as in Lemma 12.6. Let Hi be a Hall p′
i-subgroup

of Gi. Then Gi = PiHi and Hi acts on Pi by conjugation. By Lemma 12.6 (ii)
this action is faithful. Thus Hi is isomorphic to a subgroup of Aut �Pi�.

Note 12.8 Let ��Pi� denote the Frattini subgroup of Pi and let Ai = Aut�Pi�.
Then there exists a natural homomorphism from Ai into Aut�Pi/��Pi��. By
Lemma 3.13, the kernel Bi of this homomorphism is a pi-group. If di =
d�Pi�= d�Pi/��Pi�� then Aut�Pi/��Pi��� GL�di� pi� and so we can regard
Ai/Bi as a subgroup of GL�di� pi�.

12.4 Enumeration of soluble A-groups

We shall prove an upper bound for fA� sol�n� here. Pyber’s paper [82] has
been the main source of inspiration for the proof of Theorem 12.9.

Theorem 12.9 Let n = ∏k
i=1 pi

�i be the prime factorisation of n. Then

fA� sol�n� � n3�+13
k∏

i=1

pi
8�2

i �
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Proof: Let G be a soluble A-group of order n and let Gi =G/Op′
i
�G�. Then

by Lemma 12.6, we have that G � G1 ×· · ·×Gk. Further by Note 12.7, for
each i, we have Gi = PiHi where Pi is the Sylow pi-subgroup of Gi and Hi

is a p′
i-A-subgroup of Ai = Aut�Pi�. So there exists Mi � Ai such that Mi is

maximal among soluble p′
i-A-subgroups of Ai and Hi � Mi. Let Ĝi = PiMi

and let Ĝ = Ĝ1 ×· · ·×Ĝk. Then G � Ĝ . By our construction Ĝ is a soluble
A-group.

We shall first enumerate the possibilities for Ĝ up to isomorphism and
then estimate the number of subgroups of Ĝ of order n up to isomorphism.
For the former we need to count the number of Ĝi up to isomorphism and
this depends only on the isomorphism class of the Pi and the conjugacy
class of Mi in Ai. So the number of choices for Ĝi up to isomorphism is
at most ∑

�Pi� = p
�i
i

Pi abelian

��Ms�p′
i�A
�Ai��� � (12.1)

Fix Pi. Let di and Bi be as in Note 12.8 and let Ti = GL�di� pi�. By
Lemma 12.5 we have ��Ms�p′

i�A
�Ai��� � ��Ms�p′

i�A
�Ai/Bi���. But

��Ms�p′
i�A
�Ai/Bi��� � �Ms�p′

i�A
�Ai/Bi��

� �Ms�p′
i�A
�Ti�� (by Lemma 12.4)

� p
d2
i

i ��Ms�p′
i�A
�Ti���

� p
7d2

i
i 214di−1 (by Corollary 12.3)

� p
7�2

i
i 214�i−1 �

Thus

��Ms�p′
i�A
�Ai��� � p

7�2
i

i 214�i−1 � (12.2)

The number of choices for Pi is equal to the number of unordered partitions
of �i and by Corollary 5.10 this is at most 2�i−1. Thus by (12.1) and (12.2)
the number of choices for Ĝi up to isomorphism is less than or equal to

p
7�2

i
i 215�i−2

and the number of choices for Ĝ is at most

k∏
i=1

pi
7�2

i 215�i−2 �
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Now let Ĝ be fixed. Let 
S1� � � � � Sk� be a Sylow system for G. So Si
is a Sylow pi-subgroup of G and for all i� j we have SiSj = SjSi. Thus
G = S1S2 · · ·Sk. Further, by Theorem 6.2 there exist Q1� � � � �Qk, part of a
Sylow system for Ĝ, such that Si � Qi. Any two Sylow systems for Ĝ are
conjugate. Consequently the number of choices for G as a subgroup of Ĝ
(and up to conjugacy) is at most

∣∣{S1� � � � � Sk � Si � Qi and �Si� = p
�i
i

}∣∣ �
k∏

i=1

�Qi��i

where Qi is a Sylow pi-subgroup of Ĝ and the Qi form part of a Sylow
system for Ĝ .

For each i, we have Qi = Ri1 ×· · ·×Rik for some Sylow pi-subgroups Rij

of Ĝj . Note that �Rii� = p
�i
i . Let

Xj =
k∏

i = 1
i �=j

Rij �

Since the Qi form part of a Sylow system for Ĝ, we have that QiQj = QjQi.

So Xj is well-defined as (a soluble p′
j-A-) subgroup of Ĝj = PjMj . So Xj is

isomorphic to a subgroup of Mj . Further,

Mj � MjBj/Bj � Aj/Bj � GL�dj�pj� �

Note that by Maschke’s theorem Mj may be regarded as a completely re-
ducible soluble subgroup of GL�dj�pj�. Thus by Theorem 10.2

�Xj� � �Mj� � pj
3dj−2 � pj

3�j−2 �

Let � = ��n�. Then

k∏
i=1

�Qi��i =
k∏

i=1

k∏
j=1

�Rij��i �
k∏

t=1

��Rtt��t � �
∏
i �=j

�Rij���

=
k∏

i=1

p
�2
i

i

k∏
j=1

�Xj���

since �Xj� = ∏k
i = 1
i �=j

�Rij�. Hence

k∏
i=1

�Qi��i �
k∏

i=1

p
�2
i +3�i�−2�

i = n3�
k∏

i=1

p
�2
i −2�

i � n3�−2
k∏

i=1

p
�2
i

i �
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Putting together all the estimates, we get

fA� sol�n� � (number of choices for Ĝ) n3�−2
k∏

i=1

pi
�2
i

� n3�−2
k∏

i=1

pi
8�2

i 215�i−2

� n3�−2
k∏

i=1

pi
8�2

i +15�i �

Therefore

fA� sol�n� � n3�+13
k∏

i=1

pi
8�2

i �

We have the following obvious corollary to the above theorem:

Corollary 12.10

fA� sol�n� � n11�+13 �

We need to deliberate on whether a bound of the form na�+b, as in Corol-
lary 12.10, is a ‘good’ bound for the number of soluble A-groups up to
isomorphism.

For any prime p and any � ∈ N, fA�p
�� is just the number of isomorphism

classes of abelian groups of order p�. Thus fA�p
�� = fA� sol�n��p

�� � p�.
Therefore there exist infinitely many n with 
��n�� unbounded such that
fA� sol�n� � n. Thus it is impossible to find a constant c > 0 such that nc� �
fA� sol�n� for all n.

Let

� = limn→� logfA� sol�n�/���n� logn��

Then given any � > 0, for all sufficiently large n we have fA� sol�n� < n��+����n�

and given any positive integer m, there exists n � m such that fA� sol�n� >

n��−����n�. It would be interesting to determine the exact value of �. An upper
bound for � is a consequence of Corollary 12.10, and a lower bound follows
from the results contained in Chapter 18; see the discussion at the end of
Section 18.1.

A correct leading term in the case of soluble A-groups should lead us to
the correct leading term for A-groups in general. As suggested in Pyber’s
paper [82], this in turn should lead to better estimates for the error term in
the bound for f�n�.



13
Maximal soluble linear groups

In Chapter 9, we established some of the structure of a soluble primitive
subgroup G of GL�d� q�. In this chapter, we will assume in addition that G is
maximal subject to being soluble. This allows us to prove more comprehensive
structural results about G. We will use the notation of Chapter 9. In particular,
we define q, d, V , A, B, C, K, d1 and d2 in the same way. In addition, we
define the following notation:

• �H� – for any subset H ⊆ GL�d� q�, we write �H� for the Fq-subalgebra
of End

Fq
�V� generated by H ;

• L – the centre of �G�;
• � – the dimension of L over Fq.

13.1 The field K and a subfield of K

Proposition 13.1 The subgroup A is cyclic of order qd1 −1. Moreover, K =
A∪ 
0�.

Proof: Proposition 9.1 shows that A is cyclic, and that �K� = qd1 . So it is
sufficient to show that K = A∪ 
0�.

Let K∗ = K \ 
0�. Since K is a field, K∗ is a cyclic subgroup of GL�d� q�.
Since G normalises A, the definition of K implies that K is preserved under
conjugation by elements of G. Hence K∗ is normalised by G and so GK∗ �
GL�d� q�. Moreover, GK∗ is soluble, since K∗ is abelian and since GK∗/K∗

is isomorphic to the quotient G/G∩K∗ of the soluble group G. By the
maximality of G we have that K∗ � G. But K∗ is abelian, normal in G and
contains A. So the definition of A implies that K∗ = A. Thus K = A∪ 
0�, as
required.

113
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Proposition 13.2 The algebra L is a subfield of K, and �G� is isomorphic
to the algebra �d/��L� of d/�×d/� matrices over L.

Proof: Since G acts irreducibly, V is a faithful irreducible �G�-module and
so �G� is simple by Proposition 8.2. Hence by Theorem 8.3 we have that �G�
is isomorphic to the set � r �F� of all r × r matrices over a skew field F , for
some integer r. Since F is finite, F is a field by Theorem 8.11. The centre
of a full matrix ring over a field consists of the set of scalar matrices, and
so the centre L of �G� is isomorphic to F . Thus �G� � � r �L�. The natural
� r �L�-module (where r × r matrices over L act on the vector space Lr) is
irreducible. Since � r �L� is simple, Theorem 8.1 implies that all irreducible
� r �L�-modules are isomorphic and so, in particular, their Fq-dimensions
are equal. But V is an irreducible � r �L� module, so d = r� and therefore
r = d/�. This establishes the second statement of the proposition.

Now, L∗ is an abelian subgroup of GL�d� q�. Since L commutes with
every element of �G�, the subgroup L∗ is centralised by G. As in the proof
of Proposition 13.1, the group GL∗ is soluble, and so L∗ � G. Hence

L∗ � Z�G� � A � K∗�

and so L is a subfield of K. This establishes the proposition.

13.2 The quotient G/C and the algebra �C�
Lemma 13.3 Let �C� be the Fq-subalgebra of End

Fq
�V� generated by C.

Then

dim
Fq

�G� = �G/C� ·dim
Fq

�C� �

Proof: Let g1� g2� � � � � gr be a transversal for C in G. Clearly

�G� = �C�g1 +�C�g2 +· · ·+�C�gr �
To establish the lemma, it suffices to show that this sum is direct. So suppose,
for a contradiction, that

c1g1 + c2g2 +· · ·+ crgr = 0 (13.1)

for some elements c1� c2� � � � � cr ∈ �C� that are not all zero. Assume that the
number of elements ci that are non-zero is as small as possible.

There must exist distinct u� v ∈ 
1�2� � � � � r� such that cu �= 0 and cv �= 0 (for
cigi = 0 implies that ci = 0g−1

i = 0). Since gu and gv lie in distinct cosets of
C, conjugation by g−1

u and conjugation by g−1
v yield distinct automorphisms
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of A. So there exists z ∈A such that guzg
−1
u �= gvzg

−1
v . For all i ∈ 
1�2� � � � � r�,

define zi ∈ A by zi = gizg
−1
i . Then

0 = �c1g1 + c2g2 +· · ·+ crgr�z− zu�c1g1 + c2g2 +· · ·+ crgr�

=
r∑

i=1

�cigiz− zucigi�

=
r∑

i=1

�cizigi − zucigi�

=
r∑

i=1

�zi − zu�cigi�

the last equality following since ci is a linear combination of elements in C

and so commutes with zi ∈ A. But the equality

r∑
i=1

�zi − zu�cigi = 0

contradicts the minimality of the number of non-zero coefficients in (13.1),
since the coefficient corresponding to gu is zero but the coefficient corre-
sponding to gv is non-zero. Thus the lemma follows.

Proposition 13.4 The quotient G/C is isomorphic to Gal�K 
 L�. The Fq-
algebra �C� is isomorphic to �d2

�K�.

Proof: The fact that K∗ ⊆ C implies that �C� is equal to the set �C�K of K-
linear combinations of elements of C. Since C may be regarded as a subgroup
of GL�d2�K�, we must have that �C�K ⊆ �d2

�K�. Hence

dim
Fq

�C� � d2
2 dim

Fq
K = d2d�

with equality if and only if �C� = �d2
�K�.

By Proposition 9.3, the quotient G/C may be realised as a subgroup of
Gal�K 
 Fq� by associating gC ∈G/C with the field automorphism x �→ gxg−1

of K. Since L is centralised by G, we have in fact embedded G/C into
Gal�K 
 L�. Now, �Gal�K 
 L�� = d1/�. Thus �G/C� � d1/�, and G/C �
Gal�K 
 L� if and only if �G/C� = d1/�.

By Proposition 13.2, we have that �G� is isomorphic to �d/��L�. Hence

dim
Fq

�G� = �d2/�2�dim
Fq
L = d2/��
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But by Lemma 13.3,

dim
Fq

�G� = �G/C�dim
Fq

�C�
� �d1/��d2d

= d2/��

and since equality holds we must have that �G/C� =d1/� and dim
Fq

�C�=d2d.
By the last sentences of the previous two paragraphs, this establishes the
proposition.

13.3 The quotient B/A

Lemma 13.5 The Fq-subalgebra �B� is simple with centre K.

Proof: The subgroup B is a normal subgroup of the primitive group G. Hence
we may argue, just as we did for A in the proof of Proposition 9.1, that V
may be decomposed as a direct sum of one or more copies of a �B�-module
X, and �B� acts faithfully and irreducibly on X. So, since X is an irreducible
faithful �B�-module, we find that �B� is simple.

Since K∗ = A � B ⊆ �B�, and since B centralises A, we have that K is
contained in the centre of �B�. Conversely, suppose that c is an element in
the centre of �B�. Let x1� x2� � � � � xk be a transversal of A in B where x1 = 1.
We may write

c = z1x1 + z2x2 +· · ·+ zkxk

for some z1� z2� � � � � zk ∈ K. To show that c ∈ K, it is sufficient to show that
zu = 0 whenever u �= 1. Let u ∈ 
2�3� � � � � k� be fixed. Since xu �∈ A = Z�B�,
there exists an element y ∈ B that does not commute with xu. For all i ∈

1�2� � � � � k�, define ri ∈ A by ri = �y� x−1

i �. Note that ri ∈ A for all i, since
B/A is abelian. Moreover, note that ru �= 1, by our choice of y. Since c is in
the centre of �B�, we have that

0 = c−y−1cy

=
k∑

i=1

zi�1− ri�xi�

The proof of Proposition 9.5 showed that the elements xi are linearly inde-
pendent over K. So zi�1 − ri� = 0 for all i ∈ 
1�2� � � � � k�. Since ru �= 1, we
find that zu = 0, as required.
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Lemma 13.6 Let �B� and �C� be the Fq-subalgebras of End
Fq
�V� generated

by B and C respectively. Then �B� = �C�.

Proof: Clearly �B� ⊆ �C�. To show the reverse inclusion, it suffices to show
that C ⊆ �B�.

We define a function � 
 C/A → CGL�d�q��B�/A as follows. Let u ∈ C.
The map x �→ uxu−1 is an automorphism of �B� that fixes K. Lemma 13.5
states that K is the centre of �B�. Further, since K=Z��B��, the subalgebra
�B� is also a K-subalgebra and by Lemma 13.5 it is simple. The Skolem–
Noether theorem (Corollary 8.9) now implies that x �→ uxu−1 is an inner
automorphism: let v ∈ �B� be such that vxv−1 = uxu−1 for all x ∈ �B�. Note
that v is determined up to multiplication by an invertible element in the centre
of �B�; in other words, v is determined up to multiplication by an element of
A. We define ��uA�= v−1uA. Note that � is well-defined, since conjugation
by u gives rise to the same automorphism as conjugation by uz for any z ∈A.

Now, � is a homomorphism. For let u1� u2 ∈C and let v1� v2 ∈ �B� be such
that uixu

−1
i = vixv

−1
i for all x ∈ �B�. So ��uiA�= v−1

i uiA. For all x ∈ �B� we
find that

�u1u2�x�u1u2�
−1 = u1�u2xu

−1
2 �u−1

1

= u1�v2xv
−1
2 �u−1

1

= v1�v2xv
−1
2 �v−1

1 �

the last equality following since v2xv
−1
2 ∈ �B�. This shows that ��u1u2A�=

�v1v2�
−1u1u2A. Since v−1

2 ∈ �B� and v−1
1 u1 ∈CGL�d�q��B�, we find that v−1

2 and
v−1

1 u1 commute and so

��u1u2A� = v−1
2 v−1

1 u1u2A

= v−1
1 u1v

−1
2 u2A

= ��u1A���u2A��

Thus � is indeed a homomorphism.
We claim that gA��uA��gA�−1 = ��gug−1A� for all u ∈ C and all g ∈ G.

To see this, let v ∈ �B� be such that uxu−1 = vxv−1 for all x ∈ �B�; so
��uA�= v−1uA. Note that g−1xg ∈ g−1 �B�g = �B� since g−1 normalises B. It
is now easy to check, as in the previous paragraph, that �gug−1�x�gug−1�−1 =
�gvg−1�x�gvg−1�−1 for all x ∈ �B� and so

��gug−1A� = �gvg−1�−1gug−1A = gv−1ug−1A = gA��u��gA�−1�

and our claim follows.
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Let D � CGL�d�q��B� be such that D/A = im�. Since � is a homomorphism,
im� is soluble and so D is soluble. Moreover, since

��gug−1A� = gA��uA��gA�−1 for all u ∈ C and g ∈ G�

we find thatG/A normalises im� and soG normalisesD. HenceGD is soluble
and so by the maximality of G we know that D � G. We now use, three times,
the fact that D centralises B. Firstly,

D � CG�B� � CG�A� = C�

Secondly, since we now know that D is contained in the centraliser of B in
C, Proposition 9.7 implies that D � B. Finally, we find that D � Z�B� = A.
By the definition of �, we have that for all u ∈ C there exists v ∈ �B� such
that v−1uA ∈D/A= A. Hence u ∈ vA⊆ �B�A= �B�. Thus C ⊆ �B� and the
proposition follows.

Proposition 13.7 The quotient B/A has order d2
2 and �B� is isomorphic (as

an Fq-algebra) to �d2
�K�.

Proof: By Proposition 13.4, we have that �C� is isomorphic to �d2
�K�. By

Lemma 13.6, �B� = �C� and so the second statement of the proposition
follows. Note that since K∗ = A � B, we have that �B� = �B�K , the subset
of End

Fq
�V � consisting of K-linear combinations of B. Proposition 9.5 and

Lemma 13.6 now imply that

�B/A� = dimK �B� = dimK �C� = d2
2�

and the proposition follows.

Proposition 13.8 The quotient B/A is its own centraliser in CGL�d�q��A�/A.

Proof: Define Ĉ = CGL�d�q��A�. Let y ∈ Ĉ and suppose that yA centralises
B/A. We must show that yA ∈ B/A.

Since y ∈ Ĉ we have that y centralises K and so y may be regarded as an
element of GL�d2�K�. Hence

y ∈ GL�d2�K� ⊆ �B� �
by Proposition 13.7.

Now the automorphism � 
 B → B defined by ��x� = y−1xy fixes A since
y ∈ Ĉ and induces the identity automorphism on B/A since yA centralises
B/A. By Proposition 9.6, this automorphism is inner: let h ∈ B be such
that ��x� = h−1xh for all x ∈ B. But now yh−1 centralises B. Moreover,
yh−1 ∈ �B�, and so yh−1 is contained in the centre of �B�. But the centre of
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�B� is K, and so yh−1 is an invertible element in K. Hence yh−1 ∈ A and so
yA = hA ∈ B/A, as required.

13.4 The subgroup B

In this section, we determine the structure of the subgroup B. We begin by
considering B as an abstract group, and then consider its representation as a
subgroup of GL�d� q�.

We define the following groups (which will occur as possible Sylow sub-
groups of B). Let p be a prime (not, for the purposes of this section, the
characteristic of Fq) and let r and s be positive integers. We define M�p� r� s�

to be the group with generating set 
x1� x2� � � � � xr� y1� y2� � � � � yr� z� subject to
the following relations:

x
p
i = 1 for all i ∈ 
1�2� � � � � r�� (13.2)

y
p
i = 1 for all i ∈ 
1�2� � � � � r�� (13.3)

zp
s = 1� (13.4)

�xi� z� = 1 for all i ∈ 
1�2� � � � � r�� (13.5)

�yi� z� = 1 for all i ∈ 
1�2� � � � � r�� (13.6)[
xi� xj

] = 1 for all i� j ∈ 
1�2� � � � � r�� (13.7)[
yi� yj

] = 1 for all i� j ∈ 
1�2� � � � � r�� (13.8)[
xi� yj

] = 1 for all i� j ∈ 
1�2� � � � � r� such that i �= j and (13.9)

�xi� yi� = zp
s−1

for all i ∈ 
1�2� � � � � r�� (13.10)

It is not difficult to see that �M�p� r� s�� � p2r+s, since every word in the
generators and their inverses can be brought into the form

x
�1
1 x

�2
2 · · ·x�r

r y
�1
1 y

�2
2 · · ·y�r

r z�

where �i��i ∈ 
0�1� � � � � p− 1� and where � ∈ 
0�1� � � � � ps − 1�. In fact,
�M�p� r� s�� = p2r+s and the elements of M�p� r� s� may be written in the
form above in a unique manner. This may be established by using similar
techniques to those in Section 4.1. It is not difficult to show that M�p� r� s�

is an amalgamated product of M�p� r�1� with a cyclic group of order ps,
amalgamating the central subgroup of order p.

When s = 1 and p = 2, we define N�r� to be the group generated by the
set 
x1� x2� � � � � xr� y1� y2� � � � � yr� z� subject to the relations (13.4) to (13.10)
together with the relations
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x2
1 = z� (13.11)

x2
i = 1 for all i ∈ 
2�3� � � � � r�� (13.12)

y2
1 = z and (13.13)

y2
i = 1 for all i ∈ 
2�3� � � � � r�� (13.14)

It is easy to see that every word in the generators and their inverses may be
brought into the form

x
�1
1 x

�2
2 · · ·x�r

r y
�1
1 y

�2
2 · · ·y�r

r z�

where �i��i� � ∈ 
0�1� and so N�r� has order at most 22r+1. In fact, as before,
�N�r�� = 22r+1. Moreover, N�r� and M�2� r�1� are not isomorphic: it is possible
to show that they contain a different number of elements of order 2.

Proposition 13.9 The subgroup B has order d2
2�q

d1 − 1� and is the direct
product of its Sylow subgroups. Let p be a prime dividing �B�. Let r be the
largest power of p dividing d2 and let s be the largest power of p dividing
qd1 −1. Let P be the Sylow p-subgroup of B; so �P� = p2r+s. Let z generate
Z�P�. Then one of the following cases occurs.

(1) P is cyclic and r = 0.
(2) r > 0, s > 0 and there exist x1� � � � � xr� y1� y2� � � � � yr ∈ P that generate P

modulo Z�P� and satisfy the relations (13.2) to (13.10). In particular,
P � M�p� r� s�.

(3) p = 2, r > 0, s = 1 and there exist x1� � � � � xr� y1� y2� � � � � yr ∈ P that
generate P modulo Z�P� and satisfy the relations (13.11) to (13.14) and
(13.4) to (13.10). In particular, P � N�r�.

In particular, Proposition 13.9 shows that once q, d1 and d2 are fixed the iso-
morphism class of the Sylow p-subgroup of B is determined when p > 2 and
there are at most two possibilities for the Sylow 2-subgroup of B. So there are
at most two choices for the isomorphism class of B once q, d1 and d2 are fixed.

Proof of Proposition 13.9: Proposition 13.7 implies that �B/A� = d2
2, and

�A� = qd1 −1 by Proposition 13.1. So �B� = d2
2�q

d1 −1�. Proposition 9.4 im-
plies that B is nilpotent and so B is the direct product of its Sylow subgroups.
It remains to show that for a fixed prime p and Sylow p-subgroup P of B,
one of the cases listed at the end of the statement of the proposition holds.

Proposition 9.4 implies that Z�B� = A, and that Z�P� = P ∩A. Now, �P ∩
A� = ps and A is cyclic. Hence Z�P� is cyclic of order ps. Since �P� = p2r+s
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we have that P is abelian (and cyclic) if and only if r = 0. Thus when r = 0,
Case 1 holds. From now on, we assume that r > 0 and so P is non-abelian.
We must show that either Case 2 or Case 3 holds.

Since P is non-abelian, Proposition 9.4 implies that �P ′� = p and P/Z�P�

is elementary abelian of order p2r . Note that P ′ � Z�P�, and so s > 0.
We will now use some of the theory of alternating forms that we developed

in Section 3.4. Since z generates Z�P�, the subgroup P ′ is generated by zp
s−1

.
By identifying i∈ Fp with zip

s−1
, we may regard the elements of P ′ as elements

of Fp. Since P/Z�P� is elementary abelian, P/Z�P� may be thought of as a
vector space over Fp. The process of forming commutators in P induces a
map � � � 
 P/Z�P�×P/Z�P�→ P ′; regarding the elements of P ′ as elements of
Fp, it is easy to check that this map is an alternating form – this follows from
the fact that �ab� c� = �a� c��b� c� and �a� bc� = �a� b��a� c� for all a�b� c ∈ P

since P is nilpotent of class 2. Moreover, the representative of any coset of
Z�P� corresponding to an element in the radical of � � � commutes with every
element of P and so lies in Z�P�. Hence the radical of � � � is trivial, and so
� � � is non-degenerate.

Let x1� x2� � � � � xr� y1� y2� � � � � yr ∈ P be chosen so that their images xiZ�P�
and yiZ�P� form a symplectic basis for P/Z�P�. We say that the elements xi
and yi have the symplectic basis property. The definition of the alternating
form in terms of commutators, together with the fact that z is central, imply
that the relations (13.5) to (13.10) hold. Moreover, (13.4) holds since z∈Z�P�

and Z�P� has order ps. Since the cosets xiZ�P� and yiZ�P� form a basis of
P/Z�P�, the elements xi and yi generate P modulo Z�P�. Since z generates
Z�P�, we find that z� x1� x2� � � � � xr� y1� y2� � � � � yr form a generating set for P.

Assume we are not in the situation when s = 1 and p = 2. We must show
that Case 2 always occurs. We claim that for all x ∈ P, there exists z′ ∈ Z�P�

such that xp = �z′�p. Establishing this claim suffices to prove the proposition
in the situation we are considering; we may see this as follows. Our claim
implies that for all i ∈ 
1�2� � � � � r� there exists zi ∈ Z�P� such that zpi = x

p
i .

Replacing xi by xiz
−1
i does not affect the symplectic basis property, and so

we may assume that xpi = 1. Similarly, we may assume that ypi = 1 for all
i∈ 
1�2� � � � � r�. But now the elements z� x1� x2� � � � � xr� y1� y2� � � � � yr generate
P and satisfy the relations (13.2) and (13.3) in addition to the relations (13.4)
to (13.10). Hence P is a quotient of M�p� r� s�. But �M�p� r� s�� � p2r+s = �P�,
so �P� = �M�p� r� s�� and therefore P � M�p� r� s�.

We now establish our claim. Let � 
 P/Z�P�→ Z�P�/Z�P�p be defined by
��xZ�P��= xpZ�P�p for all x ∈ P. Note that � is well-defined since P/Z�P�

has exponent p and since for all x ∈ P and c ∈ Z�P� we have that �xc�p =
xp mod Z�P�p. Our claim may be rephrased as the statement that � is trivial.
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We show that the map � is a homomorphism. For since P has nilpotency
class 2, Lemma 3.3 implies that

�xy�p = xpyp�y� x�
1
2 p�p−1��

Now, �y� x� ∈ P ′ and �P ′� = p, so �y� x� has order dividing p. When p > 2, we
have that p divides 1

2p�p−1� and so �xy�p = xpyp. So � is a homomorphism
when p > 2. When p = 2, we are assuming that s > 1 and so P ′ � Z�P�2

since Z�P� is cyclic. In this case �xy�2Z�P�2 = x2y2Z�P�2 and so � is a
homomorphism when p = 2.

Suppose, for a contradiction, that � is not trivial. Since �Z�P�/Z�P�p� = p,
the kernel of � has index p in P/Z�P�. So there exists a normal subgroup N

of P such that ker� = N/Z�P�, and clearly N has index p in P. Indeed, the
definition of � shows that N is a characteristic subgroup of P, and so Z�N�

is a characteristic subgroup of P. Moreover, P is a characteristic subgroup of
B and B is normal in G, so Z�N� is normal in G. Hence Z�N �A is an abelian
normal subgroup of G and so Z�N � � A. Now, Z�N �/Z�P� is the radical
of the restriction of the alternating form � � � to N/Z�P�. Since Z�N� � A,
we have shown that the radical of the restriction of the form is trivial and
so � � � is non-degenerate on N/Z�P�. But since N has index p in P, the
subspace N/Z�P� has codimension 1 in P/Z�P�. In particular, N/Z�P� has
odd dimension and so (see Proposition 3.18) there can be no non-degenerate
alternating form defined on it. This contradiction establishes our claim, and
so the proposition follows whenever we do not have both p = 2 and s = 1.

It remains to consider the situation when s = 1 and p = 2. Note that
Z�P� = P ′ = 
1� z� in this case, so that x2 ∈ 
1� z� for all x ∈ P. If we are
allowed to use the theory of extra-special groups (see [36, Section 5.5] for
example), we may deduce that Case 2 or Case 3 must occur since P is extra-
special and since M�2� r�1� and N�r� are the two non-isomorphic extra-special
groups of order 22r+1. However, for those readers unfamiliar with this theory,
we give a direct proof as follows.

We claim that we may choose our elements xi, yi so that x2
i = y2

i for all
i ∈ 
1�2� � � � � r�. For suppose that x2

i = z and y2
i = 1. Then replacing xi by

xiyi preserves the symplectic basis property and

�xiyi�
2 = x2

i y
2
i �yi� xi� = z1z = 1�

Similarly, if x2
i = 1 and y2

i = z we may replace yi by yixi. Thus our claim
follows and we may assume that x2

i = y2
i for all i ∈ 
1�2� � � � � r�.

We claim that we may choose our elements xi and yi to have the property
that x2

u = y2
u = z for at most one value of u ∈ 
1�2� � � � � r�. For suppose

that there exists u� v ∈ 
1�2� � � � � r� such that u �= v and such that x2
u = y2

u =
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x2
v = y2

v = z. Replacing xu� yu� xv and yv by xuxv� xuxvyu� xvyuyv and yuyv
respectively, it is not difficult to check that we still have the symplectic basis
property but now x2

u = y2
u = x2

v = y2
v = 1. Each time we modify the elements xi

and yi in this way, the number of values u∈ 
1�2� � � � � r� such that x2
u = y2

u = z

is reduced by two, and so our claim follows. By relabelling our indices if
necessary, we may assume that x2

i = y2
i = 1 whenever i > 1.

Suppose that x2
i = y2

i = 1 for i ∈ 
1�2� � � � � r�. Then the relations (13.2) and
(13.3) hold. Hence P is a quotient of M�p� r�1�. Since M�p� r�1� has order
at most p2r+1 and P has order p2r+1, we find that P � M�p� r�1� and Case 2
holds.

Suppose that x2
1 = y2

1 = z and x2
i = y2

i = 1 for all i ∈ 
2�3� � � � � r�. Then the
relations (13.11) to (13.14) hold. Hence P is a quotient of N�r�. Since N�r�

has order at most p2r+1 and P has order p2r+1, we find that P � N�r� and
Case 3 holds.

We have shown that when s = 1 and p = 2, either Case 2 or Case 3 holds.
This establishes the proposition.

Corollary 13.10 Let B1�B2 � GL�d2�K� be such that Z�B1� = Z�B2� and
B1 � B2 � B. Define Z by Z = Z�B1� = Z�B2�. Then there exist elements
h1�1� h2�1� � � � � hk�1 ∈ B1, elements h1�2� h2�2� � � � � hk�2 ∈ B2 and prime numbers
p1� p2� � � � � pk with the following properties.

1. For a ∈ 
1�2�, every element of Ba/Z may be written uniquely in the
form

h
�1
1�ah

�2
2�a · · ·h�k

k�aZ

where �i ∈ 
0�1� � � � � pi −1�.

2. For all i ∈ 
1�2� � � � � k�,

h
pi
i�1 = h

pi
i�2� (13.15)

Moreover, hpi
i�1 ∈ Z.

3. For all i� j ∈ 
1�2� � � � � k�,

�hi�1� hj�1� = �hi�2� hj�2�� (13.16)

Moreover, all these commutators lie in Z.

Proof: For each prime p dividing d2, let zp be a generator of the Sylow
p-subgroup of Z. Let P1 and P2 be the Sylow p-subgroups of B1 and B2,
respectively.
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Suppose that P1 � P2 � M�p� r� s�. Let a ∈ 
1�2�. Then Proposition 13.9
applied to Pa implies that there exist elements xi�a� yi�a ∈ Pa of order p that
generate Pa modulo Z and satisfy the commutator relations[

xi�a� xj�a
] = 1 for all i� j ∈ 
1�2� � � � � r�� (13.17)[

yi�a� yj�a
] = 1 for all i� j ∈ 
1�2� � � � � r�� (13.18)[

xi�a� yj�a
] = 1 for all i� j ∈ 
1�2� � � � � r� such that i �= j� (13.19)[

xi�a� yi�a
] = �zp�

ps−1
for all i ∈ 
1�2� � � � � r�� (13.20)

Note that every element of Pa/Z�Pa� may be expressed uniquely in
the form

x
�1
1�ax

�2
2�a � � � x

�r
r�ay

�1
1�ay

�2
2�a � � � y

�r
r�aZ�Pa�

where �i��i ∈ 
0�1� � � � � p−1�. The relations (13.17) to (13.20) imply that the
commutator of any pair of elements in the set 
xi�1� yi�1� is equal to the com-
mutator of the corresponding pair of elements in the set 
xi�2� yi�2�. Moreover,
the pth power of an element in the set 
xi�1� yi�1� is equal to the pth power
of the corresponding element in the set 
xi�2� yi�2�, as all pth powers are
trivial.

In the same way, by Proposition 13.9, when Pa � N�r� for a ∈ 
1�2� there
exist elements xi�1� yi�1 ∈ P1 and elements xi�2� yi�2 ∈ P2 whose corresponding
commutators and squares are equal. (The proposition implies that we may
choose x2

1�a = y2
1�a = z, and all the other elements to be of order 2, and so the

squares of corresponding elements are still equal even though not all of the
elements have order 2.)

The corollary now follows, by taking the set of elements hi�1 to be equal to
the union of the sets 
xi�1� yi�1� ⊆ B1 over each prime p dividing d2 and the
elements hi�2 to be the corresponding elements of B2.

We have already proved (in Proposition 13.9) that there are at most two
possibilities for the subgroup B as an abstract group. We now show that there
are at most two possibilities for B as a linear group.

Proposition 13.11 Let the isomorphism class of B be fixed. Then there is
a unique choice for B as a subgroup of GL�d2�K�, up to conjugation in
GL�d2�K�.

Proof: By Propositions 9.2 and 13.1, the subgroup A is equal to the set of
non-zero scalar matrices in GL�d2�K�. Clearly, any representation of B that
we are considering must contain A.
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Let B1 and B2 be subgroups of GL�d2�K� such that A � B1, A � B2 and
such that B1 � B2 � B. We must show that there exists g ∈ GL�d2�K� such
that g−1B1g = B2.

Let the elements h1�1� � � � � hk�1 ∈ B1, the elements h1�2� � � � � hk�2 ∈ B2 and
integers p1� � � � � pk satisfy the conditions in the statement of Corollary 13.10.

Define, for a ∈ 
1�2�, the set Sa by

Sa = 
h
�1
1�ah

�2
2�a · · ·h�k

k�a 
 �i ∈ 
0�1� � � � � pi −1���

Since Sa is a transversal for A in Ba/A, Propositions 9.5 and 13.7 imply that
Sa is a basis for the set M of d2 ×d2 matrices over K. Define � 
 M → M to
be the K-linear transformation such that

��h
�1
1�1h

�2
2�1 · · ·h�k

k�1� = h
�1
1�2h

�2
2�2 · · ·h�k

k�2

for all �i ∈ 
0�1� � � � � pi−1�. Since S1 and S2 are bases of M , we find that � is
a bijection. Given two elements of M that are expressed as linear combinations
of the elements of the basis Sa, we may write their product in M with respect
to the basis Sa using only our knowledge of h

pi
i�a, and �hi�a� hj�a�. Thus the

equalities (13.15) and (13.16) imply that � is a K-algebra isomorphism of
M . Clearly � fixes K, and so the Skolem–Noether theorem (Corollary 8.9)
implies that there exists g ∈ GL�d2�K� such that g−1xg = ��x� for all x ∈M .
But ��B1� = B2, and so the proposition follows.

13.5 Structure of G determined by B

The following proposition shows that once the subgroup B has been chosen,
the number of possibilities for G is rather restricted: B � G � N , where N is
the normaliser of B in GL�d� q� and where �N/B� is quite small.

Proposition 13.12 Let G be a maximal soluble subgroup of GL�d� q�, and
suppose that G acts primitively. Let A be a maximal abelian normal subgroup
of G. Let B be a maximal subgroup of CG�A� subject to being normal in G

and to B/A being abelian. Define N = NGL�d�q��B�. Then �N/B� � d2��d�+1.

Proof: By Proposition 13.1, A is cyclic of order qd1 − 1, where d1 divides
d. Moreover, defining K = A∪ 
0� we have that K is isomorphic (as an
Fq-algebra) to Fqd1 by Propositions 9.1 and 13.1. By Proposition 9.4, we
have that A= Z�B� and so N normalises A. Since conjugation by an element
of GL�d� q� respects matrix multiplication and Fq-linear operations, we find
that for all h∈N the map ��h� 
 K →K defined by z �→ hzh−1 for all z ∈ K is



126 Maximal soluble linear groups

contained in Gal�K 
 Fq�. It is easy to check that the map � 
 N →
Gal�K 
 Fq� is a homomorphism. Define Ĉ =CN�A�. Then clearly ker�= Ĉ.

Since Z�B� = A we find that B � Ĉ. We have that

�N/Ĉ� � �im�� � �Gal�K 
 Fq�� = d1�

and so to prove the proposition it remains to show that �Ĉ/B� � d2d
2��d�,

where d2 = d/d1.
Let S � Aut �B/A� be the subgroup induced by those automorphisms of

B that centralise A. Define the homomorphism � 
 Ĉ → S by setting ��h�

to be the automorphism of B/A induced by the map x �→ hxh−1 in Aut �B�.
Proposition 13.8 implies that ker�=B. Thus Ĉ/B is isomorphic to a subgroup
of S, and so the proposition will follow if we can show that �S� � d2d

2��d�.
Let d2 = p

�1
1 p

�2
2 · · ·p�k

k be the decomposition of d2 into a product of distinct
primes pi. By Propositions 13.9 and 9.4, the quotient B/A has order d2

2 and
is the direct product of elementary abelian pi-groups V1�V2� � � � � Vk where
�Vi� = p

2�i
i .

Now, the process of forming commutators in B equips Vi with a non-
degenerate alternating form that is preserved by S. Hence S is contained in
the direct product

Sp�2�1� p1�×Sp�2�2� p2�×· · ·×Sp�2�k�pk��

By Proposition 3.19,

�Sp�2�i�pi�� = �p
2�i
i −1�p2�i−1

i �p
2�i−2
i −1�p2�i−3

i · · · �p2
i −1�pi

� p
2�i
i p

2�i−1
i p

2�i−2
i · · ·p2

i pi

= p
�i�2�i+1�
i �

Hence

�S� �
k∏

i=1

p
�i�2�i+1�
i = d2

k∏
i=1

(
p
�i
i

)2�i � d2

k∏
i=1

(
p
�i
i

)2��d2� � d2d
2��d2�
2 � d2d

2 logd�

and so the proposition follows.
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Conjugacy classes of maximal soluble
subgroups of the general linear group

We define the following notation:

mlps�d� q� = the number of conjugacy classes of maximal soluble
subgroups of GL�d� q� which are primitive;

mlis�d� q� = the number of conjugacy classes of maximal soluble
subgroups of GL�d� q� which are irreducible;

mlss�d� q� = the number of conjugacy classes of maximal soluble
subgroups of GL�d� q��

This chapter aims to prove the following result, due to P. P. Pálfy, which
provides upper bounds on these values.

Theorem 14.1 With the notation defined above, there exists c > 0 such that
for all q and d

mlps�d� q� � d4�logd�3+4�logd�2+logd+2�

mlis�d� q� � d4�logd�3+4�logd�2+logd+3�

mlss�d� q� � 2cd�

Proof: We begin by proving the bound on mlps�d� q�. The theorem is trivial
when d = 1, since GL�d� q� is soluble in this case. Hence we may assume
that d > 1.

Let G be a maximal soluble subgroup of GL�d� q� which is also primitive.
Let A be a maximal abelian normal subgroup of G, let B be a subgroup of
CG�A� that is maximal subject to being normal in G and having the property
that B/A is abelian.

By Proposition 13.1, A has order qd1 −1 where d1 divides d. There are at
most d possibilities for d1. Once d1 is fixed, Proposition 13.9 implies that there

127
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are at most two possibilities for the isomorphism class of B; Proposition 13.11
implies that each possibility may be embedded in GL�d/d1� q

d1� in precisely
one way up to conjugacy. Since we may regard GL�d/d1� q

d1� as a subgroup
of GL�d� q�, once d1 is fixed there are at most two choices for B as a subgroup
of GL�d� q�, up to conjugacy.

Suppose that B is fixed, and let N =NGL�d�q��B�. Clearly, B�G�N , and so
G is determined by the corresponding subgroup G/B of N/B. Now, N/B has
at most �N/B�log �N/B� subgroups (as every subgroup of N/B can be generated
by log �N/B� elements). Proposition 13.12 implies that �N/B� � d2��d�+1, and
so the number of choices for G/B once B is fixed is at most

�d2��d�+1�log�d2��d�+1� = �d2��d�+1��2��d�+1� logd � d4�logd�3+4�logd�2+logd�

the inequality following from the fact that ��d�� logd. Since the number of
choices for B is at most 2d, and 2d � d2, we find that the number of choices
mlps�d� q� for G is at most d4�logd�3+4�logd�2+logd+2, as required.

We prove the remaining two bounds of the theorem by induction on d. As
we observed above, the theorem is trivial when d = 1. Assume, as an induc-
tive hypothesis, that the theorem is true for all smaller dimensions d. An irre-
ducible but imprimitive linear group G preserves a direct sum decomposition

V = V1 ⊕· · ·⊕Vk�

Choose a decomposition where k is as large as possible, and let m = dimV1.
By Proposition 6.15, such a group is conjugate to a subgroup of HwrQ where
Q � Sym�k� is the transitive permutation group induced by the action of G
on the direct summands Vi, and where H � GL�m�q� is the irreducible group
induced by the stabiliser of V1 in G. Indeed H is primitive, by the remark
after the proof of Proposition 6.15. Since G is soluble, Q and H are soluble.
Since G is a maximal soluble subgroup, G is conjugate to HwrQ, rather than
to a general subgroup of HwrQ. Moreover, the maximality of G implies that
Q is a maximal soluble subgroup of Sym�k� and H is a maximal soluble
subgroup of GL�V1�.

So for any maximal soluble irreducible subgroup G of GL�d� q� we have
that G is conjugate to HwrQ where H is a maximal soluble subgroup of
GL�m�q� for some divisor m of d, where H is primitive and where Q is a
transitive subgroup of Sym�d/m�. Hence

mlis�d� q� �
∑
m�d

mlps�m�q�mts�d/m�

�
∑
m�d

m4�logm�3+4�logm�2+logm+2 23�logd−logm�3
�
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the second inequality following from Theorem 11.2. Each term in the sum
above is at most d4�logd�3+4�logd�2+logd+2. (This is trivial when m = d. When
m < d, this follows from the fact that m � d/2 and 3�logd− logm�3 �
4�logd�3 +4�logd�2 + logd+2.) Since there are at most d terms in the sum,

mlis�d� q� � d4�logd�3+4�logd�2+logd+3�

as required.
Finally, let G be a (possibly reducible) maximal soluble subgroup of

GL�d� q�. Let


0� = V0 < V1 < · · · < Vk = F
d
q

be an FqG composition series. Let Gi be the group induced by G on Vi/Vi−1.
Note that Gi is isomorphic to a quotient of G, and so is soluble. Moreover,
Gi acts irreducibly on Vi/Vi−1 since the Vi form a composition series. Let
di = dim�Vi/Vi−1�. With respect to a suitable basis, G is a group of matrices
of the form ⎛⎜⎜⎜⎜⎝

A1 0 0 � � � 0
? A2 0 � � � 0

?
���

� � � 0
? ? ? Ak

⎞⎟⎟⎟⎟⎠
where the di ×di matrices Ai represent the groups Gi. Now, it is not difficult
to check that the set L of all matrices of the form

⎛⎜⎜⎜⎜⎝
Id1

0 0 � � � 0
? Id2

0 � � � 0

?
���

� � � 0
? ? ? Idk

⎞⎟⎟⎟⎟⎠ �

where Im is the m×m identity matrix, is a soluble group (indeed it is a p-group
and so it is nilpotent). Moreover, since G preserves the subspaces Vi, G

normalises L, and so L�G by the maximality of G. Thus the conjugacy class
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of G is determined by the conjugacy classes of the groups Gi in GL�di� q�.
Moreover, the groups Gi must be maximal in order that G is maximal. So

mlss�d� q� �
∑

�d1�d2�����dk�

∏
mlis�di� q�

where �d1�d2� � � � � dk� runs over the ordered partitions of d

�
∑

�d1�d2�����dk�

∏
d

4�logdi�
3+4�logdi�

2+logdi+3
i

= ∑
�d1�d2�����dk�

2
∑k

i=1�4�logdi�
4+4�logdi�

3+�logdi�
2+3 logdi��

We wish to find an upper bound on the sum

k∑
i=1

(
4�logdi�

4 +4�logdi�
3 + �logdi�

2 +3 logdi

)
� (14.1)

If �d1�d2� � � � � dk� is an ordered partition of d that maximises the sum (14.1),
for all i we must have that

�4�logdi�
4 +4�logdi�

3 + �logdi�
2 +3 logdi�

� 
di/2��4�log 2�4 +4�log 2�3 + �log 2�2 +3 log 2�

= 12
di/2��

for otherwise we may replace di by 
di/2� parts equal to 2 or 3 and the
sum (14.1) increases. But this inequality implies that di is bounded. Indeed, we
must have that di � 216. Because �d1�d2� � � � � dk� has at most d parts, we there-
fore find that the sum (14.1) is at most d�4�16�4 +4�16�3 + �16�2 +3 ·16� =
278 832d. Hence

mlss�d� q� <
∑

�d1�d2�����dk�

2
∑k

i=1�4�logdi�
4+4�logdi�

3+�logdi�
2+3 logdi�

<
∑

�d1�d2�����dk�

2278 832d

= 2d−12278 832d < 2278 833d�

since (by Lemma 5.9) there are 2d−1 ordered partitions of d. So the last
statement of the theorem follows (and we may take c = 278 833 in our upper
bound on mlss�d� q�).
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Commentary:

1. Pyber [82, Lemma 3.4] gives this theorem (with attribution to Pálfy) for
q = p (prime) and with 20�logd�3 as the leading term of the exponent for
the bounds on mlps�d� q� and mlis�d� q� (and some other minor changes).
We should remark that Pyber claims a slightly better bound for mlss�d� q�

than that of Theorem 14.1. However, the proof he gives contains a small
error, which when corrected leads to the bound we give here.

2. It is highly significant for our purposes that the bounds depend only
on d and not on q. What lies behind this fact is that solubility of a
subgroup of GL�n�F� is, in general, inherited by its closure in the Zariski
topology. Therefore maximal soluble subgroups are Zariski-closed, and
so they are algebraic subgroups. Just as the maximal algebraic subgroups
of an algebraic group can be classified into finitely many types (hence
conjugacy classes), so the same is true of the maximal soluble subgroups.

3. It is possible to give a slightly better upper bound on the maximal
number of generators required to generate a subgroup of N/B, by first
deriving an upper bound on ���Sp�2��p��� and then using facts about
N/B established in the proof of Proposition 13.12 together with the
result (see Corollary 16.7) that a group G of order n may be generated
by ��n�+ 1 elements. This leads to an improvement of the bounds
of Theorem 14.1. However, the leading terms of the exponents of the
bounds for mlps�d� q� and mlis�d� q� are unchanged, and the resulting
explicit value of c is not significantly smaller than the value given
above.

4. Our estimation of the sum (14.1) is very crude. In fact, we think the
following may well be true:

mlss�d� q� � O�2dd�� perhaps even mlss�d� q� � O
(
2dd1/2

)
�
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Let � be a family of groups, one for each prime power order. We want to
enumerate soluble groups of order n = p

�1
1 · · ·p�k

k whose Sylow subgroups
are isomorphic to groups in �.

The technical machinery required to prove our main result is in place except
for a few lemmas. We present these in Section 15.1. The next section will
contain the proof of Pyber’s theorem (for the soluble case). But first we set
up notation that will be used throughout this chapter.

As before, we have � = max
�1� � � � ��k�. We focus on a soluble group G

of order n whose Sylow subgroups are isomorphic to groups in �. The material
presented in Section 6.2 of Chapter 6 can be referred to for information on
F�G�, the Fitting subgroup of G.

For i = 1� � � � � k let

Fi = Opi
�G��

F = F�G� = F1 ×F2 ×· · ·×Fk�

Ai = Aut�Fi��

A = Aut�F� = A1 ×A2 ×· · ·×Ak and

Bi = 
� ∈ Ai � �g ≡ g mod ��Fi� for all g ∈ Fi� �

For each i, there is a natural homomorphism from Ai into Aut �Fi/��Fi��. By
Lemma 3.13 the kernel Bi of this homomorphism is a pi-group. Now let

di = d�Fi� = d�Fi/��Fi�� �

Then by Lemma 3.12, Aut�Fi/��Fi�� is isomorphic to GL�di� pi� and so
Ai/Bi may be regarded as a subgroup of GL�di� pi�.
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Let Z = Z�F� and Zi = Z∩Fi. Note that Zi is the Sylow pi-subgroup of
Z. Further, let H = G/Z and for P1� � � � � Pk, Sylow pi-subgroups of G, let
Qi = Pi/Zi. So the Qi are isomorphic to Sylow pi-subgroups of H .

15.1 Extensions and soluble subgroups

Lemma 15.1 Suppose that Z�H are given (as is an action of H on Z).
Then the number of groups G with Sylow subgroups P1� � � � � Pk which are

extensions of Z by H is at most
∏k

i=1 p
�2
i

i and hence it is at most n�.

Proof: Let H2
��H�Z� be the set of equivalence classes of extensions

E 
 1 −→ Z −→ G −→ H −→ 1

with Sylow subgroups P1� � � � � Pk. Since Z = Z1 ×Z2 ×· · ·×Zk, by Proposi-
tion 7.12,

H2�H�Z� � H2�H�Z1�×H2�H�Z2�×· · ·×H2�H�Zk� �

It is obvious that this isomorphism gives a one-to-one correspondence between
H2

��H�Z� and H2
�1
�H�Z1�×H2

�2
�H�Z2�×· · ·×H2

�k
�H�Zk�, where �i has pi-

group Pi and pj-group Qj for j �= i.
Since Zi is a pi-subgroup, we get that H2�H�Zi� is an abelian pi-group.

Thus for each i, by Corollary 7.16, the restriction map from H2�H�Zi� into
H2�Qi�Zi� is an injection. But we are only interested in extensions

1 −→ Zi −→ Pi −→ Qi −→ 1 � (15.1)

If �Zi� = p
�i
i then the number of injective homomorphisms from Zi into Pi

(and whose images are normal subgroups of Pi) is less than p
�i�i
i . Now Pi

can be generated by �i −�i generators together with Zi. So the number of
homomorphisms from Pi onto Qi with kernel Zi is less than �Qi��i−�i . But
�Qi� = p

�i−�i
i . Hence the number of exact sequences given by (15.1) is at most

p
�i�i
i p

��i−�i�
2

i � p
�i�i
i p

�i��i−�i�
i = p

�i
2

i . Thus �H2

Pi�

�Qi�Zi�� � p
�i

2

i and so

H2
��H�Z� �

k∏
i=1

p
�i

2

i � n� �

For any group G, let Mss�G� denote the set of maximal soluble sub-
groups of G.

Lemma 15.2 Let G be a group and H a subgroup of G. Then �Mss�H�� �
�Mss�G��.
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Proof: Let X1 be a maximal soluble subgroup of H . Then there is a maximal
soluble subgroup M of G such that X1 � M . Now if X2 is also a member
of Mss�H� such that X2 � M , then �X1�X2� is a soluble subgroup of H

containing X1 and X2. So by maximality we get that X1 = X2. This shows
that �Mss�H�� � �Mss�G��.

Lemma 15.3

(i) If M is a soluble subgroup of Ai and �M� = p
mi
i xi where pi does not

divide xi, then xi � p
3�i
i .

(ii) �Mss�Ai�� � p
�2
i +278 833�i

i .

Proof: (i) By Theorem 6.1 we get that M has a Hall pi
′-subgroup, say Xi.

So �Xi� = xi. We have seen that Ai/Bi may be regarded as a subgroup of
GL�di� pi�. Since Bi is a pi-group, we get that Xi is isomorphic to a subgroup
of Ai/Bi. Now pi does not divide xi, so by Maschke’s theorem Xi is a
completely reducible subgroup of GL�di� pi� and is also soluble. Thus by
Theorem 10.2 we have

�Xi� � p
3di−2
i � p

3�i
i �

(ii) We claim that �Mss�Ai�� = �Mss�Ai/Bi��. This can be seen using the
following argument. Let M be a maximal soluble subgroup of Ai. Then MBi

is also a soluble subgroup of Ai and so M = MBi. Thus Bi is contained in
M and the map taking M to M/Bi gives a bijective map from Mss�Ai� to
Mss�Ai/Bi�.

It follows from Lemma 15.2 that

�Mss�Ai�� = �Mss�Ai/Bi�� � �Mss�GL�di� pi��� �
We know from Theorem 14.1 that there exists an explicit constant c > 0
such that the number of conjugacy classes of maximal soluble subgroups of
GL�d� q� is at most 2cd. It was shown in the proof of the theorem that c could
be taken to be equal to 278 833. Thus

�Mss�Ai�� � �Mss�GL�di� pi���
� p

d2
i

i 2278 833di

� p
d2
i +278 833di

i

� p
�2
i +278 833�i

i �

Corollary 15.4 �Mss�A�� � ∏k
i=1 p

�2
i +278 833�i

i � n�+278 833�
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Proof: Since a maximal soluble subgroup of A is a direct product of maximal
soluble subgroups of each of the Ai, we get that

Mss�A� = Mss�A1�×· · ·×Mss�Ak� �

Thus

�Mss�A�� =
k∏

i=1

�Mss�Ai��

�
k∏

i=1

p
�2
i +278 833�i

i

�
k∏

i=1

p
�i��+278 833�
i

= n�+278 833�

as required.

In their paper [10], Borovik, Pyber and Shalev have proved a conjecture of
Laci Pyber that there is a constant c such that for all finite groups G we have

�Mss�G�� � �G�c�
Pyber now makes the conjecture that in fact �Mss�G�� � �G�.

15.2 Pyber’s theorem

Theorem 15.5 The number of soluble groups of order n with Sylow subgroups
P1� � � � � Pk is at most n8�+278 833.

Proof: Before we embark on the details of a proof of Pyber’s theorem, it
is worthwhile to consider the main stages of the proof. We first present a
summary of these.

Let n = ∏k
i=1pi

�i be the decomposition of n into primes. Suppose that
P1� � � � � Pk are pi-groups such that �Pi� = p

�i
i . Let G be a soluble group of

order n with Sylow subgroups Pi.
Now G acts by conjugation on F , the Fitting subgroup of G, and so there

is a homomorphism � from G into A, the automorphism group of F . Clearly
ker� = CG�F�. Further, since G is soluble, by Corollary 6.5 we know that
CG�F� � F . Thus ker� = Z, the centre of F . Consequently, we may regard
H = G/Z as a subgroup of A.
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Hence G is an extension of Z by H and so G is determined by H , Z, the
action of H on Z and by E, an element of H2

��H�Z�. Note that the action of
H on Z is determined by the action of H on F and once a choice for F is
made, we know Z and A. Further, the choices for H and the action of H on
F are taken into account by counting the choices for H as a subgroup of A.

Since the Sylow subgroups of G are isomorphic to the Pi, it is easy to
determine the choices for F . Once this is done, we know Z and A. The main
task lies in counting the choices for H as a subgroup of A. Since H is soluble,
it will be contained in some maximal soluble subgroup M of A. So we first
choose a maximal soluble subgroup M of A and then count the choices for
H as a subgroup of M . This is done by considering Sylow systems (see
Theorem 6.2) for H . It can be shown that the number of Sylow systems for
M is fairly small and they contain the Sylow systems of H .

Let Q1� � � � �Qk be a Sylow system for H and let R1� � � � �Rk be part of a
Sylow system for M such that Qi � Ri, for each i. Once M has been chosen
and a Sylow system for M has been fixed, we could estimate the choices
for H (up to conjugacy) as a subgroup of M by enumerating the possibilities
for Qi as a subgroup of Ri. Unfortunately, the Ri can be ‘too large’ for the
purpose of enumerating the choices of Qi and so instead of using Sylow
systems for M , a small number of ‘approximating Sylow systems’ S1� � � � � Sk
are found such that Si are pi-subgroups of M of ‘small enough order’ and
such that Qi � Si for i = 1� � � � � k.

In order to estimate the choices for H , as outlined above, we need to
explore in depth the structural properties that H satisfies as a subgroup of A.
Since H is soluble, there will be a maximal soluble subgroup M of A such
that H �M . Further, M =M1 ×M2 ×· · ·×Mk where Mj =M ∩Aj and Mj is
a maximal soluble subgroup of Aj . By Theorem 6.2, we can choose a Sylow
system Q1� � � � �Qk for H and (part of) a Sylow system R1� � � � �Rk for M such
that Qi = H ∩Ri.

Since M = M1 ×M2 ×· · ·×Mk, we get that for i = 1� � � � � k,

Ri = Ri1 ×Ri2 ×· · ·×Rik

where Rij is a Sylow pi-subgroup of Mj .
Let Xj = ∏k

i = 1
i �=j

Rij . Since the Rs form part of a Sylow system for M , we

have that RsRt = RtRs. So Xj is well-defined as a soluble p′
j-subgroup of Aj .

So by part (i) of Lemma 15.3, we get that �Xj� � pj
3�j . Thus for i �= j, we

find that Rij is ‘small’ but unfortunately the Rii may be ‘large’. So we replace
the Sylow system Ri for M by an ‘approximate Sylow system’ Si as follows.
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Since H = G/Z, for each i we have that Qi is a conjugate of PiZ/Z. By
choosing suitable conjugates of Pi in G, we can have Sylow pi-subgroups for
G, say P̂1� � � � � P̂k, such that Qi = P̂iZ/Z. So without loss of generality let us
assume that Qi = PiZ/Z for each i.

Define

Sij =
{

Rij if i �= j

�i�Pi� if i = j

where �i = �i �� and �i is the projection map from A to Ai. Note that
�i�Pi� = �i�PiZ/Z� = �i�Qi�. Define

Si = Si1 ×Si2 ×· · ·×Sik�

Then Si is a pi-group and clearly Qi � Si.
For i �= j, we have defined Sij to be Rij so

k∏
i=1

�Si� =
k∏

j=1

�Xj�
k∏

i=1

�Sii�

�
k∏

j=1

pj
3�j

k∏
i=1

pi
�i

=
k∏

i=1

pi
4�i

= n4�

The group Qi is a subgroup of Si generated by at most �i elements, so the
number of possibilities for the sequence Q1� � � � �Qk is at most

k∏
i=1

�Si��i �

This is at most
∏k

i=1 �Si�� � n4�.

Let

n1 = the number of possibilities for F�

Given F , let

n2 = the number of possibilities for M�

Given F and M , let

n3 = the number of possibilities for S1� � � � � Sk�



138 Pyber’s theorem: the soluble case

Given F�M�S1� � � � � Sk, let

n4 = the number of possibilities for Q1� � � � �Qk �

We have shown above that n4 � n4�.
Since F = F1 ×F2 ×· · ·×Fk, where Fi = Opi

�G� � Pi, we get that

n1 �
k∏

i=1

�Pi��i =
k∏

i=1

pi
�i

2 � n� �

By Corollary 15.4 we have

n2 = �MssA� � n�+278 833�

As all Sylow systems of M are conjugate, their number is at most �M�.
Also

�M� � �A�

=
k∏

i=1

�Ai�

�
k∏

i=1

pi
�i

2

� n��

So the number of choices for the Ri is at most n�. Further, when a choice for
F was made, we fixed the embedding of Fi into Pi. The homomorphism �i

is clearly just the map induced by the conjugation action of Pi on Fi and so
this is fixed once F has been chosen. Thus the Si are uniquely determined by
the Ri. Consequently,

n3 � �M� � n� �

Thus the number of possibilities for H (as a subgroup of Aut F ) is at most
n7�+278 833� Now, by Lemma 15.1, given P1� � � � � Pk, Z and H and the action
of H on Z, the number of extensions of Z by H with Sylow subgroups
isomorphic to the Pi is at most n�. Hence we have the required result.

Corollary 15.6

fA� sol�n� � n8�+278 834 �

Proof: By Corollary 17.3 there are at most m choices for an abelian group
of order m up to isomorphism. Hence there will be at most n choices that
can be made for the abelian pi-groups that will serve as the Sylow subgroups
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of a soluble A-group of order n. The result now follows from applying
Theorem 15.5.

Comments

1. When ��n� is large this corollary represents an improvement on Corol-
lary 12.10. Moreover, it seems very likely that a combination of the
methods of McIver and Neumann [67] with the methods of this chapter
should yield the stronger theorem that fA�n� � n8�+278 834, but we believe
that this would still be quite far from best possible—see Question 22.22
on p. 266.

2. It seems likely that the exponent 8�+ 278 833 in Theorem 15.5 should
come down considerably, at least as far as 2�+O�1�, and probably further.

3. Let � be a family of groups, one for each prime power order, and let
f��n� denote the number of groups of order n whose Sylow subgroups are
isomorphic to groups in �. Let n= p

�1
1 · · ·p�k

k be the prime decomposition
of n. It had been hoped that in fact

f��n� � p
�2

1+o��2
1�

1 p
�2

2+o��2
2�

2 � � � p
�2

1+o��2
k�

k � n�+o���

but Pyber in [82] has shown that this is false.
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Pyber’s theorem: the general case

In this chapter we aim to prove the general version of Pyber’s theorem:
the proof is contained in the final section. The three sections preceding the
proof each deal with a different ingredient that is needed there. Section 16.1
contains theorems that bound the number of generators of a group in various
contexts. Section 16.2 is concerned with central extensions (especially of
perfect groups). Finally, in Section 16.3 we define and explore the notion of
the generalised Fitting subgroup of a group.

16.1 Three theorems on group generation

This section contains proofs of three theorems, each of which makes state-
ments about the existence of certain kinds of generating sets for finite groups.
The first, due to Wolfgang Gaschütz [35], will be needed to prove the third
theorem of this section. The second and third depend on the Classification of
Finite Simple Groups; they will be used in the proof of the general case of
Pyber’s theorem in Section 16.4.

Theorem 16.1 Let G be a finite group, and let N be a normal subgroup of
G. Suppose that G may be generated by r elements, and let g1� g2� � � � � gr ∈G

be such that g1N�g2N� � � � � grN generate G/N . Then there exist generators

h1� h2� � � � � hr� for G such that hi ∈ giN for i ∈ 
1�2� � � � � r�.

Proof: We aim to show that the number of choices for h1� h2� � � � � hr does
not depend on g1� g2� � � � � gr (but only on G, N and r). This will establish
the result, since when g1� g2� � � � � gr generate G there is clearly at least one
choice for the hi, namely hi = gi for i ∈ 
1�2� � � � � r�.

140
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Define the set X by

X = 
�h1� h2� � � � � hr� �hi ∈ giN for i ∈ 
1�2� � � � � r���

For a subgroup U of G, define the subset XU of X by

XU = 
�h1� h2� � � � � hr� ∈ X �hi ∈ U for i ∈ 
1�2� � � � � r��

= 
�h1� h2� � � � � hr� �hi ∈ �giN�∩U for i ∈ 
1�2� � � � � r���

Note that XU1∩U2
= XU1

∩XU2
for any subgroups U1 and U2 of G. We claim

that

�XU � = �U �N ∩U �r � where �U =
{

0 if UN �= G�

1 if UN = G�

To prove this claim, first note that if UN �= G then �giN�∩U = ∅ for some
i ∈ 
1�2� � � � � r�, since the elements giN generate G/N . Thus XU = ∅ and
the claim follows in this case. Moreover, if UN = G then there exists ui ∈
�giN�∩U for all i ∈ 
1�2� � � � � r�. But then the map x �→ u−1

i x provides a
bijection between the sets �giN�∩U and N ∩U . Therefore there are �N ∩U �
choices for each component of �h1� h2� � � � � hr�∈XU , and so the claim follows.

Let M1�M2� � � � �Mk be the maximal subgroups of G. For I ⊆ 
1�2� � � � � k�
define MI = ⋂

i∈I Mi. Now 
h1� h2� � � � � hr� ⊆ G is a generating set for G if
and only if it is not contained in any maximal subgroup Mi of G. Hence, by the
inclusion–exclusion principle (see, for example, Cameron [13, Section 5.1]),
the number c of elements �h1� h2� � � � � hr�∈X such that h1� h2� � � � � hr generate
G is given by

c = �X�+ ∑
I⊆
1�2�����k�

�−1��I�
∣∣⋂

i∈I XMi

∣∣
= �X�+ ∑

I⊆
1�2�����k�

�−1��I�
∣∣XMI

∣∣
= �N �r + ∑

I⊆
1�2�����k�

�−1��I��MI
�N ∩MI �r �

In particular, c does not depend on g1� g2� � � � � gr , and so the theorem follows.

We remark that Gaschütz [35] proves the stronger theorem, where G is
no longer necessarily finite but where N is still assumed to be finite. The
above argument establishes this more general result, once the observation
is made that there are only finitely many maximal subgroups M of G such
that MN = G (as such a subgroup M is determined by the intersections
�giN�∩M for i ∈ 
1�2� � � � � r� together with the intersection N ∩M) and that
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only maximal subgroups of this form are needed in the inclusion–exclusion
argument.

The two remaining theorems we will prove in this section depend on the
Classification of Finite Simple Groups. In both cases, the Classification is
only needed to establish the truth of the following result:

Theorem 16.2 Let L be a finite non-abelian simple group. Then there exists
a Sylow 2-subgroup P of L and an element x ∈ L such that L is generated
by P and xPx−1.

Theorem 16.2 is due to Robert Guralnick. We do not give the proof here;
the interested reader can consult Guralnick’s paper [38]. We remark that the
next theorem we consider, a theorem due to Michael Aschbacher and Robert
Guralnick [2], follows from the weaker result where ‘2’ is replaced by ‘p’.
Indeed, a proof of this weaker result makes up a significant proportion of
the Aschbacher–Guralnick paper. In fact, we use the following corollary of
Guralnick’s theorem:

Corollary 16.3 Let M be a direct product L×L×· · ·×L of several copies
of a finite non-abelian simple group L. Then there exists a Sylow 2-subgroup
P of M and an element x ∈ M such that M is generated by P and xPx−1.

Proof: By Theorem 16.2, there exists a Sylow 2-subgroup Q of L and an
element x∈L such that Q and yQy−1 generate L. But then P =Q×Q×· · ·×Q

is a Sylow 2-subgroup of M , and it is easy to check that P and xPx−1 generate
M , where x = �y� y� � � � � y�.

Theorem 16.4 Let G be a finite group. Then there exists a soluble subgroup
S of G and an element x ∈ G such that G is generated by S and xSx−1.

Proof: We prove the result by induction on the order of G. Assume as an
inductive hypothesis that the theorem holds for all groups of order smaller
than �G�. Let M be a minimal normal subgroup of G. Suppose M is soluble.
By our inductive hypothesis, there exists a subgroup S containing M and an
element x ∈ G such that G/M is generated by S/M and �xM��S/M��xM�−1

and such that S/M is soluble. But then S is soluble and G is generated by S

and xSx−1. So the theorem holds for G in the case when M is soluble.
Suppose now that M is not soluble. We may identify M with a direct product

L×L×· · ·×L of copies of a non-abelian simple group L. By Corollary 16.3,
there exists a Sylow 2-subgroup P of M and an element x ∈ M such that M
is generated by P and xPx−1.
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Let N be the normaliser of P in G. By the Frattini argument (see Goren-
stein [36, page 12, Theorem 3.7]) we find that G=MN . Now, P is not normal
in G (by the minimality of M) and so N is a proper subgroup of G. By our
inductive hypothesis, there exists a soluble subgroup S of N and an element
z ∈ N such that N is generated by S and zSz−1. Since PS is also a soluble
subgroup of N , we may assume that P � S. Let H be the subgroup of G

generated by S and xzS�xz�−1. We claim that H = G. To see this, first note
that xzS�xz�−1 � xzP�xz�−1 = xPx−1, the equality following since z ∈ N . So
H contains both P and xPx−1, hence H contains M . In particular x ∈ H , so
H contains zSz−1 in addition to S. Therefore H contains N . Since G = MN ,
we find that H = G and our claim follows. So the theorem holds for G in
this case also. The theorem now follows by induction on the order of G.

We now turn to the final theorem of this section, a theorem proved indepen-
dently by Robert Guralnick [39] and Andrea Lucchini [62], which provides a
bound on the number of generators of a finite group in terms of the maximum
number of elements needed to generate a Sylow subgroup. The theorem uses
some of the theory of the first cohomology group H1�G�M� from Chapter 7,
and we begin by making some easy observations about this group.

Let G be a group and let M be a finite G-module. Recall that the first
cohomology group H1�G�M� may be defined as the quotient of Z1�G�M� by
B1�G�M�, where Z1�G�M� is the group of all derivations f 
 G → M , and
where B1�G�M��Z1�G�M� is the subgroup of all inner derivations �m 
G→
M (where m runs through M). Now, a derivation f 
 G→M is determined by
the images of a generating set of G. So if G can be generated by d elements,
then �Z1�G�M�� � �M�d. The definition of an inner derivation makes clear that
�B1�G�M�� � �M�. Moreover, the definition shows that B1�G�M� is trivial
if and only if M is a trivial G-module. So �H1�G�M�� � �Z1�G�M��, with
equality if and only if M is a trivial G-module.

Lemma 16.5 Let G be a finite group. Let ��G� be the smallest integer k

such that every Sylow subgroup of G can be generated by k elements. Let M
be a normal p-subgroup of G and let r be an integer. Suppose that

(i) p = 2 and r � ��G�; or
(ii) p �= 2 and r � ��G�+1.

Then whenever G/M can be generated by r elements, G can be generated
by r elements.

Proof: We prove the lemma in the case when M is a minimal normal
subgroup of G (and so is elementary abelian). It is clear that the lemma
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follows from this special case by induction on the length of a G-invariant
composition series for M .

Let g1� g2� � � � � gr generate G modulo M . Let H be the subgroup generated
by g1� g2� � � � � gr . So G=HM . The subgroup H ∩M is clearly normalised by
H , and is also normalised by M since M is abelian. But G = HM and so
H ∩M is normal in G. Since M is a minimal normal subgroup of G we find
that H ∩M = M or H ∩M = 
1�. If H ∩M = M then G = HM = H , and
so G is generated by the r elements g1� g2� � � � � gr . So we may assume that
H ∩M = 
1�. Thus H is a complement of M in G, and G is isomorphic to
the semidirect product M �H of M by H .

Let q = p� = �M�, where p is a prime. There are qr sequences of the form
g1x1� g2x2� � � � � grxr with x1� x2� � � � � xr ∈ M . The argument of the paragraph
above shows that the lemma follows when g1x1� g2x2� � � � � grxr generates a
non-complement to M in G. So we may assume that all such sequences gen-
erate such a complement. Distinct sequences generate distinct complements,
and every complement arises from such a sequence. Hence M has qr com-
plements in G, so �Z1�H�M�� = qr by Proposition 7.7. We aim to derive a
contradiction from this equality.

We aim to give an upper bound on the order of Z1�H�M�. Let P be a Sylow
p-subgroup of H . Defining Q = PM , we see that Q is a Sylow p-subgroup
of G. Corollary 7.16 states that H1�H�M� is isomorphic to a subgroup of
H1�P�M�, and so

�Z1�H�M�� = �H1�H�M���B1�H�M�� � �H1�P�M���B1�H�M���
Let d be the minimum number of generators required to generate P. We
remarked above the statement of the lemma that �H1�P�M�� � �Z1�P�M�� �
qd. Moreover, since �B1�H�M�� � q, we find that

qr = �Z1�H�M�� � qd+1�

Recall the Frattini subgroup ��P� of a group P introduced in Section 3.3. We
have that �P/��P�� = pd, by Lemma 3.12. Moreover, by Lemma 3.12 we have
that ��Q� = QpQ′. Using this it is easy to check that ��Q� = ��P��P�M�.
Writing pa for the index of �P�M� in M , we find that �Q/��Q�� = pd+a, so any
generating set for Q has at least d+a generators. In particular, d+a� ��G�

and so

qr = �Z1�H�M�� � q��G�−a+1� (16.1)

Note that �P�M� is a proper subgroup of M since P and M are p-groups, and
so a� 1. So (16.1) gives us our required contradiction whenever r � ��G�+1.
This proves the lemma when p �= 2. Indeed, we have our required contradiction
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when p = 2, except in the case when a = 1 and r = ��G�. We now aim to
derive a contradiction in this case.

Suppose that M is a non-trivial P-module. The remark above the statement
of the lemma shows that �H1�P�M�� < �Z1�P�M�� � qd in this case, and the
argument above then shows that qr = �Z1�H�M�� < q��G�−1+1 = q��G�. This
gives the contradiction we require. So we may assume that M is a trivial
P-module. In this case �P�M� = 
1�, and so �M� = 2a = 2. Thus M is also a
trivial H-module, so �B1�H�M�� = 1. Therefore

qr = �Z1�H�M�� = �H1�H�M�� � �H1�P�M�� � qd � q��G�−a = q��G�−1�

Again we have a contradiction, and so the lemma follows.

Theorem 16.6 Let G be a finite group. Let ��G� be the smallest integer k such
that every Sylow subgroup of G can be generated by k elements. Then there
exist generators g1� g2� � � � � g��G�+1 for G such that the subgroup generated
by g1� g2� � � � � g��G� contains a Sylow 2-subgroup of G. In particular, G can
be generated by ��G�+1 elements.

Proof: We prove the result by induction on the order of G. Suppose the
theorem holds for all groups of order smaller than �G�. Let M be a minimal
normal subgroup of G. By the inductive hypothesis, there exist elements
h1� h2� � � � � h��G�+1 ∈ G that generate G modulo M and such that h1M�

h2M� � � � � h��G�M generate a subgroup of G/M containing a Sylow 2-subgroup
of G/M .

Firstly, suppose that M is a 2-group. Let H be the group generated
by h1� h2� � � � � h��G� and M . Then H contains a Sylow 2-subgroup of G.
Moreover, H/M can be generated by ��G� elements and ��H� � ��G�,
so there exist generators g1� g2� � � � � g��G� for H by Lemma 16.5. If we set
g��G�+1 = h��G�+1, we have found generators for G that satisfy the conditions
of the theorem. So the inductive step follows in this case.

Secondly, suppose that M is a p-group, where p �= 2. By Lemma 16.5, G can
be generated by ��G�+1 elements. By Gaschütz’s theorem (Theorem 16.1),
there exist generators g1� g2� � � � � g��G�+1 for G such that gi ∈ hiM for i ∈

1�2� � � � � ��G�+1�. So g1M�g2M� � � � � g��G�M generate a subgroup of G/M

containing a Sylow 2-subgroup of G/M , by our choice of the generators hi.
Since M has odd order, this implies that g1� g2� � � � � g��G� generate a subgroup
containing a Sylow 2-subgroup of G, and so the inductive step follows in this
case also.

Finally, we assume that M is isomorphic to a direct product of copies of
a non-abelian finite simple group. By Corollary 16.3, there exist a Sylow
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2-subgroup P of M and an element x ∈ M such that M is generated by
P and xPx−1. By the Frattini argument, G = MN , where N is the nor-
maliser of P in G. So, without loss of generality, we may assume that
hi ∈ N for i ∈ 
1�2� � � � � ��G�+ 1�. Let H be the subgroup generated by
h1� h2� � � � � h��G� and P. Note that H contains a Sylow 2-subgroup of G.
Since H � N , we have that P is normal in H and so H may be generated
by ��G� elements g1� g2� � � � � g��G� by Lemma 16.5. Set g��G�+1 = xh��G�+1.
We claim that g1� g2� � � � � g��G�+1 generate G. The subgroup U generated by
g1� g2� � � � � g��G�+1 contains H , and so U contains both P and g��G�+1Pg

−1
��G�+1 =

xPx−1 (the last equality following since h��G�+1 ∈ N ). So M � U . Moreover,
G/M is generated by HM/M and h��G�+1M . Since h��G�+1M = g��G�+1M , we
find that U/M = G/M . So U = G and our claim follows. Since H contains
a Sylow 2-subgroup of G, the generators g1� g2� � � � � g��G�+1 satisfy the con-
ditions of the theorem. The theorem now follows by induction on the order
of G.

Corollary 16.7 Let G be a finite group of order n. Then G may be generated
by ��n�+1 elements.

16.2 Universal central extensions and covering groups

This section contains some results on the structure of central extensions by a
perfect group G. (Recall: G is perfect if G = G′.) We will see that much of
the structure of such extensions can be described by a universal object, the
universal covering group G̃ of G. This material will be useful (in the case
where G is a finite simple group) when we investigate the generalised Fitting
subgroup in Section 16.3.

Recall the formal notion of a group extension, namely a short exact se-
quence

1 −→ M1
i−→ E1

�1−→ G −→ 1 (16.2)

of group homomorphisms. In this section, we will always assume that M1 is
contained in E1, and that the map i is inclusion. We say that the extension
(16.2) is a central extension by G if M1 � Z�E1�. Suppose that (16.2) is a
central extension by G, and let

1 −→ M2
i−→ E2

�2−→ G −→ 1 (16.3)

be a second central extension by G. We say a homomorphism � 
 E1 → E2
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is a morphism of central extensions if �1 = �2�. So � is a morphism if the
following diagram commutes:

1 −→ M1 −→ E1

�1−→ G −→ 1
↓ � ↓ id ↓

1 −→ M2 −→ E2

�2−→ G −→ 1

(16.4)

where the left vertical arrow is the restriction of � to M1.
A central extension (16.2) by G is universal if for all central extensions

(16.3) by G there exists a unique morphism � 
 E1 → E2. Note that if a
universal central extension exists, then it is unique up to isomorphism of
central extensions. For if both (16.2) and (16.3) are universal, then there exist
morphisms � 
 E1 → E2 and � 
 E2 → E1. Since �� and the identity map on
E1 are both morphisms from E1 to E1, we find that �� is the identity map on
E1. Similarly �� is the identity map on E2. Hence � is an isomorphism and
so the diagram (16.4) is an isomorphism of central extensions.

Not all groups G possess a universal central extension. Indeed, G possesses
such an extension if and only if G is perfect. This fact is a consequence of
Lemma 16.8 and Theorem 16.10 below.

Lemma 16.8 Let G be a group, and let

1 −→ M −→ G̃
�−→ G −→ 1 (16.5)

be a universal central extension by G. Then G̃ and G are perfect.

Proof: Let H =G̃×�G̃/G̃
′
�. The mapping � 
 H →G defined by ���x� y��=

��x� is surjective. Defining N = ker �, we have that N � Z�H� and so

1 −→ N −→ H
�−→ G −→ 1

is a central extension by G. Let ��� 
 G̃ →H be defined by ��x�= �x�1G̃
′
�

and ��x�= �x� xG̃
′
� respectively. Then both � and � are morphisms. As (16.5)

is universal, � = � and hence G̃/G̃
′

is trivial. So G̃ is perfect and therefore
G (being isomorphic to a quotient of a perfect group) is also perfect. This
proves the lemma.

We now aim to construct a universal central extension whenever G is a
perfect group. The following lemma will be useful.

Lemma 16.9 Let G be a perfect group. Let E be a group (not necessarily
finite) and let M be a subgroup of Z�E� such that E/M =G. Then E = E′M ,
and E′ is perfect.
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Proof: We have that E′M/M = �E/M�′ =G′ =G=E/M . Since E′M clearly
contains M , this implies that E = E′M .

To prove that E′ is perfect, note that for g1� g2 ∈ E′ and z1� z2 ∈ M , we
have that �g1z1� g2z2� = �g1� g2� since M � Z�E�. Thus �E′�′ = �E′M�′ = E′,
so E′ is perfect.

Theorem 16.10 Let G be a perfect group. Let G = F/R where F is a free
group and R is a normal subgroup of F . Then there exists a universal central
extension by G of the form (16.5) where M = �F ′ ∩R�/�R�F� and where
G̃ = F ′/�R�F�.

Proof: Define K = R/�R�F� and E = F/�R�F�. Note that G̃ = E′, and M =
E′ ∩K. Also note that K � Z�E�. Now, E/K � F/R = G and so there exists
a natural central extension

1 −→ K −→ E
"−→ G −→ 1

by G. Here " is the map induced from the natural homomorphism � 
 F →G.
This map is well-defined since �R�F� � R = ker�.

Let � be the restriction of " to G̃ . Now

ker� = G̃ ∩ker " = E′ ∩K = M�

Moreover,

im� = "�G̃� = "�E′� = G′ = G�

since " is surjective and since G is perfect. Moreover, M is central in G̃ since
K is central in E. Thus (16.5) is a central extension. We note for later use
that, since G̃ = E′, Lemma 16.9 implies that G̃ is perfect.

We must now show that (16.5) is universal. To this end, suppose that

1 −→ N −→ H
�−→ G −→ 1

is a central extension by G. We construct a morphism � 
 G̃ →H as follows.
Let X be a free generating set for F . For each x ∈X, choose ��x� ∈H so that
����x�� = ��x� (where as before � 
 F → G is the natural homomorphism).
Extend � to a homomorphism � 
 F → H . Clearly �� = �, since �� and
� agree on X. But ker� = R and so ��R� � ker � = N � Z�H�. Hence
���R�F�� � �Z�H��H� = 
1�. Since �R�F� � ker �, we find that � induces a
homomorphism �̂ 
 E →H . Note that ��̂= ". Defining � to be the restriction
of �̂ to G̃ produces the morphism we require.

Suppose that � 
 G̃ → H is another morphism. To finish the proof of the
theorem, we need to show that � = �. Define the function � 
 G̃ → H by
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��x�= ��x����x��−1 for all x ∈ G̃ . To prove the theorem, it suffices to show
that � is trivial.

Since � and � are morphisms, �� = � = ��, and so �� is trivial. So
im � � ker � = N � Z�H�. Hence, for all g1� g2 ∈ G̃,

��g1g2� = ��g1���g2����g2��
−1���g1��

−1 = ��g1���g2����g1��
−1

= ��g1����g1��
−1��g2� = ��g1���g2��

Thus � is a homomorphism. Now im �� Z�H� and so G̃/ker � is isomorphic
to an abelian group. But we observed above that G̃ is perfect, so cannot have
any non-trivial abelian quotients. Thus ker � = G̃ and hence � is trivial. This
proves the theorem.

The group G̃ in Theorem 16.10 is known as the universal covering group of
G. Since a universal central extension is unique up to isomorphism of central
extensions, the isomorphism class of G̃ is determined by G (so does not
depend on the presentation G = F/R we choose). The group M of Theorem
16.10 is known as the Schur multiplier of G, and is usually written as M�G�.
Again, M�G� is determined by the isomorphism class of G rather than by
the presentation for G we have chosen. The Schur multiplier makes sense
for any group, not just groups which are perfect. For a treatment of the
Schur multiplier from a more general point of view and its definition using
cohomology, see Suzuki [89, Chapter 2, Section 9].

The following theorem states that perfect central extensions by a perfect
group G correspond to subgroups of the Schur multiplier M�G�.

Theorem 16.11 Let G be a perfect group with universal covering group G̃

and Schur multiplier M . Let H be a perfect group, and let N be a subgroup
of Z�H� such that H/N � G. Then there exists a surjective homomorphism
� 
 G̃ → H such that ker� � M . Moreover, if Z�G� = 
1� then Z�G̃� = M

and ��Z�G̃�� = Z�H�.

Proof: By definition of a universal cover, there exists a universal central
extension of the form (16.5). Moreover, our conditions on H imply that H
may be realised as a central extension by G. Let � 
 H →G be an appropriate
surjective homomorphism with kernel N . The definition of a universal central
extension implies that there exists a homomorphism � 
 G̃ → H such that
�� = � . Note that

ker��� � ker���� = ker� = M�
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We now show that � is surjective. Let C = im�. Now, ��C� = im�� =
im� = G, and so CN = H . By Lemma 16.8, the group G̃ is perfect. Since
C is a quotient of G̃ we find that C is perfect. But C ′ = �CN�′, since N is
central (by the argument in the proof of Lemma 16.9). Hence im� = C =
C ′ = �CN�′ = H ′ = H . Thus � is surjective, and the first statement of the
theorem is established.

Now suppose that Z�G� = 
1�. Clearly M � Z�G̃�. Moreover, Z�G̃�/M is
a central subgroup of G̃/M , and so Z�G̃� � M . Thus Z�G̃� = M .

Since � is surjective, ��Z�G̃���Z�H�. So to prove the theorem, it suffices
to show that Z�H� � ��Z�G̃��. Suppose h ∈ Z�H�, and let g ∈ G̃ be such
that ��g� = h. Since ��Z�H�� is central in G, we find that ��Z�H�� = 
1�
and so ��h� = 1. Now, ��g� = ���g� = 1, and so g ∈ M = Z�G̃�. Hence
Z�H� � ��Z�G̃�� and the theorem is proved.

The final result of this section depends on the Classification: it will be
useful in Section 16.4.

Proposition 16.12 Let L be a non-abelian finite simple group, and let L̃ be
its universal cover. Then �Z�L̃�� divides �L�.

Proof: Theorem 16.11 shows that Z�L̃� is equal to the Schur multiplier M�L�

of L. The proposition now follows from the Classification by examination of
all cases (see the information on Schur multipliers in [19], for example).

Pyber [82] remarks that there is an alternative proof of this result that uses
less information from the Classification. The Classification implies that the
Schur multiplier of a non-abelian simple group is either cyclic or is the product
of two cyclic groups. A result of Schur (see Schur’s original paper [84] or
Huppert [50, page 635]) states that the exponent e of M�G� has the property
that e2 divides �G�. These two facts together imply the result we require.

16.3 The generalised Fitting subgroup

In this section we define the generalised Fitting subgroup of a finite group,
and establish some of its properties. Our approach is based on Aschbacher
[1, Section 31]. The results are independent of the Classification, but we do
use the Feit–Thompson Theorem in the proof of Corollary 16.17.

Before defining the generalised Fitting subgroup, we prove some elemen-
tary facts concerning quasisimple groups. A group C is quasisimple if it is
perfect and C/Z�C� is isomorphic to a (non-abelian) simple group. Recall that
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a subgroup H is subnormal in G if there exists a chain G=H1 >H2 > · · ·>
Hk = H of subgroups, where Hi+1 is normal in Hi for i ∈ 
1�2� � � � � k−1�.

Lemma 16.13

(i) Let G be a group, and suppose that G/Z�G� is non-abelian and simple.
Then G = G′Z�G�, and G′ is quasisimple.

(ii) Let C be a quasisimple group, and suppose that H is a subnormal
subgroup of C. Then either H = C or H � Z�C�.

Proof: Since G/Z�G� is perfect, we find that G=G′Z�G� and G′ is perfect,
by Lemma 16.9. Since G/Z�G� has trivial centre, Z�G′� = Z�G�∩G′. So
G′/Z�G′� = G′/�Z�G�∩G′� � G′Z�G�/Z�G� = G/Z�G�. Hence G′/Z�G′�
is simple and so G′ is quasisimple. So part (i) of the lemma follows.

To prove part (ii), suppose that H is a subnormal subgroup of the quasi-
simple group C, and that H is not contained in Z�C�. Then HZ�C�/Z�C�

is a non-trivial subnormal subgroup of the simple group C/Z�C� and so
C = HZ�C�. But then

C = C ′ = �HZ�C��HZ�C�� = �H�H� = H ′ � H�

and so H = C and the lemma follows.

A subgroup C of a group G is said to be a component of G if C is
quasisimple and subnormal in G. The set of components of G is written as
Comp�G�. Note that if H is a subnormal subgroup of G then Comp�H� =

C ∈ Comp�G� �C � H�. The subgroup E�G� of G is defined to be the
subgroup generated by the components of G. We define the generalised
Fitting subgroup F ∗�G� of the finite group G to be the group F ∗�G� =
E�G�F�G�. We begin by investigating the structure of F ∗�G�, and conclude
by proving a result that later allows us to use F ∗�G� in the same role for
general groups as F�G� took in the case of soluble groups in Chapter 15.

Lemma 16.14 Let H be a subnormal subgroup of a finite group G. Let
C ∈ Comp�G�. Then either C ∈ Comp�H� or �H�C� = 
1�.

Proof: We prove the lemma by induction on the order of G. When G = 
1�
the result is trivial. Assume, as an inductive hypothesis, that the lemma holds
for all groups of order smaller than �G�.

When G= C the assertion follows by Lemma 16.13 (ii), and when G=H

the assertion follows trivially. So we may assume that C and H are strictly
contained in G. Let N1 be the smallest normal subgroup of G containing C,
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and let N2 be the smallest normal subgroup of G containing H . Since C and
H are proper subnormal subgroups of G, we find that N1 and N2 are proper
subgroups of G.
N1 ∩N2 is a normal subgroup of N1, and so our inductive hypothesis

(with G replaced by N1, and with H replaced by N1 ∩N2) implies that either
C ∈ Comp�N1 ∩N2� or �N1 ∩N2�C�= 
1�. In the first case, C ∈ Comp�N2� and
so we may apply our inductive hypothesis (with G replaced by N2) to deduce
that either C ∈ Comp�H� or �H�C�= 
1�. So the inductive step follows in this
case. In the second case, we have that �N2�C�C� � �N1 ∩N2�C� = 
1�. Also,
�C�N2�C� = �N2�C�C� = 
1�. By Lemma 3.4 (the Three Subgroup Lemma)
we find that �C�C�N2�= 
1�. But C is perfect, and so �C�N2�= �C�C�N2�=

1�. So the inductive step follows in this case also. The lemma now follows
by induction on �G�.

Proposition 16.15 Let G be a finite group. Then Z�F�G�� = Z�F ∗�G��.

Proof: Now, Z�F ∗�G�� is a soluble subgroup of CG�F�G�� and is normal
in G. Hence, as in the proof of Theorem 6.4, Z�F ∗�G��� Z�F�G��. To show
the reverse containment, it is sufficient to show that Z�F�G�� centralises
E�G�. But Z�F�G�� is a normal subgroup of G, and Comp�Z�F�G��� = ∅
since Z�F�G�� is soluble. So Lemma 16.14 implies that Z�F�G�� centralises
each component C of G, whence Z�F�G�� centralises E�G� as required.

We will now prove our main result concerning the structure of F ∗�G�.
Recall that a group G is a central product of subgroups H1�H2� � � � �Hk

if G is generated by the subgroups Hi and �Hi�Hj� = 
1� for all distinct
i� j ∈ 
1�2� � � � � k�. Let X be the direct product

∏k
i=1 Hi. It is easy to see that

G is a central product of the subgroups Hi if and only if G is isomorphic to a
quotient of X by a subgroup K of Z�X� such that K has a trivial intersection
with each of the k factors of the direct product X.

Theorem 16.16 Let G be a finite group. Let Comp�G� = 
C1�C2� � � � �Ct�.
For i∈ 
1�2� � � � � t�, define Li =Ci/Z�Ci� and let L̃i be the universal covering
group of Li. Define

X = L̃1 × L̃2 ×· · ·× L̃t ×F�G��

Then F ∗�G� is isomorphic to a quotient X/K, for some subgroup K � Z�X�.
Moreover, F ∗�G� is a central product of F�G� and the components Ci ∈
Comp�G�.
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Proof: Define Y = C1 × C2 × · · · × Ct × F�G�. Since F�G� is soluble
Comp�F�G��= ∅, and so we find that F�G� centralises all the components Ci

by Lemma 16.14. Moreover, since Comp�Ci� = 
Ci�, Lemma 16.14 implies
that Ci centralises Cj whenever i �= j. So the map � from Y to G defined by

���g1� g2� � � � � gt� h�� = g1g2 · · ·gth
for all �g1� g2� � � � � gt� h� ∈ Y is a homomorphism.

The definition of F ∗�G� implies that im� = F ∗�G�. We prove that the
kernel T of � is contained in Z�Y �. Thinking of the groups Ci and F�G�

as subgroups of Y , we note that � is injective when restricted to Ci (for
some i) or to F�G�. So Ci ∩T = F�G�∩T = 
1�. Since T , F�G� and the
groups Ci are normal in Y , we find that �Ci� T� � Ci ∩T = 
1� and similarly
�F�G��T� = 
1�. Thus T � Z�Y �. This shows that F ∗�G� is a central product
of F�G� and the components Ci of G.

Let i ∈ 
1�2� � � � � t�. By Theorem 16.11, there exists a surjective homomor-
phism �i 
 L̃i → Ci. Moreover, ker��i� � Z�L̃i� and �i�Z�L̃i�� = Z�Ci�. Let
� 
 X → Y be the map that is equal to �i when restricted to each factor L̃i and
is equal to the identity map when restricted to F�G�. Then � is a surjective
homomorphism, and ��Z�X�� = Z�Y �. Defining K = �−1�T�, we find that
K � Z�X�. Since the surjective homomorphism �� 
 X → F ∗�G� has kernel
K, the theorem follows.

We will use the following corollary in Section 16.4:

Corollary 16.17 Let G be a group of order n and let

Comp�G� = 
C1�C2� � � � �Ct��

For i ∈ 
1�2� � � � � t�, define Li = Ci/Z�Ci�. Then

(i) F ∗�G�/Z�F ∗�G�� � (∏t
i=1 Li

)×F�G�/Z�F�G��;

(ii) �F�G�� ∏t
i=1 �Li� divides n; and

(iii) t � �/2.

Proof: Part (i) of the corollary follows from Theorem 16.16. Part (i) implies
that n/�Z�F ∗�G��� is divisible by �F�G�/Z�F�G��� ∏t

i=1 �Li�. Since Z�F�G��=
Z�F ∗�G��, part (ii) follows. The Feit–Thompson Theorem [33] implies that 4
divides �Li� for all i, and so 22t divides n. Hence 2t � �, and part (iii) holds.

Theorem 16.18 Let G be a ( finite) group. Then CG�F
∗�G�� = Z�F�G��.
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Proof: By Proposition 16.15, we find that Z�F�G�� � CG�F
∗�G��. So we

need to show that CG�F
∗�G�� � Z�F�G��.

Let H =CG�F
∗�G��, let K =CG�F�G�� and let Z=Z�F�G��. Suppose, for

a contradiction, that H strictly contains Z. Then H/Z is a non-trivial normal
subgroup of K/Z. Let M/Z be a minimal normal subgroup of K/Z contained
in H/Z (for some subgroup M of H containing Z). If M/Z is soluble, then M

is a soluble normal subgroup of CG�F�G��, and so M � Z by Theorem 6.4.
This contradicts the fact that M/Z is a minimal normal subgroup of K/Z. So
M/Z cannot be soluble, and hence M is a direct product of (isomorphic) non-
abelian simple groups. Let R be a subgroup such that Z � R � M , and such
that R/Z corresponds to one of the simple factors of M/Z. By Lemma 16.13,
if we write C = R′ then R = CZ, where C is quasisimple. Moreover, C

(being a normal subgroup of the subnormal subgroup R) is subnormal in G,
and so C ∈ Comp�G�. Thus CZ � E�G�Z � F ∗�G�. But C � R � M � H ,
and so C � CG�F

∗�G��. Thus C � Z�F ∗�G�� = Z (the equality following by
Proposition 16.15). Hence R = CZ � Z, contradicting the fact that R/Z is
non-trivial. This contradiction shows that H � Z, as required.

16.4 The general case of Pyber’s theorem

In this section we complete the proof of Pyber’s theorem in the general case.
We will use the notation defined in Chapter 15 freely. In particular, we
suppose G is a group of order n, where n = p

�1
1 p

�2
2 · · ·p�k

k . We fix the Sylow
pi-subgroups Pi of G for i ∈ 
1�2� � � � � k�. We define

Fi = Opi
�G��

Ai = Aut �Fi� and

A = Aut �F�G�� = A1 ×A2 ×· · ·×Ak�

In addition, we define some new notation: the groups A0 and A∗ are defined by

A0 = Aut �E�G�� and

A∗ = A0 ×A�

The proof has a very similar structure to the soluble case given in Chapter 15,
but the generalised Fitting subgroup F ∗�G� replaces the Fitting subgroup
F�G� throughout. More precisely, we bound the number of groups G of
order n having fixed Sylow subgroups P1�P2� � � � � Pk in three stages. We
first count the number of choices for the generalised Fitting subgroup F ∗�G�.
The quotient G/Z�F ∗�G�� may be realised as a subgroup of Aut �F ∗�G��.
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The natural embedding of Aut �F ∗�G�� into A∗ realises G/Z�F ∗�G�� as a
subgroup of A∗, and the second stage in our proof counts the number of
possibilities for this subgroup. Finally, we use Lemma 15.1 to bound the
number of possibilities for G.

Before beginning the proof of the theorem, we prove some results
concerning A∗.

Lemma 16.19 Let G be a group of order n. Define A0 and A∗ as above.

(i) �A∗� � n2�+1.

(ii) If S is a soluble subgroup of A0, then �S� � n3.

(iii) There are at most n�41/4��+�25/2� soluble subgroups of A0.

(iv) The number �Mss�A∗�� of maximal soluble subgroups of A∗ is at most
n�45/4��+278 847.

Proof: Since �E�G�� divides n, Corollary 16.7 implies that E�G� can be
generated by �+1 elements. An automorphism of E�G� is determined by the
images of these �+1 elements. So �A0� � n�+1. We showed in the proof of
Theorem 15.5 (when giving a bound on �M�) that �A� � n�. Therefore, part (i)
of the lemma follows.

We now investigate the structure of A0. Let Comp�G� = 
C1�C2� � � � �Ct�.
Then Comp�E�G�� = Comp�G�, and so A0 permutes these components
amongst themselves. Let B0 be the kernel of this action. So B0 is isomorphic
to a subgroup of the direct product

∏t
i=1 Aut �Ci�, and A0/B0 is isomorphic

to a subgroup of Sym�t�.
For i ∈ 
1�2� � � � � t�, define the non-abelian simple group Li by Li =

Ci/Z�Ci�. We claim that the natural map from Aut �Ci� to Aut �Li� is
injective. For suppose � ∈ Aut �Ci� acts trivially modulo Z�Ci�. Then for
all x� y ∈ Ci we have that ��x� = xz1 and ��y� = yz2 for some z1� z2 ∈ Z�Ci�

and so

���x� y�� = �xz1� yz2� = �x� y��

since z1 and z2 are central. But Ci is perfect (by definition of a component)
and so is generated by its commutators. Hence � is the identity automorphism.
So we may regard B0 as a subgroup of the direct product

∏t
i=1 Aut �Li�.

We are now ready to prove part (ii) of the lemma. Let S be a soluble
subgroup of A0. Then S is contained in a subgroup X of A0 such that B0 �X

and X/B0 is a maximal soluble subgroup of A0/B0. Clearly, �S� � �X�. To
find an upper bound on �X�, first note that X/B0 is a soluble subgroup of
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Sym�t� and so �X/B0� � 24t/3 by Theorem 10.1. Moreover, one consequence
of the Classification is that �Out�L�� � �L� for any simple group L, and so

�B0� �
t∏

i=1

�Aut �Li��

=
t∏

i=1

�Li�
t∏

i=1

�Out�Li��

�
(

t∏
i=1

�Li�
)2

�

Now E�G�/Z�E�G�� is a section of G that is isomorphic to
∏t

i=1 Li. Thus∏t
i=1 �Li� divides n and so �B0� � n2. Since t � �/2 by Corollary 16.17 (iii),

�S� � �X� = �B0��X/B0� � n224t/3 � n224�/6 < n22� � n3�

So part (ii) of the lemma follows.
We now aim to bound the number of soluble subgroups S of A0. We first

bound the number of choices for the subgroup X above, and then bound
the number of subgroups S associated with each choice of X. The number
of choices for X is at most �Mss�A0/B0��. By Lemma 15.2, �Mss�A0/B0�� �
�Mss�Sym�t���. Theorem 11.2 implies that �Mss�Sym�t��� � t!216t. We
observed above that t � �/2, and so

t!216t � n�/228� � n�/2+8�

So there are at most n�/2+8 possibilities for X.
We claim that every soluble subgroup S of A0 can be generated by

1
4 �13�+ 6� elements. Proving this claim establishes part (iii) of the lemma;
we may see this as follows. Our claim implies that S is determined by at most
1
4 �13�+6� elements from X, and so there are at most �X��13�+6�/4 choices for S
once X is fixed. But we observed above that �X� � n3, and that there are at most
n�/2+8 possibilities for X. Hence the number of soluble subgroups of A0 is at
most n�/2+8n�39�+18�/4, and so part (iii) of the lemma follows from our claim.

We prove the claim as follows. Let S be a soluble subgroup of A0. Now,
SB0/B0 is isomorphic to a subgroup of Sym�t� and so can be generated by
�t+1�/2 or fewer elements by Theorem 6.11. The group B0 is isomorphic to a
subgroup of the direct product

∏t
i=1 Aut �Li�, so there exists a subgroup H of∏t

i=1 Aut �Li� isomorphic to S∩B0. Define the subgroup K of
∏t

i=1 Aut �Li�

by K = ∏
i=1 Li. Then

∏t
i=1 Aut �Li�/K is isomorphic to the direct product∏t

i=1 Out�Li�, where Out�Li� is the outer automorphism group of Li. By
Corollary 16.17 (ii) we have that �K� divides n. So �H ∩K� divides n and
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hence H ∩K can be generated by �+ 1 elements, by Corollary 16.7. The
Classification implies that if L is simple then Out�L� has the following
structure. There exists a normal series 1 � D � E � Out�L� for Out�L�
such that D and E/D are cyclic, and such that Out�L�/E is either cyclic
or is isomorphic to Sym�3�. In particular, every subgroup of Out�L� can be
generated by 4 or fewer elements. Thus any subgroup of

∏t
i=1 Out�Li� can

be generated by 4t elements; in particular, this is true of HK/K. Thus S can
be generated by 4t+ �t+1�/2+�+1 elements. Using the fact that t � �/2,
our claim (and part (iii) of the lemma) is proved.

We now prove part (iv) of the lemma. We have that �Mss�A∗�� = �Mss�A0 ×
A�� = �Mss�A0�� �Mss�A��. Now �Mss�A0�� is bounded above by the number
of soluble subgroups of A0. So the bound of part (iii) of the lemma together
with the bound of Corollary 15.4 combine to prove part (iv). This establishes
the lemma.

We now state and prove Pyber’s theorem.

Theorem 16.20 The number of groups G of order n with Sylow subgroups
P1�P2� � � � � Pk is at most n�97/4��+278 852.

Proof: We begin by proving that there are at most n2�+3 choices for F ∗�G�

(up to isomorphism). This is clearly true when n � 3, so we may assume
that n � 4.

Let Comp�G� = 
C1�C2� � � � �Ct�, and define Li = Ci/Z�Ci� for i ∈

1�2� � � � � t�. Now

∏t
i=1 �Li� divides n by Corollary 16.17 (ii), and so we

find that ��L1�� �L2�� � � � � �Lt�� is a multiplicative partition of a divisor r of n.
By Lemma 11.1, there are at most r2 multiplicative partitions of r, and so the
number of choices for t and the integers �Li� is bounded above by∑

r�n
r2 = ∑

r�n
�n/r�2 � n2

�∑
r=1

�1/r2� < 2n2�

since �2/6 < 2. The Classification implies that there are at most two simple
groups of any order, and so there are at most 2t choices for the isomorphism
classes of the groups Li once their orders are fixed. But t � �/2 by Corol-
lary 16.17 (iii), and so 2t � 2

1
2 � � 2

1
2 logn = √

n. Hence the number of choices
for the groups Li is at most n3, since 2n2√n � n3.

There are at most n� possibilities for the isomorphism class of F�G�. This
follows by the argument in the proof of Theorem 15.5. To recapitulate, F�G�

is a direct product of its Sylow pi-subgroups Fi. Each Fi is isomorphic to
a subgroup of Pi. But Pi has order p

�i
i , so Pi has at most �p�i

i �
�i � �p

�i
i �

�
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subgroups. Thus there are at most
∏k

i=1�p
�i
i �

� = n� possibilities for F�G�.
Note that by choosing Fi as a normal subgroup of Pi, we determine the action
of Pi on Fi by conjugation.

Define the group X and the subgroup K as in Theorem 16.16. We have
shown that there are at most n�+3 possibilities for the isomorphism class of
X. To complete the first stage of our proof, we need to show that there are at
most n� choices for K.

We claim that �Z�X�� divides n. To see this, note that �Z�L̃i�� divides �Li�
by Proposition 16.12, and clearly �Z�F�G��� divides �F�G��. Since

Z�X� = Z�L̃1�×Z�L̃2�×· · ·×Z�L̃t�×Z�F�G���

our claim now follows by Corollary 16.17 (ii).
Now, K is a subgroup of the abelian group Z�X�. So K is abelian of order

dividing n, and thus K may be generated by � elements. Hence there are at
most n� choices for K, as �Z�X�� � n. We have now shown that there are at
most n2�+3 choices for F ∗�G� (up to isomorphism), as required.

Let Z = Z�F ∗�G��. Conjugation induces an embedding of G/Z into
Aut �F ∗�G�� by Theorem 16.18. Now, there is a natural embedding from
Aut �F ∗�G�� into A∗, so there exists a natural map � 
 G → A∗ with kernel
Z. We aim to count the number of possibilities for ��G�.

Let H = ��G�. By Theorem 16.4, there exists a soluble subgroup S of
H and an element x ∈ H such that H is generated by S and xSx−1. By
Lemma 16.19 (i), there are at most n2�+1 possibilities for x. The solu-
ble subgroup S of A∗ is contained in a maximal soluble subgroup M . By
Lemma 16.19 (iv), there are at most n�45/4��+278 847 such subgroups M . We
now aim to give an upper bound for the number of subgroups S of A∗

contained in a fixed maximal soluble subgroup M . The argument below is
essentially that given in Chapter 15, but with modifications due to the extra
group A0 being involved.

Let Q1�Q2� � � � �Qk be a Sylow system for S. By replacing the Sylow
subgroups Pi of G by appropriate conjugates if necessary, we may assume
that Qi ���Pi� for i∈ 
1�2� � � � � k�. By Theorem 6.2, there is (part of) a Sylow
system R1�R2� � � � �Rk for M such that Qi = S∩Ri for i ∈ 
1�2� � � � � k�. By
Theorem 6.2, all Sylow systems of M are conjugate, and so there are at most
�M� possibilities for the Ri. Note that �M� � �A∗� = n2�+1.

Recall that A∗ = A0 ×A1 ×· · ·×Ak. For j ∈ 
0�1� � � � � k�, let �j 
 A
∗ → Aj

be the natural map. Now M =M0 ×M1 ×· · ·×Mk, where Mj = �j�M�. Note
that Mj is a maximal soluble subgroup of Aj . For each i ∈ 
1�2� � � � � k�,

Ri = Ri0 ×Ri1 ×· · ·×Rik
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where Rij =�j�Ri�. Note that Rij is a Sylow pi-subgroup of Mj and �j�Qi�=
�j�S�∩�j�Ri� � Rij .

We define an ‘approximate Sylow system’ T1� T2� � � � � Tk for M as follows.
Let �i =�i ��. So �i is the map from G to Aut �Fi� induced by conjugation.
Since Qi � ��Pi�, we have that �i�Qi� � �i�Pi�. For i ∈ 
1�2� � � � � k� and
j ∈ 
0�1�2� � � � � k�, define

Tij =
{

Rij if i �= j�

�i�Pi� if i = j�

Our method for enumerating the possibilities for F ∗�G� also determined
the action of Pi on Fi, so we may consider �i�Pi� as being known for all
i ∈ 
1�2� � � � � k�. Thus the subgroups Tij are determined by the Sylow system
for M we have chosen. Finally, for i ∈ 
1�2� � � � � k� define

Ti = Ti0 ×Ti1 ×· · ·×Tik�

Note that Ti is a pi-group, and Qi � Ti.
For j ∈ 
1�2� � � � � k�, define

Xj =
k∏

i = 1
i �=j

Rij�

Since the subgroups Ri form part of a Sylow system for M , we have that
RijRi′j′ = Ri′j′Rij and so Xj is well-defined, and is a soluble p′

j-subgroup

of Aj . Lemma 15.3 (i) implies that �Xj� � p
3�j

j . But now

k∏
i=1

�Ti� =
k∏

i=1

�Xi�
k∏

i=1

�Tii�
k∏

i=1

�Ti0�

�
k∏

i=1

p
3�i
i

k∏
i=1

p
�i
i

k∏
i=1

�Ti0�

= n4
k∏

i=1

�Ti0��

But
∏k

i=1 �Ti0� � �M0� � n3, by Lemma 16.19 (ii). Hence
∏k

i=1 �Ti� � n7.
Now Qi is a subgroup of Ti, and is generated by at most �i elements, so

the number of possibilities for Qi once Ti is fixed is at most �Ti��i . But

k∏
i=1

�Ti��i �
k∏

i=1

�Ti�� � n7��

and so there are at most n7� possibilities for the Qi once the Ti are chosen.
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To summarise, ��G� is determined by a soluble subgroup S and an element
x. There are at most n2�+1 choices for x, at most n�45/4��+278 847 choices for
M and at most n2�+1 choices for a Sylow system Ri of M . The approximate
Sylow system Ti is then determined; there are at most n7� possibilities for the
Qi, and then S is determined. So there are at most n�89/4��+278 849 choices for
��G�, once F ∗�G� is fixed. This completes the second stage of the proof.

To finish the proof, we will apply Lemma 15.1. Now, G is an extension of
Z by G/Z. Once F ∗�G� is fixed, the isomorphism class of Z is determined.
Once ��G� is fixed, both the isomorphism class of G/Z and the action of
G/Z on Z are determined. Lemma 15.1 implies there are at most n� choices
for G once F ∗�G� and ��G� are fixed. There are at most n2�+3 choices for
F ∗�G�, and then at most n�89/4��+278 849 choices for ��G�. So we find that
there are at most n�97/4��+278 852 choices for G, and so the theorem follows.

Corollary 16.21 We have that f�n� � n
2
27 �

2+O��3/2�.

Proof: Let n = p
�1
1 p

�2
2 · · ·p�k

k . We wish to count the number of choices for
a group G of order n, up to isomorphism. By Theorem 5.7, there are at most

p
2
27 �

3
i +O��

5/2
i �

i choices for the isomorphism class of a Sylow pi-subgroup of G.
Since

p
2
27 �

3
i +O��

5/2
i �

i = �p
�i
i �

2
27 �

2
i +O��

3/2
i � � �p

�i
i �

2
27 �

2+O��3/2��

an upper bound for the number of choices for the isomorphism classes of the
Sylow subgroups of G is

k∏
i=1

�p
�i
i �

2
27 �

2+O��3/2� = n
2
27 �

2+O��3/2��

Theorem 16.20 implies that there are at most nO��� choices for the isomor-
phism class of G once the isomorphism classes of the Sylow subgroups of G
have been chosen, and so the corollary follows.

Corollary 16.22 We have that fA�n� � n�97/4��+278 853.

Proof: The number of choices for the Sylow subgroups P1� P2� � � � � Pk of
an A-group of order n is precisely the number of abelian groups of order
n. Anticipating an elementary result, Corollary 17.3, from the next chapter,
we find that this is at most n and the estimate follows immediately from
Theorem 16.20.

As has been noted before (see p. 139), the methods of Chapter 15 ought
to yield a result of the form fA�n� � n8�+b and in fact one should seek to
prove that fA�n� � n2�+o��� or something even better—see Question 22.22
on p. 266.
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17
Enumeration within varieties of abelian groups

Up to this point the thrust of this work has been the study of the general
group enumeration function f�n�, although enumeration of special kinds of
groups, such as soluble groups and A-groups, has been touched on. We focus
now, however, on enumeration within restricted classes of groups and, in
particular, enumeration in varieties of groups. Recall that a variety V is a
class of groups G corresponding to a set of laws w�x1� � � � � xn�, that is to
say, defined by identical relations of the form w�g1� � � � � gn� = 1 required to
hold for all choices of g1� � � � � gn ∈ G. For a survey of varieties of groups see
Hanna Neumann’s book [75]. The varieties of particular interest to us are:

• the variety A of abelian groups, defined by the commutator law �x� y�;
• the variety Ar of abelian groups of exponent dividing r, defined by the

laws �x� y� and xr ;
• the product variety ArAs consisting of all groups G with an abelian normal

subgroup A of exponent dividing r such that G/A is abelian of exponent
dividing s (this variety is defined by all laws �w1�w2� and wr

3, where
w1� w2� w3 can be expressed as products of sth powers and commutators);

• the variety Bp�2 of groups of class at most 2 and exponent dividing p,
where p is an odd prime number, defined by the laws ��x� y�� z� and xp;

• the Higman variety Hp of p-groups of �-class 2, defined by the laws xp
2
,

�x� y�p and ��x� y�� z�.

In what follows we shall speak of V as being ‘a variety of A-groups’ if it
is generated by finite A-groups. The enumeration functions fV�n� exhibit an
interesting trichotomy:

fV�n� �

⎧⎪⎪⎨⎪⎪⎩
n if V ⊆ A�

nc1��n�+c2 if V is a non-abelian variety of A-groups�

nc3��n�
2+c4��n�

3/2
if V contains a non-abelian nilpotent group,
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where c1, c2, c3, c4 are suitable constants and ��n� is as defined on p. 2.
In fact the estimate fV�n� � n for subvarieties of A is a crude one which,
as we shall see below, can be much refined, and, as we have already seen,
c3 = 2/27. That the above really is a trichotomy follows from the fact that if
V is a variety that contains non-abelian finite groups then either it contains
a non-abelian finite p-group for some prime number p, in which case if
n = pm then fV�n� � p

2
27 m

3− 2
3 m

2 = n
2
27 ��n�

2− 2
3 ��n� (see Theorems 19.1, 19.2,

19.3 below), or for some distinct prime numbers p, q it contains the variety
ApAq (this is an immediate consequence of the theory presented in [75,
Chapter 5, Section 3] but it can also be proved easily by direct methods), and
in this case there exists c > 0 such that fV�n� > nc��n� for infinitely many
integers n (see Theorem 18.4). In the first three chapters of this last part of
the book we examine this phenomenon in more detail.

This chapter is concerned with enumeration results about abelian groups.
For a variety V that contains only abelian groups, our interest is in proving
bounds on the number fV�n� of isomorphism classes of groups of order n

that are contained in V. The chapter is divided into two sections. In the first
section we review the classification of varieties V of abelian groups, and show
how fV�n� is related to an enumeration function for partitions of a certain
type. The second section contains a discussion of the partition enumeration
problems that arise and the consequences for our group enumeration problem.
Much of the material in this section is drawn from the 1998 Oxford MSc thesis
of Duncan Brydon [12].

17.1 Varieties of abelian groups

We are interested in abelian varieties, in other words, subvarieties of the
variety A. By the following theorem due to B. H. Neumann [74], the varieties
A and Ar are the only abelian varieties.

Theorem 17.1 Let V be an abelian variety. Then (using the notation above)
either V = A, or there exists a positive integer r such that V = Ar .

Proof: Let V be a variety. Let w be a law in V. We may write

w = x
r1
1 x

r2
2 · · ·xrkk c (17.1)

where r1� r2� � � � � rk are integers and where c is a product of commutators
involving the elements xi only. We claim that if the ri are not all zero, then
w is equivalent to the laws c and xd, where d is the greatest common divisor
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of the integers ri. Clearly the laws c and xd imply w. To prove the converse,
we first observe that substituting xi = x and xj = 1 whenever j �= i into w

shows that the laws xri are consequences of w. By the (extended) Euclidean
algorithm, there exist integers a1� a2� � � � � ak such that

a1r1 +a2r2 +· · ·+akrk = d�

So the equality

�xr1�a1�xr2�a2 · · · �xrk�ak = xd

implies that xd is a consequence of the laws xri . Since the laws x
ri
i are

consequences of w, the fact that

c = x
−rk
k · · ·x−r2

2 x
−r1
1 w

implies that c is a consequence of w. So our claim follows.
Now assume that V is an abelian variety. Then �x� y� is a law in V. Firstly,

suppose for all positive integers e that xe is not a law in V. By our claim
above, this implies that any law in V may be written as a product c of
commutators (for if the ri are not all zero in the expression (17.1) then xd is
a law in V). But c is a consequence of �x� y� and hence V = A in this case.

Suppose that there exists a positive integer e such that xe is a law in V.
Let r be the smallest positive integer such that xr is a law in V. To prove the
theorem, we will show that V = Ar , and to do this it suffices to show that any
law in V is a consequence of xr and �x� y�. Let w be a law in V, expressed
in the form (17.1) as before. If all the integers ri are zero then w = c and c

is a consequence of �x� y�, so we may assume that at least one of the integers
ri is non-zero. Let d be the greatest common divisor of the integers ri. The
claim above implies that xd is a law in V, and so xgcd�d�r� is a law in V. By
our choice of r, we must have that gcd�d� r� = r and so r divides all of the
integers r1� r2� � � � � rk. But then x

ri
i is a consequence of xr , and since c is a

consequence of �x� y� we find that w is a consequence of xr and �x� y�. This
establishes the theorem.

Define fA�n� to be the number of isomorphism classes of abelian groups
of order n. For a positive integer r , define fAr

�n� to be the number of
isomorphism classes of abelian groups of order n and of exponent dividing r .
We now show that the enumeration functions fA�n� and fAr

�n� are closely
related to certain enumeration functions p�m� and ps�m� that arise in the
theory of integer partitions. Here, p�m� is the number of (unordered) partitions
of a positive integer m, and ps�m� is the number of partitions � of m such
that each part of � is at most s. We will consider these two functions in more
detail in the next section.
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Theorem 17.2 Define the functions fA�n� and p�m� as above. Let n be a
positive integer, and let n = p

m1
1 p

m2
2 · · ·pmu

u be the decomposition of n into a
product of distinct prime numbers pi. Then

fA�n� =
u∏

i=1

p�mi��

Proof: An abelian group A may be written uniquely in the form

A = P1 ×P2 ×· · ·×Pu

where Pi is the (abelian) Sylow pi-subgroup of A. Since the isomorphism class
of A is uniquely determined by the isomorphism classes of the subgroups Pi,
we have that

fA�n� =
u∏

i=1

fA�p
mi
i ��

So to establish the theorem, it is sufficient to show that fA�p
m� = p�m� for

any positive integer m and prime number p. The classification theorem for
finite abelian groups states that any abelian group P of order pm is isomorphic
to a unique group of the form

Cpa1 ×Cpa2 ×· · ·×Cpak

where Cr denotes the cyclic group of order r and where pai+1 divides pai for i∈

1�2� � � � � k−1�. So a1� a2� � � � � ak are positive integers such that a1 � a2 � · · ·
� ak. The condition that �P� = pm is equivalent to the equality a1 +a2 +· · ·+
ak = m. But these last two conditions merely state that a1� a2� � � � � ak form a
partition of m, and so fA�p

m� = p�m�, as required.

This theorem, together with the crude bound on p�m� that we proved in
Corollary 5.10, already shows that fA�n� grows much more slowly than the
group enumeration functions we have studied up to this point.

Corollary 17.3 Let V be an abelian variety. Then fV�n�� n for all positive
integers n.

Proof: Since V ⊆ A, it suffices to prove the corollary when V = A. Corol-
lary 5.10 states that p�m� � 2m−1, and so by Theorem 17.2 (and using the
same notation)

fA�n� �
u∏

i=1

p�mi� �
u∏

i=1

2mi−1 �
u∏

i=1

p
mi
i = n�
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Theorem 17.4 Let r be a positive integer, and let r = p
s1
1 p

s2
2 · · ·psu

u be the
decomposition of r into a product of distinct prime numbers pi. Let � =

p1� p2� � � � � pu�. Let n be a positive integer. If n is not a �-number, then
fAr

�n�= 0. If n is a �-number, then n= p
m1
1 p

m2
2 · · ·pmu

u for some non-negative
integers m1�m2� � � � �mu and

fAr
�n� =

u∏
i=1

psi
�mi��

Proof: Suppose that there exists a prime p dividing n that is not one of
p1� p2� � � � � pu. Then an abelian group A of order n cannot have exponent
dividing r, and so no group of order n can lie in Ar . Hence fAr

�n�= 0 in this
case.

Suppose now that n is a �-number. Let m1�m2� � � � �mu be non-negative
integers such that n= p

m1
1 p

m2
2 · · ·pmu

u . Since an abelian group A has exponent
dividing r if and only if the same is true of its Sylow subgroups, we may
argue as in Theorem 17.2 that

fAr
�n� =

u∏
i=1

fAr
�p

mi
i ��

But a pi-group has exponent dividing r if and only if it has exponent dividing
p
si
i , and so

fAr
�n� =

u∏
i=1

fA
p
si
i

�p
mi
i ��

It remains to show for a prime number p, a positive integer s and a non-
negative integer m that fAps

�pm�= ps�m�. To see this, we use the correspon-
dence given in the proof of Theorem 17.2 between isomorphism classes of
abelian groups P of order pm and partitions a1� a2� � � � � ak of m. It is clear that
an abelian group P of order pm has exponent dividing ps if and only if all the
parts of the corresponding partition are at most s. Hence there is a one-to-one
correspondence between isomorphism classes of abelian groups of order pm

in Aps and partitions of m whose parts are all less than or equal to s. Thus
fAps

�pm� = ps�m�, and the theorem follows.

17.2 Enumerating partitions

Our next aim is to provide bounds on the functions p�m� and ps�m� that
arise in our enumeration problems. We first consider p�m�, the number of
partitions of m. As we mentioned in earlier chapters, a theorem of Hardy
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and Ramanujan [44] (see Andrews [3]) gives an excellent bound on the size
of p�m�.

Theorem 17.5 Let p�m� be the number of partitions of the integer m. Then

p�m� ∼m

1

4
√

3m
e�

√
�2/3�m�

Here ‘∼m’ means that the ratio of the two sides approaches 1 as m→ �. The
proof of this theorem uses a fair amount of analysis, and is beyond the scope
of this book. However, it is possible to say something about the rate of growth
of p�m� using elementary arguments, and we will do this below. Before doing
this, we note that Theorem 17.5 may be combined with Theorem 17.2 to give
one of the enumeration results we are seeking. Let n be a positive integer.
We may write n = p

m1
1 p

m2
2 · · ·pmu

u where the pi are distinct prime numbers
and the mi are positive integers. We then define

#�n� = min
m1�m2� � � � �mu��

Theorem 17.6 Let u be a fixed positive integer. If n = p
m1
1 p

m2
2 · · ·pmu

u where
the pi are distinct prime numbers and the mi are positive integers, then

fA�n� ∼#

u∏
i=1

1

4
√

3mi

e�
√

�2/3�mi �

Before turning to the enumeration of partitions with parts of bounded size,
we include a proposition that establishes the approximate rate of growth of
p�m� using elementary arguments. The proof we use to establish the upper
bound of the proposition is taken from a 1942 paper of Erdős [27], who notes
that Hardy and Ramanujan [44] mention the existence of such a proof.

Proposition 17.7 For all sufficiently large integers m,

2
√
m � p�m� < e�

√
�2/3�m�

Clearly (given that we know that Theorem 17.5 is in fact true) the upper
bound of Theorem 17.7 is closer to the truth than the lower bound. In fact,
an improved lower bound of the form e��

√
2/3−��

√
m < p�m� for any � > 0 can

be proved using the same techniques used in the proof of the upper bound
we give below.

Proof of Proposition 17.7: We begin by establishing the lower bound. Let k
be the largest integer such that 1

2 �k+1��k+2��m. This bound on k implies
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that m−∑k
i=1 i � k+ 1. Note that if m � 28 then k � √

m. Let S be any
subset of 
1�2� � � � � k�. Then there exists a unique integer s such that S∪ 
s�

is a partition of m. Moreover, s � k+ 1 and so partitions of m arising from
distinct subsets S are distinct. There are 2k subsets of 
1�2� � � � � k� and so
p�m� � 2k � 2

√
m as required.

We now establish the upper bound. We first observe that the function p�m�

satisfies the identity

mp�m� =
m∑
v=1


m/v�∑
k=1

vp�m−kv�� (17.2)

To see this, we sum all the parts of all the partitions of m in two different
ways. The parts of each of the p�m� partitions of m clearly sum to m, giving
the left-hand side of (17.2). Now, each integer v occurs in exactly p�m− v�

partitions of m. More generally, v occurs k or more times in exactly p�m−kv�

partitions of m. Hence the parts equal to v contribute
∑
m/v�

k=1 vp�m− kv� to
our sum. This gives the right-hand side of (17.2).

Let c = �
√

2/3. We prove that p�m� < ec
√
m by induction on m. The

following two facts are needed in our proof. The first fact is that
√

1− t <

1− 1
2 t when 0 < t � 1, which follows from the fact that 1− t < 1− t+ 1

4
t2 =(

1− 1
2 t

)2
. The second fact is that e−x

�1−e−x�2 <
1
x2 for any non-zero real number

x. This may be established by elementary calculus: the function f defined
by f�x� = x2 e−x/�1 − e−x�2 has no stationary points in R \ 
0�, and by
L’Hôpital’s rule we see that f�x� → 1 as x → 0.

Clearly, p�m� < ec
√
m holds when m = 1. Assume that m > 1 and that

p�r� < ec
√
r whenever r < m. Then

mp�m� <
m∑
v=1


m/v�∑
k=1

v ec
√
m−kv <

m∑
v=1


m/v�∑
k=1

v ec
√
m−�ckv�/2

√
m�

by the first fact above, since kv/m � 1. Hence

mp�m� <
�∑
v=1

�∑
k=1

v ec
√
m−�ckv�/2

√
m

= ec
√
m

�∑
k=1

e−ck/2
√
m

�1− e−ck/2
√
m�2

�
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Since
e−x

�1− e−x�2
<

1
x2

for any non-zero real number x, we find that

mp�m� < ec
√
m

�∑
k=1

4m
c2k2

= mec
√
m�

where we are using the well-known fact that
∑�

k=1
1
k2 = �2

6 . The upper bound
now follows by induction on m, and so the proposition is established.

We now turn our attention to the enumeration function ps�m� that counts
the number of partitions of m whose parts are all at most s.

Theorem 17.8 Let s be a fixed positive integer. Then

1
s!

(
m+ s−1
s−1

)
� ps�m� � 1

s!
(
m+ s−1
s−1

)
+

(
m+ s−2
s−2

)
� (17.3)

In particular,

ps�m� ∼m

1
s!�s−1�!m

s−1� (17.4)

Proof: The theorem is trivial when s = 1, so we may assume that s � 2. We
claim that ps�m� is equal to the number of partitions with at most s parts.
To see this, we use the notion of a partition diagram. If a1� a2� � � � � ak is
a partition of m with a1 � a2 � · · · � ak, the partition diagram is a picture
consisting of an array of squares. There are ai squares in row i, and the rows
are left justified. For example, the left-hand portion of Figure 17.1 shows the
partition diagram for the partition 4�3�3�1�1 of 12. Reflecting a partition
diagram in a ‘north-west to south-east’ diagonal produces another partition
diagram: see the right-hand portion of Figure 17.1 (which is the diagram
for the partition 5�3�3�1). Our claim follows, since the process of reflection
provides a bijection between the partitions of m with each part at most s and
the partitions of m with at most s parts.

Figure 17.1 A partition diagram and its reflection
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We count the partitions of m with at most s parts as follows. Let �s be the
set defined by

�s = {
�a1� a2� � � � � as� ∈ Z

s �
s∑

i=1

ai = m and ai � 0 for all i ∈ 
1�2� � � � � s�
}
�

The group Sym�s� acts on �s by permuting the components of each vector in
�s, and there is a one-to-one correspondence between the orbits of Sym�s�

on �s and the partitions of m with at most s parts. So to provide bounds on
ps�m� it suffices to provide bounds on this number of orbits.

Let $ be the set{
�b1� b2� � � � � bs� ∈ Z

s �
s∑

i=1

bi = m+ s and bi � 1 for all i ∈ 
1�2� � � � � s�
}

of ordered partitions of m+ s with s parts. There is a bijection between
�s and $, where we set bi = ai + 1 for all i. We observed in the proof of
Lemma 5.9 that ordered partitions of m+ s correspond to choices of a subset
of the m+ s−1 ‘+’ signs in the expression �1+1+· · ·+1� = m+ s that we
change to ‘�+ �’. An ordered partition has s parts if and only if exactly s−1
‘+’ signs are changed, and so ��s� = �$� = (

m+s−1
s−1

)
.

Each orbit of Sym�s� on �s contains at most �Sym�s�� elements of �s, and
so the number of orbits of Sym�s� on �s is at least

��s�
�Sym�s�� = 1

s!
(
m+ s−1
s−1

)
�

This proves the lower bound of (17.3).
To prove our upper bound on ps�m�, we use the orbit counting lemma

(often erroneously attributed to Burnside) which states that when a finite
group G acts on a set �, the number of orbits of G on � is equal to the
mean number of fixed points of an element g ∈ G. (The lemma is proved
by counting in two ways pairs �g��� where � ∈ � is fixed by g ∈ G, and
then using the orbit stabiliser theorem.) In our case, the orbit counting lemma
states that

ps�m� = 1
s!

∑
g∈Sym�s�

F�g��

where F�g� is the number of points in �s fixed by g.
An element �a1� a2� � � � � as� ∈ �s is fixed by g ∈ Sym�s� if and only if

the integers ai are equal as i runs through each cycle of g. This implies
that F�g� is determined by the lengths of the cycles in g. Moreover, if
h ∈ Sym�s� is such that the set partition of 
1�2� � � � � s� induced by the cycle
structure of h is a refinement of that induced by the cycle structure of g, then
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every � ∈ �s fixed by g is also fixed by h and so F�h� � F�g�. Thus for
a non-identity element g ∈ Sym�s�, we have that F�g� is bounded above by
F�"�, where " ∈ Sym�s� is a transposition. Without loss of generality, define
" = �12�. Since the identity element of Sym�s� has ��s� fixed points, we
therefore have

ps�m� = ��s�
s! + 1

s!
∑

g∈Sym�s�\
1�
F�g�

� 1
s!

(
m+ s−1
s−1

)
+ s!−1

s! F�"�

� 1
s!

(
m+ s−1
s−1

)
+F�"�� (17.5)

The set F of points in �s that are fixed by " is given by

F = 
�a1� a2� � � � � as� ∈ �s �a1 = a2��

But the map from F to �s−1 defined by

�a1� a2� a3� � � � � as� �→ �a1 +a2� a3� � � � � as�

is injective (since a1 = a2), and so

F�h� = �F � � ��s−1� =
(
m+ s−2
s−2

)
�

This bound and (17.5) combine to establish the upper bound of (17.3). Equa-
tion (17.4) now follows by observing that for any constants a and b the
binomial coefficient

(
m+a

b

)
is a polynomial of degree b in m whose leading

coefficient is 1/b! and whose remaining coefficients depend only on a and b.
This establishes the theorem.

Theorem 17.8 and Theorem 17.4 together have the following immediate
corollary. Recall the definition of #�n� stated just before Theorem 17.6.

Theorem 17.9 Let r be a fixed positive integer, and write r = p
s1
1 p

s2
2 · · ·psu

u

where the pi are distinct prime numbers and the si are positive integers. If
n = p

m1
1 p

m2
2 · · ·pmu

u where the mi are non-negative integers, then

fAr
�n� ∼#

(
u∏

i=1

1/si!�si −1�!
)

u∏
i=1

m
si−1
i �
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17.3 Further results on abelian groups

There is a major area concerned with the enumeration of abelian groups that
we have not touched on. For x > 0 define

FA�x� = ∑
m�x

fA�m� �

the function that enumerates abelian groups of order at most x. The asymptotic
behaviour of FA�x� as x→ � was first considered by Paul Erdős and George
Szekeres in 1935 (see [30]). Define C1 = %�2�%�3�%�4� · · · = 2�29485 � � � ,
where %�s� is the Riemann zeta function, definable for s > 1 by %�s� =∑

n�1 n
−s or as

∏
p prime�1−p−s�−1. Erdős and Szekeres proved that FA�x� =

C1x+O�
√
x�. This was improved by D. G. Kendall and R. A. Rankin, who

proved in [54] (Math. Reviews 12 (1951) p. 316 contains a small correction
to this paper) that

FA�x� = C1x−C2x
1/2 +O�x1/3 log2 x� �

where C2 = %�1/2�%�3/2�%�2�%�5/2� · · · = 14�6 � � � , and further improved by
later authors to

FA�x� = C1x−C2x
1/2 +C3x

1/3 +R�x� �

where C3 = ∏
r�1� r �=3 %�r/3� and R�x� = o�x1/3�. The remainder term R�x�

was shown by H.-E. Richert in 1953 to be O�x3/10 log9/10 x� and over the
years this has gradually been improved by various mathematicians, with the
most recent estimate due to Liu [60] being that

R�x� = O�x50/199+&� for any & > 0.

These results rely on careful study of the generating function
�∑
n=1

fA�n�n
−s =

�∏
r=1

%�rs�

and are a long way beyond the scope of this book.
Abelian groups may be viewed as Z-modules. Analogues of enumeration

theorems for finite abelian groups have been proved for categories of modules
over other rings. They have also been proved for certain categories of finite
rings. Much of this work can be placed in a very general setting. The interested
reader is referred to Chapters 1 and 5 of Knopfmacher’s book [58].
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Enumeration within small varieties of A-groups

We have seen in the previous chapter that varieties of abelian groups contain
relatively few groups of any given order. Indeed, Corollary 17.3 shows that
fV�n� � n for any variety V of abelian groups. Once a variety contains non-
abelian finite groups, the enumeration function starts behaving differently.
This chapter considers the enumeration functions of certain small varieties
that contain non-abelian groups. More precisely, let p and q be distinct prime
numbers. Let U be the variety ApAq consisting of extensions of a group in Ap

by a group in Aq. (Recall that for an integer r, the variety Ar consists of the
abelian groups of exponent dividing r. So Ap and Aq consist of the elementary
abelian p- and q-groups respectively.) Let V be the variety ApAq ∨AqAp, the
smallest variety containing both ApAq and AqAp. This chapter investigates
the enumeration functions fU�n� and fV�n� for the varieties U and V. The
results in this chapter are taken from, or are slight refinements of, the DPhil
thesis of Geetha Venkataraman [93] and a subsequent technical report [95].

We will see that both U and V contain only A-groups. In fact, U is minimal
in the sense that it contains non-abelian groups but every proper subvariety
of U is abelian. As both U and V contain only soluble groups, the main result
of Chapter 12 implies there exist constants cp�q� dp�q� c

′
p�q and d′

p�q such that

fU�n� � ncp�q�+dp�q and fV�n� � nc
′
p�q�+d′

p�q

for all positive integers n. (Recall that ��n� is the largest power of a prime
that divides n.) However, in contrast to the class of all A-groups we are
able to provide constants cp�q and c′

p�q that are best possible. In fact, c′
p�q =

max
cp�q� cq�p� so the leading term of fV�n� is determined by the enumeration
function of one of its two minimal non-abelian subvarieties ApAq and AqAp.
It is an interesting question to ask how far this is true in general: for which
varieties of A-groups is the leading term of the corresponding enumeration
function determined by the minimal non-abelian subvarieties that arise?

174
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This chapter contains two sections. The first investigates the enumeration
function fU�n�, and the second the enumeration function fV�n�.

18.1 A minimal variety of A-groups

Throughout this section, p and q will be distinct prime numbers and U will
be the variety ApAq of extensions of a group in Ap by a group in Aq. Clearly,
a finite group G ∈ U has order p�q� for some non-negative integers � and �.
We aim to provide good bounds on fU�n�, where n = p�q�.

We define cp�q to be the constant

cp�q = 1
d

−2

√(
logp
logq

)2

+ logp
d logq

+2
logp
logq

� (18.1)

where d is the order of p modulo q. We will prove in this section that
fU�n� � ncp�q�+1, and that the constant cp�q is the best possible. The constant
cp�q appears because of the following lemma.

Lemma 18.1 Let p and q be distinct primes, and let d be the order of p
modulo q. Then the constant cp�q defined above is the maximum value attained
by the function

g�t� = � 1
d
− t�t

�logp/ logq�+ t
(18.2)

on the interval 0 � t � 1
d

.

The lemma is proved by elementary calculus, and so we omit the proof.
Let P and Q be groups. Let � 
 Q→ Aut �P� be a homomorphism, and write

�b for the automorphism of P corresponding to the image of b ∈ Q under �.
We define the semidirect product P�� Q of P and Q associated with � to be
the group whose underlying set is P×Q and whose multiplication is defined
by

�a1� b1��a2� b2� = �a1 �b1
�a2�� b1b2��

We claim that every finite group in U is isomorphic to such a semidirect
product, where P and Q are elementary abelian p- and q-groups respectively.
To see this, let G be a finite group in U and suppose G has order p�q�.
Then G is an extension of an elementary abelian group P of order p� by
an elementary abelian group of order q�. Any Sylow q-subgroup Q of G

provides a complement of P in G, and so G is a semidirect product of P
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by Q. Since Q is clearly elementary abelian, our claim follows. So to count
the number of isomorphism classes of groups of order p�q� in U, it suffices
to count the number of isomorphism classes of groups P �� Q where P is a
fixed elementary abelian group of order p�, Q is a fixed elementary abelian
group of order q� and � runs over all homomorphisms from Q to Aut �P�.
Our strategy to provide an upper bound on the number of these isomorphism
classes is as follows. We first establish (see Proposition 18.2) a bijection
between the set of isomorphism classes we wish to count and the set of orbits
of a certain group acting on a set. We then establish the upper bound we need
by finding a small set � that intersects every orbit non-trivially and analysing
its orbit structure.

Let X��� be the group Aut �P�×Aut �Q�. Let  ��� be the set of homomor-
phisms � 
 Q→ Aut �P�. There is an action of X��� on  ��� defined as follows.
Let �'�	� ∈ X���, where ' ∈ Aut �P� and 	 ∈ Aut �Q�. Let � ∈  ���. Then we
define �'�	�� = �′, where �′ is defined by

�′
b�a� = '�	−1�b�'

−1�a� (18.3)

for all a ∈ P and b ∈ Q.

Proposition 18.2 In the notation defined above, there is a one-to-one cor-
respondence between the isomorphism classes of groups in U of order p�q�

and the set of orbits of X��� on  ���.

Proof: We need to prove that P�� Q� P��′ Q if and only if � and �′ lie in
the same orbit of X���.

Suppose that � and �′ lie in the same orbit of X���. Let ' ∈ Aut �P� and
	 ∈ Aut �Q� be such that �'�	�� = �′, so � and �′ satisfy (18.3). Define the
map � 
 P �� Q → P ��′ Q by ���a�b�� = �'�a��	�b�� for all a ∈ P and
b ∈ Q. Clearly � is bijective. It is easy to check that

���a1� b1�����a2� b2�� = �'�a1� �
′
	�b1�

'�a2��	�b1�	�b2�� and

���a1� b1��a2� b2�� = �'�a1�'�b1
�a2��	�b1�	�b2��

for all a1� a2 ∈ P and b1� b2 ∈ Q. So � is a homomorphism if and only if
�′
	�b1�

'�a2� = '�b1
�a2� for all a2 ∈ P and b1 ∈ Q. But substituting a = '�a2�

and b = 	�b1� into this expression gives precisely the condition (18.3), and
so � is an isomorphism as required.

To prove the converse, suppose that � 
 P �� Q → P ��′ Q is an isomor-
phism. Now, ��1 ×Q� is a Sylow q-subgroup of P ��′ Q. Since all Sylow
q-subgroups are conjugate, there exists an inner automorphism � of P��′ Q

such that ����1×Q�� = 1×Q. By replacing � by �� if necessary, we may
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therefore assume that ��1 ×Q� = 1 ×Q. Clearly, since P × 1 is the unique
Sylow subgroup of P �� Q and P ��′ Q, we have that ��P × 1� = P × 1.
Define ' ∈ Aut �P� and 	 ∈ Aut �Q� by

���a�1�� = �'�a��1� for all a ∈ P and

���1� b�� = �1�	�b�� for all b ∈ Q�

Thus, for all a ∈ P and b ∈ Q,

���a�b�� = ���a�1��1� b��

= ���a�1�����1� b��

= �'�a��1��1�	�b��

= �'�a��	�b���

Now,

���1� b�����a�1�� = �1�	�b���'�a��1� = ��′
	�b��'�a���	�b�� and

���1� b��a�1�� = ���b�a�� b� = �'�b�a��	�b���

Thus �′
	�b��'�a�� = '�b�a� for all a ∈ P and b ∈ Q. But replacing a by

'−1�a� and b by 	−1�b� in this last equality shows that (18.3) holds, and so
�′ = �'�	�� and the proposition is established.

We will now investigate the structure of the orbits of X��� on  ��� more
closely. As P is elementary abelian, we may regard P as a vector space
V of dimension � over Fp. Now, a typical element � ∈  ��� makes V into
a Q-module in a natural way. We may therefore regard X��� as acting on
a set of Q-modules of dimension � over Fp. By definition of Q-module
isomorphism, �� �′ ∈  ��� give rise to isomorphic Q-modules if and only if
there exists ' ∈ Aut �P� = GL�V� such that �′

b = '�b'
−1 for all b ∈ Q. But

this condition is exactly equivalent to the condition that �'�1�� = �′. Hence
the �Aut �P�× 1�-orbits on  ��� are in one-to-one correspondence with the
isomorphism classes of Q-modules of dimension � over Fp.

We recap some facts about Q-modules over Fp, where Q is an elementary
abelian group of order q�. Since p and q are coprime, every Q-module is a
direct sum of irreducible Q-modules. Let Y1� Y2� � � � � Y� be a complete set of
non-isomorphic non-trivial irreducible Q-modules. Let d be the order of p

modulo q. Then �= �q� −1�/d, the modules Yi all have dimension d and the
kernel of the action of Q on Yi has index q in Q. Moreover, for any of the
�q� − 1�/�q− 1� subgroups K of index q in Q, there are exactly �q− 1�/d
non-trivial irreducible modules Yi with kernel K. These �q− 1�/d modules
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are closely related. Indeed, let Y be one such module. Let x ∈Q\K, so every
element of Q may be written uniquely in the form xrk for some k ∈ K and
r ∈ 
0�1� � � � � q−1�. For an integer e ∈ 
1�2� � � � � q−1�, define the Q-module
Y �e� to have the same underlying set as Y , but with the action of xrk on v ∈ Y

given by xerkv. As e runs through the set 
1�2� � � � � q−1�, every isomorphism
class of irreducible Q-modules with kernel K occurs exactly d times as Y �e�.

Let y1� y2� � � � � y� be a minimal generating set for Q. By reordering the Yi if
necessary, we may suppose that for all i∈ 
1�2� � � � ��� the kernel of the action
of Q on Yi is the subgroup Ki generated by y1� y2� � � � � yi−1� yi+1� � � � � y�. For
the rest of this section, we will stick to this notation for irreducible Q-modules.
Moreover, we will denote the trivial irreducible Q-module by Y0.

Theorem 18.3 Let p and q be distinct primes. Let U be the variety UpUq of
groups that are extensions of an elementary abelian p-group by an elementary
abelian q-group. Define cp�q as in Equation (18.1). Then for all positive
integers n, the number fU�n� of isomorphism classes of groups in U of order
n satisfies

fU�n� � ncp�q�+1�

Proof: When n is divisible by primes other than p and q, fU�n� = 0 and
so the theorem is trivially true. So we may suppose that n = p�q� for some
non-negative integers � and �. Proposition 18.2 shows that it suffices to give
a good upper bound on the number of orbits of X��� on  ���.

We observed above that the �Aut �P�× 1�-orbits on  ��� correspond to
isomorphism classes of Q-modules of dimension � over Fp. For a Q-module
V over Fp, there exist unique non-negative integers m0�m1� � � � �m� such that

V � m0Y0 ⊕m1Y1 ⊕· · ·⊕m�Y�� (18.4)

Since dim Yi = d whenever i � 1, and since dim Y0 = 1, the module V has
dimension � if and only if

m0 +d�m1 +m2 +· · ·+m�� = ��

For an integer s such that 0 � s � �, define �s to be the subset of  ���
corresponding to those modules V such that Y1� Y2� � � � � Ys all occur with
positive multiplicity in the decomposition (18.4), and such that the kernel of
the action of Q on V has index exactly qs in Q. We aim to show that the set

� = �0 ∪�1 ∪· · ·∪��

contains a representative of every orbit of X��� on  ���. The theorem will then
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follow once we give a good upper bound on the number of �Aut �P�× 1�-
orbits passing through � (as this number is itself an upper bound on the
number of X���-orbits passing through �).

Suppose � ∈  ���, and let L be the kernel of the action of Q on the
corresponding Q-module U . Suppose L has index qs in Q. We will show that
there exists an element of �s in the same X��� orbit as �. Let Z1�Z2� � � � �Zc

be a minimal set of irreducible submodules of U such that ∩c
i=1Li = L, where

Li is the kernel of the action of Q restricted to Zi. (When s = 0 we have that
c = 0, since we use the convention that the intersection of an empty set of
submodules of U is equal to U .) Clearly none of the Zi are trivial, and so
each Li has index q in Q. It is not difficult to show that, by the minimality of
the set of Zi, the intersection of any j of the subgroups Li has index exactly
qj in Q. In particular, we find that c = s.

Let z1� z2� � � � � zs ∈ Q be chosen so that

zj ∈ (
L1 ∩· · ·∩Lj−1 ∩Lj+1 ∩· · ·∩Ls

)\L�
It is not difficult to see that Q = �z1�× · · ·×�zs�×L. Moreover,

Li = �z1�× · · ·×�zi−1�×�zi+1�× · · ·×�zs�×L�

Recall that we have chosen a standard basis y1� y2� � � � � y� for Q, and a set
of irreducible modules Yi and subgroups Ki. Let 	′ ∈ Aut �Q� be an automor-
phism mapping zi to yi when 1 � i � s, and mapping a minimal generating
set for L onto 
ys+1� ys+2� � � � � y��. Let W be the Q-module corresponding to
�1�	′��. For any i ∈ 
1�2� � � � � s�, the subset Zi of our original Q-module U

is also an irreducible submodule Z′
i of W , but now the kernel of this action is

	′�Li�=Ki. Hence there exists ei ∈ 
1�2� � � � � q−1� such that Yi�ei� is isomor-
phic to Z′

i. Let 	 ∈ Aut �Q� be an automorphism such that 	�zi� = y
ei
i when

1 � i� s, and mapping a minimal generating set of L onto 
ys+1� ys+2� � � � � y��.
Then it is not difficult to check that for all i ∈ 
1�2� � � � � s� the submodule
consisting of the underlying vector space Zi whose module structure is given
by the appropriate restriction of �1�	�� is isomorphic to Yi. Thus the mod-
ule associated with �1�	�� contains submodules isomorphic to Y1� Y2� � � � � Ys.
Since the index of the kernel of an element in  ��� is preserved by the action
of X���, we find that �1�	�� ∈ �s, as required.

We claim that the number of orbits in �s is at most ncp�q�. Let � ∈ �s and
let V be the associated Q-module. Now, V is isomorphic to a direct sum of
the form (18.4), where m1�m2� � � � �ms are all positive. This implies that V
contains at least s non-trivial non-isomorphic irreducible submodules, each
of dimension d and so sd � �. Thus when s > �/d we find that �s = ∅ and
our claim follows trivially. We may therefore assume that 0 � s � �/d.
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The intersection M of K1�K2� � � � �Ks is a subgroup of index qs in Q, and
so the kernel of the action of any irreducible submodule of V must contain
M . Let I be defined to be the subset of 
0�1�2� � � � � �� such that i ∈ I if and
only if the kernel associated with Yi contains M . Then whenever i �∈ I we
find that mi = 0. Note that there are exactly �qs −1�/�q−1� subgroups of Q
of index q that contain M , and each such subgroup is the kernel of �q−1�/d
non-trivial irreducible Q-modules. Hence

�I� = 1+ ��qs −1�/�q−1����q−1�/d� = 1+ �qs −1�/d�

Since the orbit containing � depends only on the isomorphism class of the
associated Q-module, we find that the number of orbits containing elements
of �s is at most equal to the number of vectors �m0�m1� � � � �m�� of non-
negative integers with the property that m0 +d�m1 +· · ·+m�� = �, and such
that mi is positive whenever 1 � i � s and mi = 0 whenever i �∈ I .

Define a1� a2� � � � � a�qs−1�/d by setting ai = mj , where j is the ith element
of 
1�2� � � � � �� that is contained in I . Note that m0 is defined uniquely by
m1�m2� � � � �m� when their sum is at most �/d, and there is no appropriate
value for m0 otherwise. So the number of orbits in �s is at most the size of
the set

{
�a1� a2� � � � � a�qs−1�/d� �

�qs−1�/d∑
i=1

ai � �/d and ai � 1 for i ∈ 
1�2� � � � � s�
}
�

where the ai are non-negative integers. There is an injection mapping this set
into the ordered partitions �b0� b1� b2� � � � � b�qs−1�/d� of 
�/d�+ �qs − 1�/d−
s+1 with �qs −1�/d+1 parts:

bi =
⎧⎨⎩

1+
�/d�−∑�qs−1�/d
j=1 aj if i = 0�

ai if 1 � i � s and
ai +1 if s+1 � i � �qs −1�/d�

Hence the number of orbits in �s is at most

(
�/d�+ �qs −1�/d− s

�qs −1�/d

)
=

(
�/d�+ �qs −1�/d− s


�/d�− s

)
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=

�/d�−s−1∏

j=0


�/d�+ �qs −1�/d− s− j


�/d�− s− j

�

�/d�−s−1∏

j=0

qs

� qs��/d−s�

= n�logq/ logn�s��/d−s��

Now, s � � (as Q has a subgroup of index qs) and so

logn = � logp+� logq � � logp+ s logq� (18.5)

Set t = s/�, so 0 � t � 1/d. Then (18.5) shows that the exponent of our upper
bound is at most

logq
� logp+�t logq

�t��/d−�t� = t�1/d− t�

�logp/ logq�+ t
� � cp�q��

the inequality following by Lemma 18.1 and since � � �. So there are at
most ncp�q� orbits passing through �s, and our claim follows.

Since fU�n� is at most the sum of the number of X���-orbits passing through
each of the sets �s, we find that

fU�n� �
�∑

s=0

ncp�q� � �ncp�q� � ncp�q�+1�

as required.

We will now show that the constant cp�q in Theorem 18.3 is the best
possible.

Theorem 18.4 Let p and q be distinct primes. Let U be the variety ApAq of
groups that are extensions of an elementary abelian p-group by an elementary
abelian q-group. Define cp�q by Equation (18.1). For every positive real
number �, there exist infinitely many positive integers n such that

fU�n� > n�cp�q−����

So the constant cp�q in Theorem 18.3 is the best possible.

Proof: Let n = p�q�, and suppose that � is divisible by d, where d is the
order of p modulo q. Furthermore, suppose that � > d. We aim to provide
a lower bound on the number of X���-orbits on  ���, which will give a good
lower bound for fU�n� for infinitely many values of n.
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We first find a lower bound on the number of �Aut �P�× 1�-orbits on
 ���. Before the statement of Theorem 18.3, we observed that the number of
�Aut �P�×1�-orbits on  ��� is equal to the number of Q-modules of dimen-
sion � over Fp up to isomorphism. Moreover, each such Q-module V may
be written in the form (18.4) for unique non-negative integers m0�m1� � � � �m�

where m0 + d�m1 +m2 + · · · +m�� = �. If we consider just those isomor-
phism classes with m0 = 0, we find that the number of such modules (up to
isomorphism) is equal to the size of the set


�m1�m2� � � � �m�� �mi � 0 for all i and
�∑

i=1

mi = �/d��

Hence the number of �Aut �P�×1�-orbits is at least

�
�m1�m2� � � � �m�� �mi � 0 for all i and
�∑

i=1

mi = �/d��

= �
�a1� a2� � � � � a�� �ai � 1 for all i and
�∑

i=1

ai = �+�/d��

=
(
�+�/d−1

�−1

)
=

(
�+�/d−1

�/d

)
�

Now, for any positive integers u and v with v � u,(
u

v

)
=

v−1∏
i=0

�u− i�/�v− i� �
v−1∏
i=0

u/v = �u/v�v�

Hence the number of �Aut �P�×1�-orbits on  ��� is at least(
�+�/d−1

�/d

)�/d

=
(
�q� −1�/d+�/d−1

�/d

)�/d

=
(
q� +�−1−d

�

)�/d

� q��/d/����/d�

the last step following since � > d.
Now, Aut �P�× 1 has index �Aut �Q�� in X���, and so each X���-orbit is

the union of at most �Aut �Q�� of the �Aut �P�×1�-orbits. Since �Aut �Q�� =
�GL���q�� � q�

2
, we find that the number fU�p

�q�� of X��� orbits is at least

q���/d�−�2
/����/d = ne�
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where

e = ���/d−�� logq
� logp+� logq

− �� log��/d
� logp+� logq

� (18.6)

We now use this lower bound on the number of orbits to prove Theo-
rem 18.3. Let g�t� be the function defined by the formula (18.2), and sup-
pose that the maximum of g�t� on the interval 0 � t � 1/d is attained at
the point t = t1. Let � be a positive real number. We wish to show that
fU�n�� n�cp�q−��� for infinitely many values of n. Let t′ be a rational number
such that 0 � t′ < 1/d and g�t1�−g�t′� < �. Consider integers n of the form
n = p�q�, where � is divisible by both d and the denominator of t′, where
� > d and where � = t′�. Since t′ < 1, we have that � = ��n� for integers
n of this form. Substituting � = t′� and � = � into (18.6), we find that
fU�n� � ne, where

e = t′�1/d− t′�
�logp/ logq�+ t′

�− �log��/d
logp+ t′ logq

= g�t′��− 1
d�logp+ t′ logq�

log��

But g�t′� > cp�q − � and log� = O���. So for all sufficiently large n of the
form we are considering, we find that fU�n� � n�cp�q−���, and the theorem is
proved.

We remark that, just as is the case when enumerating soluble A-groups
in Chapter 12, we have no hope of finding a corresponding lower bound for
fU�n� of the form nc� as the integers n of the form p� (for example) all have
the property that fU�n� � n.

In Chapter 12 we proved that the number fA� sol�n� of (isomorphism classes
of) soluble A-groups of order n was at most n11�+13. So if we define

� = lim sup
n→�

logfA� sol�n�/���n� logn�

we find that � � 11. We may reduce this upper bound on � further by
more careful arguments, but we know of no proved upper bounds that seem
realistic. Since all finite groups in the variety ApAq are soluble A-groups,
Theorem 18.4 implies that � � cp�q for any primes p and q. Let q be a
prime such that p = 2q+ 1 is also prime. (Primes q of this form are known
as Sophie Germain primes.) The multiplicative order of p modulo q is 1.
Suppose that there are infinitely many Sophie Germain primes q. (This is
thought likely to be true, but is not currently known.) Then as q → �
over Sophie Germain primes, we find that logp/ logq → 1, and so (18.1)
shows that cp�q → 3−2

√
2 = 0�17157 � � � Therefore, � � 3−2

√
2 if there are
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infinitely many Sophie Germain primes. (For a lower bound that does not rely
on this assumption, we may take q to be the largest currently known Sophie
Germain prime, namely q = 2 540 041 185 ·2114 729 −1. Then c2q+1�q already
agrees with 3−2

√
2 to several decimal places.) It would be very interesting

to know whether this lower bound on � is in fact an equality.

18.2 The join of minimal varieties

This section considers the variety V = ApAq ∨ AqAp, the smallest variety
containing both ApAq and AqAp.

Proposition 18.5 Let p and q be distinct primes, and let V = ApAq ∨AqAp.
Let G be a finite group in the variety V. Then G � X×Y , where X ∈ ApAq

and Y ∈ AqAp.

Proof: The varieties Ap and Aq are clearly locally finite and soluble (since
their k-generator free groups are abelian of orders pk and qk respectively).
Subgroups and images of locally finite groups are locally finite. Moreover,
any group that is the extension of a locally finite group by a locally finite
group is itself locally finite. The same properties are true for soluble groups.
Thus the varieties U1 = ApAq and U2 = AqAp are locally finite and soluble,
and so the variety U1U2 is also locally finite and soluble. Since V ⊆ U1U2,
we find that V is locally finite and soluble. Since U1 and U2 have exponent
pq, the same is true for V. Hence a finite group G ∈ V is soluble of order
p�q� for some integers � and �.

Suppose that G is generated by k elements, and let F be a free group on k

generators. Let K1 and K2 be the fully invariant subgroups of F corresponding
to the varieties U1 and U2 respectively. Then K1 ∩K2 is the fully invariant
subgroup of F corresponding to V. Since V is locally finite, F/�K1 ∩K2� is
finite. Now F/K1 lies in U1, and so all its p-subgroups and q-subgroups are
elementary abelian. The same is true for F/K2, since this group lies in U2.
Since F/�K1 ∩K2� is isomorphic to a subgroup of �F/K1�× �F/K2�, we find
that all p-subgroups and q-subgroups of F/�K1 ∩K2� are elementary abelian.
But the finite group G ∈ V is isomorphic to a quotient of F/�K1 ∩K2�, and
so its Sylow p-subgroups and Sylow q-subgroups are elementary abelian.

Define G1 = G/Op�G�. Now, Op�G1� = 
1� and so F�G1� = Oq�G1�×
Op�G1� = Oq�G1�. Any Sylow q-subgroup Q1 of G1 centralises Oq�G1�,
since G1 (being a quotient of the A-group G) is an A-group. Now G1 is



18.2 The join of minimal varieties 185

soluble (as G is soluble) and so Corollary 6.5 shows that

Q1 � CG1
�Oq�G1�� = CG1

�F�G1�� � F�G1� = Oq�G1��

Hence Q1 = Oq�G1� and the Sylow q-subgroup Q1 of G1 is normal. Clearly,
the quotient G1/Q1 is a p-group. Moreover, Q1 and G1/Q1 are elementary
abelian since the Sylow subgroups of G are elementary abelian.

Define G2 = G/Oq�G�. Then we may show, just as above, that G2 is
an extension of an elementary abelian p-group P2 by an elementary abelian
q-group.

Let �1 be the natural homomorphism from G to G1. Now, G1/Q1 acts
on Q1 by conjugation, and so Q1 may be thought of as a G1/Q1-module.
Since G1/Q1 is a p-group, the module is completely reducible by Maschke’s
theorem. Now, Oq�G�Op�G�/Op�G� is a submodule of Q1, and so there exists
a submodule S that is a complement to �1�Oq�G�� in Q1. Let X = �−1

1 �S�.
Since S is a submodule of Q1, we have that S is normal in G1 and so
X is normal in G. By construction, X contains Op�G� and X/Op�G� is a
complement to Oq�G�Op�G�/Op�G� in Q1.

Similarly, we may find a normal subgroup Y of G that contains Oq�G� and
is such that Y/Oq�G� is a complement to Op�G�Oq�G�/Oq�G� in P2.

The image of XY under �1 contains Oq�G�Op�G�/Op�G� (as Oq�G� � Y )
and its complement S in Q1 (by definition of X). Hence XY/Op�G� contains
a Sylow q-subgroup of G1 and so XY contains a Sylow q-subgroup of G.
Similarly, by examining XY/Oq�G� as a subgroup of G2, we find that XY
contains a Sylow p-subgroup of G. Hence XY =G. It is not difficult to verify
that �G� = �X��Y �, and so G is isomorphic to X×Y . Since X is an extension
of the elementary abelian p-group Op�G� by an elementary abelian q-group,
we find that X ∈ ApAq. Similarly, Y ∈ AqAp. Hence G is isomorphic to the
direct product of a group in ApAq and a group in AqAp, and so the proposition
follows.

Theorem 18.6 Let p and q be distinct primes. Let V be the variety ApAq ∨
AqAp. Define the constants cp�q and cq�p as in Equation (18.1). Let c′

p�q =
max
cp�q� cq�p�. Then for all positive integers n,

fV�n� � nc
′
p�q�+2�

Moreover, for all positive real numbers �, there exist an infinite number of
positive integers n such that fV�n� > n�c

′
p�q−���, and so the constant c′

p�q is
the best possible.

Proof: We begin by establishing the upper bound of the theorem. By Propo-
sition 18.5, every finite member G of V is isomorphic to X × Y , where



186 Enumeration within small varieties of A-groups

X ∈ ApAq has order n1 and Y ∈ AqAp has order n2. There are at most n

choices for n1. The value of n2 is determined by n1. Once n1 and n2 are fixed,
the number of choices for G is at most

fApAq
�n1�fAqAp

�n2� � n
cp�q��n1�+1
1 n

cq�p��n2�+1
2

by Theorem 18.3. But

n
cp�q��n1�+1
1 n

cq�p��n2�+1
2 � n

cp�q�+1
1 n

cq�p�+1
2 (since ��n1� � � and ��n2� � �)

� �n1n2�
max
cp�q�cq�p��+1

= nc
′
p�q�+1�

Hence

fV�n� � nc
′
p�q�+2�

and the upper bound of the theorem follows.
Since V contains ApAq, we have that fV�n� � fApAq

�n�, and so Theo-
rem 18.4 shows that

fV�n� > n�cp�q−���

for an infinite number of positive integers n. Similarly, since V contains
AqAp,

fV�n� > n�cq�p−���

for an infinite number of positive integers n. Since c′
p�q = cp�q or c′

p�q = cq�p,
one of these two inequalities implies the second statement of the theorem.
Hence the theorem is proved.
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The enumeration function fV�n� of a variety V grows rather slowly if V

contains only abelian groups (Corollary 17.3 states that fV�n� � n in this
case). If V contains non-abelian groups, but all these groups are A-groups,
the results of the previous chapter and of Chapter 12 show that the enumer-
ation function of V grows more rapidly (something like nc�), but still much
more slowly than the general group enumeration function. However, once
V contains finite groups that are not A-groups (and so contains a variety of
non-abelian p-groups), the enumeration function of V behaves much more
like the general group enumeration function. Indeed, a lower bound for fV�n�

grows like n
2
27 �

2
for infinitely many values of n, matching the leading term

of the general group enumeration function.
In this chapter, we will investigate two small non-abelian varieties of p-

groups: the Higman variety Hp of p-groups of �-class 2 defined by the laws
xp

2
, �x� y�p and �x� y� z�; and the subvariety Bp�2 of Hp consisting of groups

of exponent p and nilpotency class 2 defined by the laws xp and �x� y� z�.
(Since any group of exponent 2 is abelian, Bp�2 is an abelian variety when
p = 2. Since this chapter is concerned with non-abelian varieties, we will not
consider Bp�2 when p= 2.) The significance of these two varieties lies in the
following theorem.

Theorem 19.1 Any variety containing a finite non-abelian p-group contains
Bp�2 when p is odd, and contains Hp when p = 2.

Proof: Let V be a variety containing a finite non-abelian p-group P. Since
V is closed under taking quotients, we may assume that the derived subgroup
of P has order p (since we may replace P by the quotient by a normal
subgroup of index p in P ′ if necessary). Thus P satisfies the laws �x� y� z� and
�x� y�p. Since P is a non-trivial finite p-group, P has exponent p� for some

187
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positive integer �; moreover, � � 2 when p = 2 since P is non-abelian. Thus
V contains a subvariety U (namely the subvariety generated by P) in which
the laws xp

�
, �x� y�p and �x� y� z� hold.

To prove the theorem, it is sufficient to prove that U is the variety defined
by the laws xp

�
, �x� y�p and �x� y� z�, for then it is clear that U contains Hp

or Bp�2 as appropriate. Let w be a law in U. (So the law w is an element of
a free group F on a countable generating set.) We aim to show that w is a
consequence of the laws xp

�
, �x� y�p and �x� y� z�. We may write

w = x
r1
1 x

r2
2 · · ·xrkk w′

where ri are positive integers and where w′ ∈ F ′ is a product of commutators.
As in the proof of Theorem 17.1, we may show that the laws w and xp

�
are

equivalent to the laws w′ and xd, where d = gcd�r1� r2� � � � � rk� p
��. But P ∈ U

has exponent p�, and so we must have that d = p�. Hence the laws xp
�

and
w are equivalent to the laws xp

�
and w′. We may write

w′ =
( ∏

�i�j�∈S
�xi� xj�

sij

)
w′′

where the integers sij are positive, where the product is over some finite set
S of pairs of integers �i� j� such that i < j and where w′′ is a product of
commutators that lie in the third term F3 of the lower central series for F .
Again we may argue as in the proof of Theorem 17.1 to show that the laws
w′ and �x� y�p are equivalent to the laws w′′ and �x� y�d

′
, where

d′ = gcd�
sij 
 �i� j� ∈ S�∪ 
p���

Since p is a prime, d′ = 1 or d′ = p. The former case cannot occur since this
would imply that U is abelian, contradicting the fact that P ∈ U. Hence, w′

and �x� y�p are equivalent to w′′ and �x� y�p. To summarise, we have shown
that the laws w, xp

�
, �x� y�p and �x� y� z� are equivalent to the laws w′′, xp� ,

�x� y�p and �x� y� z�. But w′′ ∈ F3 and thus w′′ is a consequence of �x� y� z�. So
w is a consequence of xp

�
, �x� y�p and �x� y� z�, and the theorem follows.

So Theorem 19.1 implies that lower bounds on the enumeration functions
of Bp�2 and Hp give rise to lower bounds on the enumeration function of any
variety containing non-abelian p-groups. Once we have proved these lower
bounds, the statement made at the end of the first paragraph of the chapter
will be justified.

The chapter is organised as follows. Section 19.1 contains bounds on the
enumeration function fHp

�pm�, and on the function fBp�2
�pm� in the case when

p is odd. The leading terms of these two enumeration functions are equal, and
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so it is interesting to ask how far the growth rates of these functions differ. In
Section 19.2, we provide a partial answer to this question by proving an upper
bound (which we conjecture is tight) for the leading term of the exponent of
the ratio fHp

�pm�/fBp�2
�pm�.

19.1 Enumerating two small varieties

This section contains upper and lower bounds on the functions fHp
�pm� and

fBp�2
�pm�. All the arguments in this section are either contained in Higman

[45] or are small modifications of the arguments given there.

Theorem 19.2 Let p be a prime number, and let Hp be the variety of p-groups
of �-class 2 defined by the laws xp

2
, �x� y�p and �x� y� z�. Then

p
2
27 m

3− 4
9 m

2 � fHp
�pm� � mp

2
27 m

3+ 11
24 m�

Proof: We recall the notation that was introduced in Chapter 4, especially
Section 4.1. We define Fr to be the free group on r generators x1� x2� � � � � xr ,
and Gr to be the quotient of Fr by the subgroup generated by all words of the
form xp

2
, �x� y�p or �x� y� z�. We identify the elements xi with their images

in Gr . Lemma 4.2 implies that Gr is a finite p-group. Moreover, the Frattini
subgroup ��Gr� of Gr is central and elementary abelian, of order p

1
2 r�r+1�

and index pr in Gr .
By construction, Gr satisfies the laws xp

2
, �x� y�p and �x� y� z�, and so Gr

and any quotient of Gr lie in Hp. In the proof of the lower bound for f�pm�

given in Proposition 4.4 and Theorem 4.5, we constructed at least p
2
27 m

2�m−6�

isomorphism classes of groups of order pm by taking quotients of Gr for
some r . Since all these groups lie in Hp, the lower bound of the theorem
follows immediately.

We now prove the upper bound of the theorem. Let H be a group in Hp

of order pm, and suppose that H has a minimal generating set consisting of
r elements. Let s = m− r. Lemma 3.12 implies that �H/��H�� = pr , and so
���H�� = ps. By Lemma 4.1, there exists a surjective homomorphism � from
Gr to H . Let N = ker �, so we have that H is isomorphic to Gr/N . Because
Gr and H are p-groups, their Frattini subgroups are generated by the elements
of the form xp and �x� y� (by Lemma 3.12) and so ����Gr�� = ��H�. Now,
��Gr� has index pr in Gr and ��H� has index pr in H , and so N � ��Gr�.
Since ��H� has order ps, we find that N has index ps in ��Gr�. Thus the
number of isomorphism classes of groups of order pm in Hp having a minimal
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generating set of r elements is at most the number of subgroups N of ��Gr�

of index ps. Now, ��Gr� is elementary abelian of order p
1
2 r�r+1�, so we may

regard ��Gr� as a vector space over Fp of dimension 1
2 r�r + 1� and N as a

subspace of codimension s. By duality, the number of choices for N is the
number of choices for a subspace of dimension s in a space of dimension
1
2 r�r +1�. Hence, by Proposition 3.16 there are at most

ps� 1
2 r�r+1�−s+1� = p

1
2 r�r+1�s−s�s−1�

choices for a subgroup N of ��Gr� of the correct form. Thus

fHp
�pm� �

∑
p

1
2 r�r+1�s−s�s−1�� (19.1)

where the sum is over pairs of integers r and s such that r+ s =m, such that
r � 1 and such that s � 0. It is not difficult to show that the maximum value
of 1

2 r�r + 1�s− s�s− 1� occurs when r = �2/3�m+ � and s = �1/3�m− �,
where 0 � � � 1

2 . By substituting these expressions for r and s into the
expression 1

2 r�r + 1�s− s�s− 1�, it is easy to show that the maximum value
of 1

2 r�r+1�s− s�s−1� is at most 2
27m

3 + 11
24m. This bound, together with the

fact that there are m terms on the right-hand side of (19.1), establishes the
upper bound of the theorem.

Theorem 19.3 Let p be an odd prime number, and let Bp�2 be the variety of
groups of exponent p and nilpotency class at most 2 defined by the laws xp

and �x� y� z�. Then

p
2
27 m

3− 2
3 m

2 � fBp�2
�pm� � mp

2
27 m

3− 2
9 m

2+ 49
72 m�

Proof: As Bp�2 is a subvariety of Hp, any group H in Bp�2 with a minimal
generating set of size r is isomorphic to a quotient of the group Gr by a
subgroup N of ��Gr�. Indeed, since a quotient Gr/N is in Bp�2 if and only
if N contains �Gr�

p, the isomorphism classes of groups H in Bp�2 which
have order pr+s and have a minimal generating set of size r are in one-to-one
correspondence with the orbits of Aut �Gr� on the set of subgroups N of
��Gr� of index ps that contain �Gr�

p.
Let � 
 Gr → Gr be defined by ��x� = xp for all x ∈ Gr . Since Gr has

nilpotency class 2, Lemma 3.3 implies that

��xy� = �xy�p = xpyp�y� x�
1
2 p�p−1��

Since p is odd, p divides 1
2p�p− 1�, and since G′

r has exponent p we find

that �y� x�
1
2 p�p−1� = 1. Thus � is a homomorphism. Now, �Gr�

p = im� =
���x1����x2�� � � � ���xr��, the last equality following since the xi generate
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Gr and � is a homomorphism. Hence �Gr�
p is the subgroup of ��Gr� of

order pr generated by x
p
1 � x

p
2 � � � � � x

p
r . Since (by the proof of Lemma 4.2) there

are no redundant elements amongst these generators, and since �Gr�
p is an

elementary abelian p-group, we find that �Gr�
p has order pr .

The number of subgroups N of ��Gr� of index ps containing �Gr�
p is equal

to the number of subgroups of ��Gr�/�Gr�
p of index ps. Since ��Gr�/�Gr�

p

is elementary abelian of order p
1
2 r�r+1�−r = p

1
2 r�r−1�, the number of subgroups

N of the form we require is equal to the number of subspaces of codimension
s of a vector space of dimension 1

2 r�r −1�.
We first establish the lower bound of the theorem. The lower bound is

trivial when m � 9, so we may assume that m � 10. We note (just as in
Proposition 4.4) that each Aut �Gr�-orbit has length at most pr2

. Moreover,
Proposition 3.16 implies that there are at least p� 1

2 r�r−1�−s�s subgroups N con-
taining �Gr�

p, and so there are at least p� 1
2 r�r−1�−s�s−r2

isomorphism classes of
groups H of order pr+s in Bp�2 with ���H�� = ps. If we substitute r = 2

3m−�

and s = 1
3m+� into the above formula, where � ∈ 
0� 1

3 �
2
3� is chosen so that

r and s are integers, we find that we have established the lower bound of the
theorem.

To prove the upper bound, we use exactly the same argument as in the
previous theorem. The number of subspaces of codimension s in a vector
space of dimension 1

2 r�r −1� is at most p to the power � 1
2 r�r −1�− s+1�s,

and so

fBp�2
�pm� �

∑
p� 1

2 r�r−1�−s+1�s� (19.2)

where the sum is over integers r and s satisfying the conditions r � 1, s � 0
and r + s = m. It is not difficult to show that(

1
2
r�r −1�− s+1

)
s � 2

27
m3 − 2

9
m2 + 49

72
m�

This bound, together with the fact that there are m terms on the right-hand
side of (19.2), establishes the upper bound we require.

We comment that there is a more natural proof of Theorem 19.3 that uses
relatively free groups in Bp�2; we use relatively free groups in Hp because
we have already developed the relevant theory in Chapter 4.

19.2 The ratio of two enumeration functions

In this section, we establish an upper bound, due to Blackburn [7], on the
ratio fHp

�pm�/fBp�2
�pm�. Note that Theorems 19.2 and 19.3 already combine
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to show that this ratio is at most p
2
3 m

2+O�m�. However, we will provide an
improved upper bound, which has a leading term that we conjecture to be
correct.

For a variety V of p-groups, we will write V�r� s� for the set of (isomor-
phism classes of) groups G ∈ V with ��G� of index pr and of order ps.
Thus

fV�pm� = ∑
r+s=m

�V�r� s���

Theorem 19.4 Let p be an odd prime, and let Hp and Bp�2 be the varieties
defined in Theorems 19.2 and 19.3. Then

fHp
�pm�/fBp�2

�pm� � p
2
9 m

2+O�m3/2��

Proof: We begin by showing that for any non-negative integers r and s,

�Hp�r� s�� � prs
s∑

j=0

�Bp�2�r� j���

We will again use the group Gr defined in Chapter 4 and used in the previous
section. By Lemma 4.2, ��Gr� is an elementary abelian p-group of order
p

1
2 r�r+1�. Moreover, the proof of Lemma 4.2 showed that if x1� x2� � � � � xr is a

minimal generating set for Gr then the set


x
p
i 
 1 � i � r�∪ 
�xj� xi� 
 1 � i < j � r�

is a minimal generating set for ��Gr�. We have seen in the proof of The-
orem 19.3 that the set 
x

p
i 
 1 � i � r� generates �Gr�

p (we are using the
fact that p is odd at this point). Since Gr has nilpotency class 2, the set

�xj� xi� 
 1 � i < j � r� generates G′

r . Hence ��Gr� = �Gr�
p ×G′

r .
Let Xs be the set of subgroups of ��Gr� of index ps in ��Gr�, and let

Ys ⊆ Xs consist of those subgroups containing �Gr�
p. We have already seen

that the group Aut �Gr� acts naturally on Xs (and so on Ys, since �Gr�
p is a

characteristic subgroup of Gr). Moreover, �Hp�r� s�� is equal to the number
of Aut �Gr�-orbits on Xs, and �Bp�2�r� s�� is equal to the number of Aut �Gr�-
orbits on Ys. Define  
 Xs → ⋃s

i=0 Yi by

 �N� = �N ∩G′
r ��Gr�

p

for any N ∈ Xs. Since N has index ps in ��Gr�, we have that N ∩G′
r has

index at most ps in G′
r , and so  �N� ∈ Yi for some i ∈ 
0�1� � � � � s�. Thus  

is well-defined. Since G′
r and �Gr�

p are both characteristic subgroups of Gr ,
the function  respects the action of Aut �Gr� on the sets Xs and

⋃s
i=0 Yi.
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Let i ∈ 
0�1� � � � � s� and let M ∈ Yi. We claim that M has at most prs

preimages under  . For suppose that N ∈ Xs is such that  �N� = M . By
definition of  , we have that �N ∩G′

r ��Gr�
p/�Gr�

p =M/�Gr�
p. Since G′

r and
�Gr�

p intersect trivially, N ∩G′
r is determined by this equality. Since N ∩G′

r

has index pi in G′
r , we find that NG′

r/G
′
r has index ps−i in ��Gr�/G

′
r . But

��Gr�/G
′
r is elementary abelian of order pr , and so the number of choices for

NG′
r/G

′
r is at most the number of subspaces of codimension s− i in a vector

space over Fp of dimension r; this number is bounded above by pr�s−i�. Since
G′

r/�N ∩G′
r � has order pi, there are at most �pi�r−�s−i� choices for N/�N ∩G′

r �

once N ∩G′
r and NG′

r/G
′
r are fixed. But N is determined by N/�N ∩G′

r � and
N ∩G′

r , and so the number of preimages of M is at most pr�s−i�+�r−�s−i��i.
Since r�s− i�+ �r − �s− i��i � rs, our claim follows.

Since every element of
⋃s

i=0 Yi has at most prs preimages under  , and
since  respects the action of Aut �Gr� on the sets Xs and

⋃s
i=0 Yi, we have

shown that

�Hp�r� s�� �
s∑

i=0

prs�Bp�2�r� i���

Writing a sum over all integers r and s such that r � 1, s � 0 and r + s = m

as an unlabelled sum, we find that

fHp
�pm� = ∑ �Hp�r� s�� = ∑ s∑

i=0

prs�Bp�2�r� i��

� m2pr0s0 �Bp�2�r0� i0���
where the maximum value of prs�Bp�2�r� i�� over the region r � 1, s � 0,
r + s = m and 0 � i � s occurs when r = r0, s = s0 and i = i0. Thus

fHp
�pm� � m2pr0s0fBp�2

�pr0+i0�

� m2pr0s0fBp�2
�pm��

the last equality following since fBp�2
�pm� is a non-decreasing function of m.

Hence

fHp
�pm�/fBp�2

�pm� � m2pr0s0 �

To prove the theorem, it remains to show that r0s0 � 2
9m

2 +O�m3/2�.
From the proof of Theorem 19.3, we have that(
1
2
r�r −1�− i

)
i−r2 +rs� logp

(
prs�Bp�2�r� i��

)
�

(
1
2
r�r −1�− i+1

)
i+rs�

(19.3)
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The maximum value of logp

(
prs�Bp�2�r� i��

)
is at least 2

27m
3 − 4

9m
2. (This

bound is trivial when m � 2. When m > 2 we may set r = 2
3m− � and

s = i = 1
3m+ � in (19.3), where � ∈ 
0�1/3�2/3� is chosen so as to make

r, s and i integers.) Using the fact that the upper bound in (19.3) is at most
1
2 r�r+1�s, it is not difficult to verify that whenever r = 2

3m−x and s= 1
3m+x

where �x� � 2
√
m, we have that logp

(
prs�Bp�2�r� i��

)
is less than 2

27m
3 − 4

9m
2

for all sufficiently large m. Hence r0 = 2
3m−x and s0 = 1

3m+x for some x

such that �x� � 2
√
m. But this means that r0s0 � 2

9m
2 +O�m3/2�, and so the

theorem is proved.
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Miscellanea

This chapter is divided into several sections, in each of which we emphasise
a separate topic in the theory of group enumeration. Section 20.1 is devoted
to the problem of enumerating groups which are generated by at most d

elements, for a fixed integer d. Section 20.2 contains a proof that groups with
many non-abelian factors in their composition series are rare. Section 20.3
contains an enumeration of the graded Lie rings of order pm. This enumeration
is analogous to the enumeration of p-groups given in Chapters 4 and 5, but
uses more elementary methods. In Section 20.4 we show that the error term of
O�m5/2� in the upper bound in the enumeration of p-groups can be improved
to O�m2� if we restrict our attention to counting p-groups of nilpotency class
at most 3.

20.1 Enumerating d-generator groups

In this section we consider the problem of estimating the number fd�n�

of isomorphism classes of groups of order n that can be generated by d

generators. We first give a brief history of progress on this problem.
The function fd�n� was first considered by Peter Neumann [76] in 1969,

in the special case where n has the form pm for a fixed prime p. In their 1987
paper, McIver and Neumann [67] showed that fd�p

m� � p
1
2 �d+1�m2+O�m�.

Extrapolating from this result, Laslo Pyber [83] conjectured that fd�n� �
nc logn for some constant c depending only on d. Avinoam Mann [63] proved
that the number of soluble d-generator groups of order n is at most n�d+1�	�n�

(recall the definition of 	�n� from Chapter 1). In fact, he proved that the
number of d-generator groups of order n that do not have any composition
factors contained within three specific families of simple groups is at most
nc	�n�. Finally, in 2001, Alex Lubotzky [61] proved that fd�n� � ncd logn for

195
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some constant c. More precisely, he showed that fd�n� � n2�d+1�	�n� (see [61,
p. 198]).

The methods of Mann and Lubotzky involve bounding the number of
relations required to present a d-generator group of order n. In his pa-
per [65], Mann focuses on the function h�n� r� which he defines to be
the number of groups of order n (up to isomorphism of course) that can
be defined by r relations. If such a group is generated by d generators
then d � r, so Lubotzky’s theorem implies that h�n� r� � n2�r+1�	�n�, but
this is not optimal. Confirming a conjecture proposed by Mann in the
cited paper, A. Jaikin-Zapirain and L. Pyber (see [52]) have proved the
following:

Theorem 20.1 There exists c > 0 such that h�n� r� � ncr for all n� r.

For nilpotent groups Mann proves the stronger result that hnil�n� r� = o�nr�.
For soluble groups he proves that hsol�n� r� � nr+2	�n� and he proves that in
general h�n� r� � nr log logn+2	�n�+3.

We return to fd�n�: Avinoam Mann [63] provided a lower bound by
constructing many d-generator groups of order pm; his construction shows
that the upper bound is reasonable when n is a power of a prime. In a recent
paper [51], Andrei Jaikin-Zapirain has tightened both the upper and lower
bounds in the case when n = pm for a fixed prime p. More precisely, he has
proved that

p
1
4 �d−1�m2+o�m2� � fd�p

m� � p
1
2 �d−1�m2+o�m2��

We now summarise the contents of this section. We will not prove the upper
bound for fd�n� in the general case, since Lubotzky’s proof uses profinite
methods which are beyond the scope of this book. We will reproduce Avinoam
Mann’s upper bound in the soluble case here, as it only uses elementary
methods. We then turn our attention to the case when n is a power of a
fixed prime p. Mann’s theorem has as a corollary an upper bound for fd�p

m�.
We show that this upper bound is reasonable by proving Jaikin-Zapirain’s
lower bound for fd�p

m�. (In fact, for the sake of simplicity, we prove a
slightly weaker bound than Jaikin-Zapirain. The proof of Jaikin-Zapirain’s
lower bound uses some standard material on the lower exponent p central
series of a group. The material we need is summarised in Lemma 20.6 below.)

Mann’s proof begins by bounding the number of relations needed in a
presentation of a soluble d-generator group.
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Theorem 20.2 Let G be a soluble group of order n, and suppose that G is
generated by x1� x2� � � � � xd. Then there exists a presentation for G in these
generators that consists of at most �d+1�	�n� relations.

Proof: We prove the theorem by induction on 	�n�. When 	�n� = 1, the
group G has prime order and so is cyclic. Then G is generated by one of the
generators xi, and a presentation for G consists of the relation xni = 1 and the

relations xj = x
kj
i for j ∈ 
1�2� � � � � d�\
i� and for some integers kj . Thus the

theorem holds in this case.
Assume (as an inductive hypothesis) that 	�n� > 1 and that the theorem is

true for proper divisors of n. Let N be a minimal normal subgroup of G. Since
G is soluble, N is an elementary abelian group of order pk for some prime
number p and positive integer k. By the inductive hypothesis, there exists
a presentation for G/N in the generators x1N�x2N� � � � � xdN consisting of r
relations where r � �d+1�	�n/pk�= �d+1��	�n�−k�. For i ∈ 
1�2� � � � � r�,
let ui�x1N�x2N� � � � � xdN� be the ith relation in this presentation.

Let y1 ∈ N be a non-identity element. Since N is a minimal normal sub-
group, N is generated by the conjugates of y1. So we may choose ele-
ments y2� y3� � � � � yk of N and words v2� v3� � � � � vk in x1� x2� � � � � xd such that
yi = v−1

i y1vi for all i ∈ 
2�3� � � � � k� and such that N is generated by
y1� y2� � � � � yk. We may express y1 as a word w1 in x1� x2� � � � � xd. For all i ∈

2�3� � � � � k�, yi may be expressed as the word wi = v−1

i w1vi in x1� x2� � � � � xd.
Finally, we find words ti�y1� y2� � � � � yk� such that ui�x1� x2� � � � � xd�

= ti�y1� y2� � � � � yk� for all i ∈ 
1�2� � � � � r� and words sij�y1� y2� � � � � yk� such
that x−1

j yixj = sij�y1� y2� � � � � yk� for all i ∈ 
1�2� � � � � k� and j ∈ 
1�2� � � � � d�.
For the sake of brevity, we write ti and sij for the words ti�w1�w2� � � � �wk�

and sij�w1�w2� � � � �wk� in x1� x2� � � � � xd.
We claim that the relations

x−1
j wixj = sij�w

p
1 = 1� �w1�w�� = 1 and um = tm

form a presentation for G, where i, j, � and m range over the sets 
1�2� � � � � k�,

1�2� � � � � d�, 
2�3� � � � � k� and 
1�2� � � � � r� respectively.

Let the group X be presented by the generators x1� x2� � � � � xd and the rela-
tions given above. Clearly G is a homomorphic image of X, and so to prove
our claim it suffices to show that X has order at most n. Identifying words
with their images in X, the subgroup Y of X generated by w1�w2� � � � �wk is
abelian. (To see this, note that the wi are all conjugates of w1, and so for
some word z we find that �wi�wj� = 1 if and only if �w1� z

−1wjz� = 1. This
last identity follows from Lemma 3.1, the relations �w1�w�� = 1 and the fact
that �w1�w2� � � � �wk� is normal in �x1� x2� � � � � xd�.) Moreover the elements



198 Miscellanea

wi all have order p in X, since the relations imply that w1 has order p and
that w2�w3� � � � �wk are conjugates of w1. Hence Y is an elementary abelian
group of order at most pk. Moreover, the relations x−1

j wixj = sij and the fact
that Y is finite imply that x−1

j Yxj = Y for all j ∈ 
1�2� � � � � d�. Hence Y is
normal in X. But tm ∈ Y for all m ∈ 
1�2� � � � � r�, and so the relations um = 1
hold in X/Y . Thus X/Y is a quotient of G/N , and so �X/Y � � n/pk. Hence
�X� � �n/pk�pk = n, and our claim is established.

We have constructed a presentation for G in x1� x2� � � � � xd consisting of
kd+k+r relations. But �d+1�k+r � �d+1�	�n� and so we have established
our inductive step. The theorem now follows by induction.

Theorem 20.3 There are at most n�d+1�	�n� soluble d-generator groups of
order n.

Proof: We argue using induction on 	�n�. The theorem is trivially true when
	�n�= 1, and so we assume that 	�n� > 1 and that the theorem is true for all
smaller values of 	�n�.

Let G be a soluble group of order n, and let N be a minimal normal
subgroup of G. Then (since G is soluble) N is elementary abelian of order
pk for some prime number p and for some positive integer k. There are
	�n� choices for pk, after which the isomorphism class of N is fixed. More-
over, by our inductive hypothesis, there are at most �n/pk��d+1�	�n/pk� choices
for the isomorphism class of G/N . Let y1� y2� � � � � yk be a generating set
for N . By Theorem 20.2, there exists a presentation for G/N having r re-
lations um�x1N�x2N� � � � � xdN� where r � �d+ 1�	�n/pk�. Writing um for
um�x1� x2� � � � � xm�, we have that um ∈ N . Now (as in Theorem 20.2) G is
determined by the presentation for G/N , by a presentation for N and by
kd+ r equations of the form

x−1
j yixj = sij and um = tm

for i ∈ 
1�2� � � � � k�, j ∈ 
1�2� � � � � d� and m ∈ 
1�2� � � � � r�, where sij� tm ∈N .
Therefore there are at most �N �kd+r choices for G once the isomorphism
classes of N and G/N have been chosen. Note that

�N �kd+r � �pk�kd+�d+1��	�n/pk�� = �pk�d	�n�+	�n/pk��

Hence the number of possibilities for G is at most

	�n��n/pk��d+1�	�n/pk��pk�d	�n�+	�n/pk� � 	�n�n�d+1�	�n�−1 � n�d+1�	�n��

The theorem now follows by induction on 	�n�.
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We now specialise to the case when n is a power of a prime. We aim to
prove the following theorem:

Theorem 20.4 Let p be a fixed prime. Let fd�p
m� be the number of

(isomorphism classes of ) d-generator groups of order pm. Then

p
1
4 �d−2�m2+o�m2� � fd�p

m� � p�d+1�m2
�

The upper bound of Theorem 20.4 is a corollary of Theorem 20.3, and so
we concentrate our efforts on proving the lower bound.

To show there are many d-generator groups of order pm, it suffices to show
that there are many normal groups N of index pm in the free group F on d

generators x1� x2� � � � � xd. For let G be a d-generator group of order pm. If a
quotient F/N is isomorphic to G, the isomorphism induces a homomorphism
from F to G with kernel N . There are �pm�d homomorphisms from F to G

(as there are pm choices for the image of each free generator xi of F , and
the homomorphism is determined once the images of these d generators are
fixed). Thus, at most pdm normal subgroups N of F have the property that
F/N is isomorphic to G. So fd�p

m� is at least p−dm times the number of
normal groups of F of index pm.

To find many subgroups N that are normal in F and of index pm, we
will find certain normal subgroups H of F , of index less than pm in F , such
that H/��H�F�Hp� is large. Any subgroup N such that �H�F�Hp � N � H

is normal in F , and there are many choices for N since H/�H�F�Hp is
elementary abelian. Counting such subgroups N that are of index pm in F

will give us the lower bound we need.
For a normal subgroup H of the free group F on d generators, define rp�H�

by

�H/��H�F�Hp�� = prp�H��

Lemma 20.5 Let d be a positive integer, and let p be a prime. Let H1 and
H2 be normal subgroups of the free group F on d generators x1� x2� � � � � xd.
Suppose that the index of H1 in F is a power of p and suppose that H2 is a
subgroup of H1 of index p. Then

rp�H2� � rp�H1�+d�

Moreover, if there exists z ∈ H1 \H2 such that zp ∈ �H2�F�H
p
2 , then

rp�H2� � rp�H1�+d−1�
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Proof: For i∈ 
1�2� define the subgroup Ki by Ki = �Hi�F�H
p
i . So �Hi/Ki� =

prp�Hi�. Since H2 �H1 we have that K2 �K1. Since H2 has index p in H1, we
have that K1 � H2. Now

prp�H2� = �H2/K2� = p−1�H1/K2�
= p−1��H1/K1����K1/K2�� = prp�H1�−1�K1/K2�� (20.1)

To provide an upper bound on rp�H2�, we aim to provide an upper bound on
�K1/K2�.

Let z ∈ H1 \H2. We claim that K1 is generated by K2 together with the
elements

�z� x1�� �z� x2�� � � � � �z� xd� and zp� (20.2)

It is clear that all the elements above lie in K1. A typical element of H1 has
the form wzi, where w ∈H2 and i ∈ 
0�1� � � � � p−1�. So �H1�F� is generated
by elements of the form �wzi� x� where x ∈ F . The subgroup H2/K2 is central
in F/K2 and so

�wzi� x�K2 = �zi� x�K2 = �z� x�iK2�

the last step following from Lemma 3.3 since �z� x� ∈ H2. For any j ∈

1�2� � � � � d�, we have that �z� xj� ∈ �H1�F� � H2, and so �z� xj�K2 is cen-
tral in F/K2. So writing x as a word in the generators x1� x2� � � � � xd and their
inverses, we may express �z� x�K2 as a product of elements �z� xj�K2 and
their inverses using part (2) of Lemma 3.1. Thus �H1�F� is contained in the
subgroup generated by K2 and the elements (20.2) above. Similarly, Hp

1 is
contained in this subgroup, since if w ∈ H2 and i ∈ 
0�1� � � � � p−1� then

�wzi�pK2 = wpzipK2 = zipK2 = �zp�iK2�

Since K1 = �H1�F�H
p
1 , our claim follows.

Now, K1 is generated by K2 and d+ 1 extra elements. Since K1/K2 is a
subgroup of the elementary abelian p-group H2/K2, this means that �K1/K2� �
pd+1. So, using (20.1),

prp�H2� = prp�H1�−1�K1/K2� � prp�H1�+d�

Thus rp�H2� � rp�H1�+d and the first statement of the lemma is proved.
Suppose now that zp ∈ K2. Then K1 is generated by K2 together with the

d elements �z� xj� where j ∈ 
1�2� � � � � d�. Thus �K1/K2� � pd and so, using
(20.1) as before, we find that rp�H2� � rp�H1�+d−1. This proves the lemma.

Let F be a group. The lower exponent p central series L1 � L2 � L3 � · · ·
of F is defined by L1 = F and Li+1 = �Li�F�L

p
i for i � 1. The standard facts

about this series that we need are contained in the following lemma:
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Lemma 20.6 Let p be a prime. Let F be a group, and let L1 � L2 � · · · be
its lower exponent p central series.

(i) Let i and e be integers such that i � 2 and e � 1. Then for any g ∈ Li

and any x ∈ F

�g� x�p
e ∈ �gp

e

� x�Li+e+2�

(ii) Suppose that F is generated by a set X. Let i be a positive integer. Then
Li is generated modulo Li+1 by the elements of the form

�a1� a2� � � � � as�
pi−s

where a1� a2� � � � � as ∈ X and where 1 � s � i.

(iii) Let d be a positive integer. Define Md�i� by

Md�i� = �1/i�
∑

��r�di/r

where the sum is over the positive divisors r of i and where � is the
Möbius function. (The Möbius function � is defined by ��r� = 0 when-
ever a square of a prime divides r, otherwise ��p1p2 � � � ps� = �−1�s

where p1� p2� � � � � ps are distinct primes.) Let F be the free group on d

generators. Then for i � 1,

prp�Li� = �Li/Li+1� = p
∑i

j=1 Md�j��

Proof: See Vaughan-Lee [92, Lemmas 2.2.2 and 2.2.3] for proofs of the
first two parts of the lemma. Part (iii) of the lemma follows from Bryant and
Kovács [11, Section 3] (who relate the order of Li/Li+1 to the dimension
of the ith grade of a free graded Lie algebra) together with standard results
in the theory of free Lie algebras (which determine this dimension); see, for
example, [41, Section 11.2].

Lemma 20.7 Let d be a fixed integer and let p be a prime. Let F be the free
group on d generators x1� x2� � � � � xd. Let L1 �L2 � · · ·be the lower exponent
p central series of F . Then, as i → �,

rp�Li� ∼ di+1

i�d−1�
�

and the index of Li in F is ps�i�, where

s�i� ∼ di+1

i�d−1�2
�
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Proof: Let Md�i� be the function defined in Lemma 20.6. We claim that
Md�i� ∼ di/i. The function Md�i� is defined as a sum over the positive
divisors r of i. The term corresponding to r = 1 is di/i, and all the remaining
terms have absolute value at most di/2/i. Since i has at most i positive divisors,
we find that

di/i−di/2 � Md�i� � di/i+di/2�

The ratio of di/2 to di/i tends to 0 as i→ �, and so Md�i�∼ di/i, as claimed.
To complete the proof of Lemma 20.7, we use the following elementary

result. Let �ai� and �bi� be two real sequences such that ai → � and bi → �
as i→ �. Suppose that ai−ai−1 ∼ bi−bi−1 as i→ �. Then ai ∼ bi as i→ �.

By Lemma 20.6,

rp�Li� =
i∑

j=1

Md�j��

By the estimate above, rp�Li�−rp�Li−1�=Md�i�∼ di/i. But we also have that

di+1

i�d−1�
− di

�i−1��d−1�
= di

i�d−1�

(
d− i

i−1

)
∼ di

i
�

The first assertion of the lemma now follows, by applying the elementary
result referred to above (in the case ai = rp�Li� and bi = di+1/�i�d−1��.

To prove the second statement of the lemma, first note that

ps�i� = �F/Li� = �L1/Li� =
i−1∏
j=1

�Lj/Lj+1� =
i−1∏
j=1

prp�Lj��

Hence s�i� = ∑i−1
j=1 rp�Lj�. The elementary result referred to above now im-

plies the second assertion of the lemma, once we have observed that

s�i�− s�i−1� = rp�Li−1� ∼ di

�i−1��d−1�
∼ di

i�d−1�

and
di+1

i�d−1�2
− di

�i−1��d−1�2
= di�d− i/�i−1��

i�d−1�2
∼ di

i�d−1�
�

So Lemma 20.7 is proved.

Lemma 20.8 Let d be a positive integer, and let p be a prime. Let F be
the free group on d generators x1� x2� � � � � xd. There exists a chain of normal
subgroups F = H0 � H1 � H2 � · · · of F such that for each k the subgroup
Hk has index pk in F and

rp�Hk� � �d−1�k�1+o�1��

as k → �.
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Proof: Let L1�L2� � � �be the lower exponent p central series of F . For each
positive integer i, define Mi�0�Mi�1� � � � �Mi�i as follows. Let Mi�j be the sub-
group generated by Li+1 and all elements of the form

�a1� a2� � � � � as�
pi−s

where a1� a2� � � � � as ∈ 
x1� x2� � � � � xd� and where 1 � s � i− j. By part (ii)
of Lemma 20.6,

Li = Mi�0 � Mi�1 � · · · � Mi�i−1 � Mi�i = Li+1�

and so we may think of the series of subgroups Mi�j as refining the lower
exponent p central series of F .

Note that Mi�i−1 is generated by Li+1 and the d elements

x
pi−1

1 � x
pi−1

2 � � � � � x
pi−1

d �

Since Mi�i−1/Li+1 is a subgroup of the elementary abelian p-group Li/Li+1,
this means that Mi�i−1/Li+1 has order at most pd. (In fact �Mi�i−1/Li+1� = pd,
though we shall not need this.) Similarly, Mi�i−2 is generated modulo Mi�i−1

by the elements

�xa� xb�
pi−2

where a�b ∈ 
1�2� � � � � d�. Since �xa� xb�
pi−2

is the inverse of �xb� xa�
pi−2

, we
may restrict the generating set to those elements where a < b. Thus Mi�i−2 is
generated modulo Mi�i−1 by 1

2d�d−1� elements, and so

�Mi�i−2/Li+1� = �Mi�i−2/Mi�i−1��Mi�i−1/Li+1� � p
1
2 d�d−1�+d = p

1
2 d�d+1��

(Again, in fact, �Mi�i−2/Li+1� = p
1
2 d�d+1�.)

Let H0 � H1 � · · · be a refinement of the series

M1�0 � M1�1 � M2�1 � M2�2 � M3�1 � M3�2 � M3�3 � M4�1 � · · ·
where Hk+1 has index p in Hk for all non-negative integers k. Now Mi�j is
generated modulo Mi�j+1 by elements of the form

�a1� a2� � � � � ai−j�
pj (20.3)

where a1� a2� � � � � ai−j ∈ 
x1� x2� � � � � xd�. So since Mi�j/Mi�j+1 is elementary
abelian, we may insist that Hk is generated by Hk+1 and an element of the
above form whenever Mi�j � Hk >Mi�j+1.

Each subgroup Hk has the property that Li �Hk > Li+1 for some integer i.
Since F acts trivially by conjugation on Li/Li+1, any subgroup lying between
Li and Li+1 is normal. Hence the subgroups Hk are normal in F . So it
remains to establish the lower bound on rp�Hk�. We do this in three stages.
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We first relate rp�Hk� to rp�Hk+1�. We show that in most cases, rp�Hk+1� �
rp�Hk�+d− 1. In the second stage, we use this result to provide a bound
on rp�Li+1� in terms of rp�Hk�, where Li � Hk > Li+1. In the final stage, we
use our knowledge of rp�Li+1� to provide the lower bound on rp�Hk� we are
seeking.

Let k be an integer, k � 0, and let i and j be the integers such that
Mi�j � Hk >Mi�j+1. Let � = logp �Hk/Li+1� (and so Hk+� = Li+1). As the first
stage in deriving our bound on rp�Hk�, we claim that

rp�Hk+1� � rp�Hk�+d−1 whenever � >
1
2
d�d+1�� (20.4)

For suppose that � > 1
2d�d+1�. Then since �Mi�i−2/Li+1� � p

1
2 d�d+1�, we have

that j � i−3. By our choice of Hk, there exists an element z ∈ Hk \Hk+1 of
the form (20.3). Our claim will follow by Lemma 20.5, provided that we can
show that zp ∈ �Hk+1�F �H

p
k+1.

Since j � i− 3, we have that i− j − 1 � 2. Since �a1� a2� � � � � ai−j−1� ∈
Li−j−1, part (i) of Lemma 20.6 implies that

zp = ��a1� a2� � � � � ai−j−1�� ai−j�
pj+1

∈ ��a1� a2� � � � � ai−j−1�
pj+1

� ai−j�L�i−j−1�+�j+1�+2�

But

L�i−j−1�+�j+1�+2 = Li+2 = �Li+1�F �L
p
i+1 � �Hk+1�F �H

p
k+1�

since Hk+1 �Li+1. Moreover, �a1� a2� � � � � ai−j−1�
pj+1 ∈Mi�j+1 by the definition

of the subgroup Mi�j+1. Since Mi�j+1 � Hk+1,

zp ∈ �Mi�j+1�F �Li+2 � �Hk+1�F �Li+2 � �Hk+1�F �H
p
k+1�

and so our claim is established.
As the second stage in deriving our lower bound on rp�Hk�, we claim that

rp�Li+1� � rp�Hk�+ �d−1��+ �1/2�d�d+1�� (20.5)

where i and � are defined as before. By Lemma 20.5, rp�Hs+1� � rp�Hs�+d

for any non-negative integer s. So an easy argument using induction shows
that rp�Hk+t�� rp�Hk�+dt for any non-negative integer t. This bound in the
case when t = � shows that

rp�Li+1� � rp�Hk�+d� = rp�Hk�+ �d−1��+��

So the claim follows in the case when � � 1
2d�d+ 1�. Now suppose that
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� > 1
2d�d+1�. Applying our bound (20.4) a total of �− 1

2d�d+1� times, we
find that

rp�Hk+�− 1
2 d�d+1�� � rp�Hk�+ �d−1���− 1

2d�d+1���

Hence, using Lemma 20.5,

rp�Li+1� = rp�Hk+��

� rp�Hk+�− 1
2 d�d+1�

�+d

(
1
2
d�d+1�

)
� rp�Hk�+ �d−1���− 1

2
d�d+1��+d

(
1
2
d�d+1�

)
= rp�Hk�+ �d−1��+ 1

2
d�d+1��

This proves our claim.
We are now ready for the last stage of deriving our lower bound on rp�Hk�:

proving the bound itself. Suppose, for a contradiction, that there exists a
positive real number � and an infinite strictly increasing sequence of positive
integers k1� k2� � � � such that

rp�Hkj
� � �1− ���d−1�kj

for j � 1. Define integers i1� i2� � � � by

Lij
� Hkj

> Lij+1�

and define �1� �2� � � � by �j = logp �Hkj
/Lij+1�. By Equation (20.5),

rp�Lij+1� � rp�Hkj
�+ �d−1��j + �1/2�d�d+1�

� �1− ���d−1�kj + �d−1��j + �1/2�d�d+1�

= �d−1� logp��F/Lij+1��+ �1/2�d�d+1�− ��d−1�kj�

the last step following since the definition of �j and the fact that Hkj
has

index pkj in F together show that kj +�j = logp��F/Lij+1��. Since Lij
� Hkj

,
we have that kj � logp��F/Lij

�� and so

rp�Lij+1� � �d−1� logp��F/Lij+1��+ �1/2�d�d+1�− ��d−1� logp��F/Lij
���

(20.6)

Lemma 20.7 tells us that

rp�Lij+1� ∼ dij+2

�ij +1��d−1�
(20.7)
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as j → �. However, if we write g�j� for the right-hand side of (20.6),
Lemma 20.7 implies that

g�j� ∼ dij+2

�ij +1��d−1�
− �

dij+1

ij�d−1�

∼ �1− �/d�
dij+2

�ij +1��d−1�
(20.8)

as j → �. But the two approximations (20.7) and (20.8) contradict the in-
equality (20.6). This contradiction proves the lemma.

Proof of Theorem 20.4: As remarked after the statement of Theorem 20.4,
the upper bound of Theorem 20.4 is a corollary of Theorem 20.3. So we need
to prove the lower bound of the theorem.

Let m be a positive integer. Define k = �m/2� and s = 
m/2�. By
Lemma 20.8, there exists a normal subgroup Hk of F of pk such that

rp�Hk� � �d−1�k�1+o�1���

Define K = �Hk�F �H
p
k , so �Hk/K� = prp�Hk�. Every subgroup N of F such

that Hk �N �K is normal, since F acts trivially by conjugation. Since Hk/K

is an elementary abelian p-group, there are at least ps�rp�Hk�−s� subgroups N

containing K that have index ps in Hk, by Proposition 3.16 and Corollary 3.17.
Using the definition of s and our bound on rp�Hk�, we see that

ps�rp�Hk�−s� � p
1
2 m� 1

2 m�d−1�− 1
2 m�+o�m2� = p

1
4 �d−2�m2+o�m2��

Since any subgroup of index ps in Hk has index pm in F , we have found
p

1
4 �d−2�m2+o�m2� normal subgroups N of F having index pm in F . Each of these

subgroups N corresponds to a d-generator group F/N of order pm. At most pm

quotients F/N can be isomorphic to a given group G (since an isomorphism
from F/N to G induces a homomorphism from F to G with kernel N , and
there are at most pmd homomorphisms from F to G). Hence we have found
p

1
4 �d−2�m2+o�m2� d-generator groups of order pm, and the theorem follows.

20.2 Groups with few non-abelian composition factors

This section contains a proof of a theorem on the enumeration of non-soluble
groups due to A. R. Camina, G. R. Everest and T. M. Gagen [15]. The
theorem was conjectured by John G. Thompson [91], and attempts to capture
the feeling that non-soluble groups are rare. The proof uses two facts about
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simple groups that follow from the Classification: firstly that there are at most
two simple groups of any order, and secondly that �Out�L�� � �L� for any
simple group L.

For a finite group G, define

"�G� = 1
�G�

∏ �H/K��

where the product runs over the non-abelian factors in a composition series
for G. So 1/�G� � "�G� � 1, and "�G� = 1/�G� if and only if G is soluble.

For a positive integer n, define F�n� to be the number of (isomorphism
classes of) groups of order at most n; so F�n�= ∑n

i=1 f�i�. For a positive real
number �, define F��n� to be the number of (isomorphism classes of) groups
G of order at most n such that "�G� � �. For a fixed value of �, the function
F��n� counts only finitely many soluble groups (those of order at most 1/�).
One can think of F��n� as counting those groups either having many non-
abelian composition factors, or having a few large non-abelian composition
factors.

Theorem 20.9 Let � be a positive real number. Then

lim
n→�F��n�/F�n� = 0�

This theorem has recently been improved by Benjamin Klopsch in [57]:

Theorem 20.10 For every � > 0 there exist b� c > 0 such that if n � 60 then

nb log logn � F��n� � nc log logn �

To give some idea of what is involved we give a proof of Theorem 20.9,
leaving the reader to consult [57] for the proof of the stronger result. The-
orem 20.9 requires an upper bound on F��n�. Our arguments will be fairly
crude, as we only aim to show that F��n� grows significantly more slowly
than F�n�.

Lemma 20.11 The number of groups G of order n having no non-trivial
soluble normal subgroups is at most n6 logn log logn.

In this lemma, and for the remainder of this section, we will use the
convention that logn log logn = 0 when n = 1 (to circumvent the problem
that log log 1 is not defined). Note that using this convention we have that
logn log logn is a non-decreasing function on the set of positive
integers n.
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Note also that in [65] Avinoam Mann proves a refinement of this estimate,
showing that the number of d-generator groups G of order n that have no
non-trivial soluble normal subgroup is at most nd log logn+3. Since d� 	�n� this
is not only a refinement but also an improvement.

Proof of Lemma 20.11 The lemma holds trivially when n� 4, so we may as-
sume that n> 4. Let G be a group of order n having no non-trivial soluble nor-
mal subgroups. Let S be the socle of G (so S is the subgroup generated by all
minimal normal subgroups of G). Our condition on G implies that all minimal
normal subgroups of G are direct products of non-abelian simple groups. So
there exist an integer t and non-abelian simple groups L1�L2� � � � �Lt such that

S � L1 ×L2 ×· · ·×Lt�

In particular, the centre Z�S� of S is trivial. The centraliser C of S in G

is a normal subgroup, so if C is non-trivial then C must have a non-trivial
intersection with S (by definition of the socle). But C∩S = Z�S� = 
1�, and
so C = 
1�. So G acts faithfully by conjugation on S. In particular, we may
regard G as a subgroup of Aut �S�.

We saw at the start of the proof of Theorem 16.20 that there are at most
n3 possibilities for the isomorphism class of a product of non-abelian simple
groups, where the product has order dividing n. (The fact that there are at
most two simple groups of any fixed order is used here.) So there are at most
n3 possibilities for S.

Let S be fixed. Since G has order n, it can be generated by logn elements.
So the number of possibilities for G once S is fixed is at most the number of
subgroups of Aut �S� that can be generated by logn elements. This number
is bounded above by �Aut �S��logn, and so we require an upper bound on
�Aut �S��. An automorphism of S permutes the minimal normal subgroups
L1�L2� � � � �Lt of S, so there is a natural homomorphism from Aut �S� into
Sym�t�. Let K be the kernel of this homomorphism. Now, K is isomorphic
to

∏t
i=1 Aut �Li�. The Classification implies that �Out�Li�� � �Li�, and so

�K� =
t∏

i=1

�Aut �Li�� =
t∏

i=1

�Li��Out�Li�� �
t∏

i=1

�Li�2 = �S�2 � n2�

Now t � logn, since n � �S� = ∏t
i=1 �Li� � 2t. Hence

�Aut �S�� � �K��Sym�t�� � n2t! � n2�logn�! � n2�logn�logn�

Hence the number of possibilities for G is bounded above by

n3
(
n2�logn�logn

)logn
�
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It is easy to see that

�logn��logn�2
n2 logn+3 = nlogn log logn+2 logn+3 � n6 logn log logn�

and so the lemma follows.

Lemma 20.12 Let n be a positive integer, and let q be a prime power
dividing n. Let A be an elementary abelian group of order q and let H be a
group of order n/q. Then there are at most q2�logn�2

isomorphism classes of
groups G that are extensions of A by H .

Proof: An extension G of A by H imposes an H-module structure M on A.
Theorem 7.4 implies that an extension of A by H is determined by M together
with an element of the second cohomology group H2�H�M�.

Let q = pk, where p is a prime and k is a positive integer. Since A is
generated by k elements, �Aut �A�� � �pk�k = pk2

. The H-module structure of
A is determined by the actions of each element of some generating set for H
on A, and H can certainly be generated by log�n/q� elements. Hence there
are at most pk2 log�n/q� possibilities for the module structure M . It remains to
bound the number of choices for an element of H2�H�M�.

Since A is a p-group, so is H2�H�M�. Let P be a Sylow p-subgroup of H .
Then �P� = p� for some integer � such that k+� � logn. By Corollary 7.16,
H2�H�M��H2�P�M�. We need to find an upper bound on �H2�P�M��. Now,
�H2�P�M�� is the number of equivalence classes of exact sequences of the
form

1 → M → E → P → 1�

Since M , P and E are p-groups, they are soluble. In particular, since P is an
�-generator group, P may be defined by ���+1� relations u1� u2� � � � � u���+1�

in a generating set x1� x2� � � � � x�, by Theorem 20.2. A presentation for E may
be constructed from three ingredients: a presentation for M; some relations
of the form ui = ti where ti is an element of M; and relations determining
the action of the generators xi on M . The proof of this fact is very similar
to the proof of Theorem 20.3, so we omit the details. The only freedom we
have in constructing this presentation for E is the choice of the elements
ti. Hence there are at most �pk����+1� choices for the isomorphism class of
E in the above exact sequence. The maps from M to E and from E to P

are determined by the process of constructing a presentation for E of this
form, so

�H2�H�M�� � �H2�P�M�� � �pk����+1��
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Since a group G of the form we are counting is determined by the action
of H on M together with an element of H2�H�M�, the lemma follows once
we observe that

pk2 log�n/q��pk����+1� = qk log�n/q�+�+�2 � q2�logn�2
�

Proof of Theorem 20.9: For a positive integer n, let f��n� be the number
of (isomorphism classes of) groups of order n such that "�G� � �. We claim
that

f��n� � n6 logn log logn +∑
q2�logn�2

fq��n/q� (20.9)

where the sum runs over prime power divisors q of n such that 2 � q � 1/�.
Let G be a group of order n such that "�G� � �. Suppose that G has a

non-trivial soluble normal subgroup, and let A be a minimal soluble normal
subgroup of G. Then A is elementary abelian of order q, where q is a prime
power dividing n. Now,

1 � "�G/A� = q"�G� � q��

the equality following from the definition of " and the fact that A is soluble.
Thus q � 1/�. Note also that the quotient G/A has order n/q, and the above
inequality shows that "�G/A� � q�.

For a fixed value of q, there are at most fq��n/q� possibilities for G/A, the
isomorphism class of A is determined completely and by Lemma 20.12 there
are at most q2�logn�2

extensions of A by G/A. So the number of groups G of
order n having a non-trivial soluble normal subgroup and such that "�G� � �

is at most ∑
q2�logn�2

fq��n/q��

where the sum runs over prime power divisors q of n such that 2 � q � 1/�.
The number of groups G of order n with no non-trivial soluble normal
subgroup is bounded above by n6 logn log logn, by Lemma 20.11. Hence our
claim (20.9) follows.

We claim that for all positive integers n and positive real numbers �,

f��n� � 2n6 logn log logn�1/��2�logn�2
� (20.10)

Clearly this is true when � > 1 as then f��n�= 0. It is also easy to check that
the result holds when n� 4. Assume, as an inductive hypothesis, that (20.10)
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holds for smaller values of n. Then

f��n� � n6 logn log logn +∑
q2�logn�2

fq��n/q�

� n6 logn log logn +∑
2q2�logn�2

�n/q�6 log�n/q� log log�n/q��1/q��2�log�n/q��2

� n6 logn log logn +∑
2q2�logn�2

�n/q�6 logn log logn�1/q��2�logn�2

(since q� � 1 for all prime powers q in our sum)

= n6 logn log logn +2
∑

�n/q�6 logn log logn�1/��2�logn�2

=
(
�1/��−2�logn�2 +2

∑
q−6 logn log logn

)
n6 logn log logn�1/��2�logn�2

�

Now,

2
∑

q−6 logn log logn < 2
�∑
q=2

q−6 � 2
∫ �

1
x−6dx = 2/5�

Moreover �1/��−2�logn�2 � 1, and so

f��n� � �1+2/5�n6 logn log logn�1/��2�logn�2
< 2n6 logn log logn�1/��2�logn�2

�

and our claim (20.10) follows.
Now let � be fixed. Since f��n� � 2O��logn�2 log logn� by (20.10),

F��n� =
n∑
i=1

f��i� � n2O��logn�2 log logn� = 2O��logn�2 log logn��

Theorem 4.5 shows that f�2m� � 2
2
27 m

2�m−6�. Hence

F�n� � f�2
logn�� � 2
2
27 �logn−1�2�logn−7� = 2

2
27 �logn�3+O�logn�2

�

These bounds on F��n� and F�n� show that limn→� F��n�/F�n� = 0, and the
theorem follows.

20.3 Enumerating graded Lie rings

A Lie ring is an abelian group L, written additively, together with a mapping
� � � 
 L×L → L such that

�x� x� = 0� (20.11)

�x� y+ z� = �x� y�+ �x� z�� (20.12)

�x+y� z� = �x� z�+ �y� z�� (20.13)

��x� y�� z�+ ��y� z�� x�+ ��z� x�� y� = 0� (20.14)
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for all x� y� z ∈ L. These identities imply in particular that �x� y�= −�y� x� (to
see this, expand �x+ y� x+ y� and use the fact that �−x� y� = −�x� y�). The
conditions on the mapping � � � are analogous to the properties of commutators
in a group (see Equations (3.2), (3.3) and (3.4) in Chapter 3). Indeed, the well-
known technique (see Gorenstein [36, Section 5.6]) of associating a Lie ring
with a group shows that groups and Lie rings are closely related. For subsets
X�Y ⊆ L, we write �X�Y� for the subgroup generated by all elements of the
form �x� y� where x ∈ X and y ∈ Y . In exactly the same way as for groups,
we define the lower central series R1�R2�R3� � � � of L by setting R1 = L and
Ri = �Ri−1�L� for i > 1. We say that L is nilpotent (of class at most c) if
Rc+1 = 
0� for some integer c.

The techniques of Chapter 5 can be used to show that the number of nilpo-
tent Lie rings with pm elements is at most p

2
27 m

3+O�m5/2�, and the techniques of
Chapter 4 can be used to show that the exponent in this bound has the correct
leading term. The aim of this section is to show that a similar upper bound
(but with a better error term) can be derived in a much more elementary
fashion if we restrict ourselves to a smaller class of Lie rings, namely the
graded Lie rings generated by the first term of their grading.

A Lie ring L is graded if L is expressed as a direct sum

L = L1 ⊕L2 ⊕· · ·⊕Lc

of subgroups Li, such that �Li�Lj� ⊆ Li+j for all integers i� j ∈ 
1�2� � � � � c�
(where we set Lk = 
0� for integers k such that k > c). Clearly, a graded
Lie ring is nilpotent of class at most c. We are interested in those graded
Lie rings L that are generated by the first term L1 of their grading. (This
condition on L is equivalent to the condition that �Li�L1� = Li+1 for all
positive integers i. The equivalence of these conditions follows easily from
the following fact. Let X generate L as a Lie ring. Then L is generated as an
abelian group by the set of ‘left-normed products from X’, namely the set of
elements that can be written in the form ��· · · ��x1� x2�� x3�� � � � � xk−1�� xk� for
some x1� x2� � � � � xk ∈X. See, for example, Vaughan-Lee [92, Section 1.2] for
a proof of this fact.) Graded Lie rings that are generated by the first term of
their grading are often those that arise in practice. For example, the associated
Lie ring of a group is of this type. For the rest of this section, for the sake of
brevity, we will refer to a graded Lie ring that is generated by the first term
of its grading simply as a graded Lie ring.

Lemma 20.13 Let L be a graded Lie ring with pm elements. Then the iso-
morphism class of L is determined by the isomorphism classes of the groups
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L1�L2� � � � �Lc of its grading, together with the maps �1� �2� � � � � �c−1, where

�i 
 Li ×L1 → Li+1

is formed by restricting the map � � � to Li ×L1.

Proof: Clearly the isomorphism class of L as a group is determined by
the isomorphism classes of L1�L2� � � � �Lc, and so to prove the lemma it is
sufficient to prove that the map � � � is determined by the maps �i.

Let � 
 L×L1 → L2 ⊕L3 ⊕ · · · ⊕Lc be the restriction of � � � to L×L1.
We claim that � is determined by the maps �i. To see this, let x ∈ L and let
y ∈ L1. Then x = x1 +x2 +· · ·+xc, where xi ∈ Li. But then

�x� y� = �x1 +x2 +· · ·+xc� y�

= �x1� y�+ �x2� y�+· · ·+ �xc� y� (by the equality (20.13))

= �1�x1� y�+�2�x2� y�+· · ·+�c−1�xc−1� y�+0�

and so our claim follows.
We now show that � � � is determined by �. Let x� y ∈ L. We may write

y = y1 + y2 + · · · + yc where yi ∈ Li, and (just as above) we may use the
identity (20.12) to express �x� y� as a sum of terms of the form �x� yj�. So
to show that � � � is determined by �, it is sufficient to prove that �x� y� is
determined by � for all x ∈ L and y ∈ Lj where j ∈ 
1�2� � � � � c�. Indeed,
since �L�Lc� = 0, we may assume that j �= c.

We claim that �x� y� is determined by � for all x ∈ L and y ∈ Lj . We prove
our claim by using induction on j. When j = 1, �x� y� = ��x� y� and so our
claim is correct in this case. Suppose that 1 < j < c and that the claim is true
for all smaller values of j. Since L1 generates L, we have that Lj = �Lj−1�L1�

and so we may write

y = ∑
�

�z��w��

where z� ∈ Lj−1, w� ∈ L1 and where � runs over some finite indexing set.
Hence

�x� y� = �x�
∑
�

�z��w���

= ∑
�

�x� �z��w���
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= −∑
�

��z��w��� x�

= ∑
�

��w�� x�� z��+
∑
�

��x� z���w��

= −∑
�

��x�w��� z��+
∑
�

��x� z���w���

Since w� ∈ L1 and z� ∈ Lj−1 our inductive hypothesis implies that �x�w�� and
then ��x�w��� z�� are determined by �. Similarly, ��x� z���w�� is determined
by �. Hence �x� y� is determined by � and so our claim follows by induction
on j. Thus the lemma is established.

Theorem 20.14 Let p be a prime number. The number of isomorphism classes
of graded Lie rings with pm elements that are generated by their first grading
is at most

p
2
27 m

3+O�m��

Proof: Let L be a graded Lie ring with pm elements, and suppose that L is
generated by its first grading. Let L1�L2� � � � �Lc be the terms in its grading.
By Lemma 20.13, to give an upper bound on the number of possibilities
for L it suffices to bound the number of ways of choosing L1�L2� � � � �Lc

up to group isomorphism and the number of ways of choosing the maps
�1� �2� � � � � �c−1 defined in the statement of the lemma.

Define the integer si by �Li� = psi . Since pm = �L� = ∏c
i=1 �Li� = p

∑c
i=1 si ,

we find that s1� s2� � � � � sc form an ordered partition of m. The number of
ordered partitions of m is 2m−1 by Lemma 5.9, and so there are at most 2m−1

possibilities for the integer c and the integers s1� s2� � � � � sc. Once si is fixed,
the number of possibilities for the isomorphism class of Li as an abelian group
is at most the number of partitions of si, by Theorem 17.2. This number is
bounded above by 2si−1, since there are 2si−1 ordered partitions of si. Now∏c

i=1 2si−1 = 2m−c � 2m−1, and so there are at most 2m−1 choices for the abelian
groups L1�L2� � � � �Lc once the integers si have been fixed. Thus there are at
most 22m−2 choices for c, the sequence s1� s2� � � � � sc and the abelian groups
L1�L2� � � � �Lc.

Suppose now that the group isomorphism classes of L1�L2� � � � �Lc are
fixed. Let �1� �2� � � � � �c−1 be the sequence of maps defined in the statement
of Lemma 20.13. So �i 
 Li ×L1 → Li+1 is the restriction of � � � to Li ×L1.
We will show that there are at most p

2
27 m

3
possibilities for the maps �i. This

is trivial when c = 1, so from now on we assume that c > 1.
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We claim that there are at most p
1
2 s

2
1s2 possibilities for �1. To see this, let

g1� g2� � � � � gr1
be a minimal generating set for L1. Note that since �L1� = ps1 ,

we have that r1 � s1. It is not difficult to see (using Equations (20.12) and
(20.13) and the fact that �1�gj� gi�= −�1�gi� gj�) that the map �1 is determined
by the 1

2 r1�r1 − 1� values �1�gi� gj� where 1 � i < j � r1. So the number of

possibilities for �1 is at most �ps2�
1
2 r1�r1−1�. Since r1 � s1, there are at most

p
1
2 s

2
1s2 possibilities for �1, as claimed.

Let i be an integer such that 2 � i � c−1. We claim that there are at most
ps1sisi+1 possibilities for �i. Let r1 and the elements gi be defined as in the
previous paragraph. Let h1� h2� � � � � hri

be a generating set for Li, where we
may take ri � si since �Li� = psi . Then, as before, we may use the identities
(20.12) and (20.13) to show that �i is determined by the r1ri images �i�hj� gk�

where 1 � j � ri and 1 � k � r1. Since there are at most psi+1 possibilities
for each of these images, we find that the number of possibilities for �i is at
most pr1risi+1 . Since r1 � s1 and ri � si, there are at most ps1sisi+1 possibilities
for �i, and our claim follows.

By Lemma 20.13, the map � � � is determined by the maps �1� �2� � � � � �c−1,
and so there are at most pMc�s1�s2�����sc� possibilities for � � � where

Mc�s1� s2� � � � � sc� = 1
2
s2

1s2 +
c−1∑
i=2

s1sisi+1�

It remains to show that Mc�s1� s2� � � � � sc� � 2
27m

3. Setting xi = si/m, we see
that it is sufficient to show that Mc�x1� x2� � � � � xc� � 2

27 for all real numbers
xi such that x1 + x2 + · · · + xc = 1 and xi � 0 for all i ∈ 
1�2� � � � � c�. We
show this by induction on c. When c = 2 the result is easy to prove, so we
assume that c > 2 and that the result holds for all smaller values of c. At an
internal maximum, the theory of Lagrange multipliers shows that the partial
derivatives of Mc with respect to each of the variables xi must be equal. Now,

!Mc

!xc
= x1xc−1

and

!Mc

!xc−2

=
⎧⎨⎩

x1x2 +x2x3 when c = 3�
1
2x

2
1 +x1x3 when c = 4�

x1xc−3 +x1xc−1 when c � 5�

In all of these cases, using the fact that !Mc

!xc
= !Mc

!xc−2
at an internal maximum,

it is easy to derive the contradiction that xi = 0 for some i. And so Mc has
no internal maxima. Finally, we check the values of Mc on the boundary of
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the region. The function Mc is zero when x1 = 0. But when xi = 0 for some
i ∈ 
2�3� � � � � c� we find that

Mc�x1� x2� � � � � xi−1�0� xi+1� � � � � xc� � Mc−1�x1� x2� � � � � xi−1� xi+1� � � � � xc��

and the right-hand side is at most 2
27 by our inductive hypothesis. Hence, by

induction on c, the function Mc is bounded above by 2
27 on our region and

so there are at most p
2
27 m

3
choices for the map � � �. Since there were at most

22m−2 choices for the isomorphism classes of L1�L2� � � � �Lc as groups, the
theorem follows by Lemma 20.13.

20.4 Groups of nilpotency class 3

In this section we show that the error term in the Sims bound for the number
of p-groups of order pm may be improved if we restrict our enumeration to
p-groups of nilpotency class at most 3. Indeed, our aim in this section is to
show that the number of such groups is at most p

2
27 m

3+O�m2�. The material in
this section is taken from Simon Blackburn’s DPhil thesis [7]. We need an
upper bound on the number of graded Lie rings L = L1 ⊕L2 ⊕L3 where L1,
L2 and L3 are specified groups, but the techniques of the last section do not
provide a good enough bound. So our initial aim is to establish an improved
bound for the number of Lie algebras of this type.

Lemma 20.15 Let p be a prime number. Let m and b be integers such that
0 � b �m. Let G be an abelian group of order pm. The number of subgroups
H of G of order pb is at most the number nm�b of subspaces of dimension
b in a vector space of dimension m over Fp. In particular, the number of
subgroups H is at most pb�m−b+1�.

Proof: We will use the identity

nm�b = nm−1�b +pm−bnm−1�b−1� (20.15)

To see why this is true, let V be a vector space of dimension m over Fp, let U
be a fixed subspace of V of dimension m−1 and let x be a fixed element of
V \U . There are nm−1�b subspaces W of dimension b that are contained in U .
A subspace W of dimension b that is not contained in U may be written in the
form W = �W0� x+u� where W0 is a subspace of U of dimension b−1 and
where u ∈ U . Note that distinct choices for W0 give rise to distinct subspaces
W , since W0 = W ∩U . Note, however, that �W0� x+u1� = �W0� x+u2� if
and only if u1 − u2 ∈ W0. Thus W is determined by a subspace W0 of U
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of dimension b− 1 together with a coset of W0 in U . Thus the number of
subspaces W of dimension b not contained in U is pm−bnm−1�b−1, and so the
identity (20.15) is established.

We prove the lemma by induction on m. If m = 0 or m = 1 the assertion
is trivial, and so we assume (as an inductive hypothesis) that m> 1 and the
assertion is true for all groups of order less than pm. Let M be a subgroup of G
of index p and let x be a fixed element of G\M . Let H be a subgroup of G of
order pb. The number of such subgroups H which are contained in M is at most
nm−1�b by our inductive hypothesis. Let H0 =H ∩M . If H is not contained in
M , then H0 has order pb−1 and so there are at most nm−1�b−1 possibilities for
H0, again by our inductive hypothesis. Now H = �H0� x+y� for some element
y ∈M . Moreover �H0� x+y1� = �H0� x+y2� when y1 −y2 ∈H0, and so there
are at most �M/H0� choices for H once H0 is fixed. Therefore there are at
most pm−bnm−1�b−1 subgroups H not contained in M . Hence, by (20.15), there
are at most nm�b subgroups in all. So the lemma follows by induction on m.

Proposition 20.16 Let p be a prime number and let m be a positive integer.
Let L1, L2 and L3 be abelian groups of orders ps1 , ps2 and ps3 respectively,
where s1 +s2 +s3 =m. Then the number of graded Lie rings L=L1 ⊕L2 ⊕L3

generated by L1 is at most �s2 +1�pM+O�m2�, where

M = max
0�b�min
s2�s3�


bs1�s2 + s3 −b�+ 1
2 �s2 −b�s2

1�

Proof: By Lemma 20.13, we need to find an upper bound for the number
of choices of �1 and �2, where �1 
 L1 ×L1 → L2 and �2 
 L2 ×L1 → L3 are
the restrictions of the map � � � to L1 ×L1 and L2 ×L1 respectively. Note that
since � � � satisfies the identities (20.11) to (20.14), we find that

�1�x� x� = 0 for all x ∈ L1�

�i�x+y� z� = �i�x� z�+�i�y� z� for all i ∈ 
1�2�� x� y ∈ L1 and z ∈ L1�

�i�x� y+ z� = �i�x� y�+�i�x� z� for all i ∈ 
1�2�� x ∈ L1 and y� z ∈ L1�

−�2��1�y� z�� x�−�2��1�z� x�� y� = �2��1�x� y�� z� for all x� y� z ∈ L1�

(20.16)

For an element x ∈ L1, the set �2�L2� x� is a subgroup H of L3. If �H� = pk,
we say that x has breadth k, and write b�x� = k. We define the breadth b of
�2 by b = max
b�x� �x ∈ L1�. Clearly, 0 � b � min
s2� s3�.

There are at most s2 + 1 possibilities for b. Assume that b is fixed. We
claim that the number of possibilities for �2 is at most pbs1�s2+s3−b+1�. Let
g1� g2� � � � � gr1

be a generating set for L1 and let h1� h2� � � � � hr2
be a generating
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set for L2. We may assume that r1 � s1 and r2 � s2. We may also assume
that b�g1� = b. Now, �2 is determined by the r1r2 elements �2�hj� gi� ∈ L3

where 1 � i � r1 and 1 � j � r2. For i ∈ 
1�2� � � � � r1�, let Hi be a subgroup
of order pb containing 
�2�hj� gi� �1 � j � r2�. Such a subgroup exists since
�2 has breadth b. By Lemma 20.15, there are at most

(
pb�s3−b+1�

)r1 choices
for the subgroups Hi. Once the subgroups Hi are fixed, there are at most pb

choices for each element �2�hj� gi� ∈ Hi and so at most pbr1r2 choices for �2.
Therefore, using the fact that r1 � s1 and r2 � s2, we find that the number of
choices for �2 of breadth b is at most pbs1�s2+s3−b+1�, as claimed.

Suppose now that �2 is fixed. We claim that there are at most p to the
power

s2�s1 −1�+ 1
2 �s2 −b��s1 −1��s1 −2�

choices for �1. Let g1� g2� � � � � gr1
be the generating set for L1 chosen above.

The map �1 is determined by the elements ��gi� gj� where 1 � i < j � r1.
There are at most ps2�r1−1� choices for the r1 − 1 elements �1�g1� gj� where
j ∈ 
2�3� � � � � r1�. Assume that these elements have been chosen. Now, by
(20.16), for all i� j ∈ 
2�3� � � � � r1�,

�2��1�gi� gj�� g1� = −�2��1�gj� g1�� gi�−�2��1�g1� gi�� gj��

But the right-hand side of this equation is determined by the choices we have
already made

(
note that −�2��1�gj� g1�� gi� = �2��1�g1� gj�� gi�

)
. And so the

image of �1�gi� gj� under the homomorphism x �→ �2�x� g1� is determined.
Since g1 has breadth b, the kernel of this homomorphism has order ps2−b, and
so there are at most ps2−b choices for each of the 1

2 �s1 −1��s1 −2� elements
�1�gi� gj�. Hence the number of choices for �1 once �2 is fixed is at most

ps2�r1−1�+ 1
2 �s2−b��s1−1��s1−2�, and since r1 � s1 our claim follows.

Collecting together all our estimates, and using the fact that s1� s2� s3 and
b are all bounded above by m, we find that the proposition follows.

Theorem 20.17 Let p be a fixed prime number, and let m be a positive
integer. Then the number of isomorphism classes of groups of order pm and
nilpotency class at most 3 is bounded above by

p
2
27 m

3+O�m2��

Proof: We begin by recalling a standard way of associating a Lie ring with
a (usually nilpotent) group (see Gorenstein [36, Section 5.6]). A Lie ring L

may be constructed as follows. Let G be a group, and let G1�G2� � � � be its
lower central series. For all positive integers i, define Li = Gi/Gi+1. Since
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the subgroups Gi are the terms in the lower central series of G, the groups Li

are abelian. We write the groups Li additively, and define L= L1 ⊕L2 ⊕· · · .
To define the Lie multiplication, let i and j be positive integers and suppose
that x ∈ Li and y ∈ Lj . Then x = gGi+1 and y = hGj+1 for some g ∈ Gi and
h ∈Gj . By Proposition 3.6, �g�h� ∈Gi+j . Moreover, it is not difficult to show
that �g�h�Gi+j+1 depends only on the cosets gGi+1 and hGj+1 rather than on
the elements g and h themselves. We define �x� y� = �g�h�Gi+j+1 ∈ Li+j . We
then extend the Lie multiplication to the whole of L in the natural way, by
Z-linearity. It is not difficult to check that this definition of Lie multiplication
does indeed make L into a Lie ring. Moreover, L is a graded Lie ring that is
generated by its first grading.

Let G be a group of order pm and nilpotency class at most 3. We will
bound the number of possibilities for G by first choosing its associated Lie
ring L. To this end, let L= L1 ⊕L2 ⊕L3 be a graded Lie ring of order pm that
is generated by its first grading. Define integers s1� s2 and s3 by �Li� = psi , so
that s1 + s2 + s3 = m. We aim to bound the number of choices for G once L

is fixed.
For i ∈ 
1�2�3�, let ri be the minimal number of generators of Li. Clearly,

ri � si for all i ∈ 
1�2�3�. Define ti =
∑i

j=1 rj . For all i ∈ 
1�2�3�, choose a
minimal generating set xti−1+1� xti−1+2� � � � � xti for Li. For all j ∈ 
1�2� � � � � t3�,
let a�j� be the smallest positive integer such that pa�j�xj ∈ 〈

xj+1� xj+2� � � � � xt3
〉
.

So
∑ti

j=ti−1+1 a�j� = si, and every element of Li may be written uniquely in
the form

∑ti
j=ti−1+1 e�j�xj where e�j� ∈ 
0�1� � � � � pa�j� −1�.

Let G be a group whose associated Lie ring is isomorphic to L. For
simplicity, we identify the associated Lie ring of G with L. Let

G = G1 >G2 >G3 >G4 = 
1�

be the lower central series of G. Choose elements g1� g2� � � � � gt3 ∈ G such
that gjGi+1 = xj whenever ti−1 +1 � j � ti. Such elements exist since L is the
associated Lie ring of G. Because of the way we have chosen the elements
xj of L, and since Li = Gi/Gi+1 for i ∈ 
1�2�3�, every element of G may be
written uniquely in the form

g
e�1�
1 g

e�2�
2 � � � g

e�t3�
t3

for some integers e�j� ∈ 
0�1� � � � � pa�j�−1�. We write this product as
∏
ge�u�u .

Note that the product lies in Gi if and only if e�u� = 0 whenever u � ti−1.
For all j ∈ 
1�2� � � � � t3�, there exist integers b�j� u� ∈ 
0�1� � � � � pa�u� −1�

such that the relations

g
pa�j�

j = ∏
gb�j�u�u (20.17)
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hold in G. By our choice of the elements xj , we find b�j� u� = 0 whenever
u� j. Moreover, for all i� j ∈ 
1�2� � � � � t3� such that i < j, there exist integers
c�i� j� u� ∈ 
0�1� � � � � pa�u� −1� such that

�gj� gi� = ∏
gc�i�j�u�u � (20.18)

Since the subgroups Gi form the terms of the lower central series of G, we
have that c�i� j� u� = 0 whenever one of the following conditions holds:

j � t2 +1�
t1 +1 � i � t2 and t1 +1 � j � t2�

1 � i � t1� t1 +1 � j � t2 and u � t2�

1 � i � t1� 1 � j � t1 and u � t1�

The relations (20.17) and (20.18) form a power-commutator presentation for
G. Hence the isomorphism class of G is determined by the Lie ring L together
with the integers a�j� for 1 � j � t3, the integers b�j� u� for 1 � j � t3 and
j < u � t3, and the integers c�i� j� u� where

1 � i < j � t1 and t1 +1 � u � t3� or
1 � i � t1� t1 +1 � j � t2 and t2 +1 � u � t3�

We are now in a position to bound the number of choices for the group
G. There are at most m3 possibilities for the integers s1, s2 and s3. By
Proposition 20.16, the number of choices for the Lie ring L is at most
�s2 +1�pM+O�m2�, where

M = max
0�b�min
s2�s3�


bs1�s2 + s3 −b�+ 1
2 �s2 −b�s2

1��

Once L is fixed, the integers ri are determined. We choose a generat-
ing set x1� x2� � � � � xt3 for L as above. Once this generating set has been
chosen the integers ai are determined. For a fixed integer j, there are at
most pa�j+1�+a�j+2�+···+a�t3� choices for the integers b�j� u�. Since a�j+ 1�+
a�j+2�+· · ·+a�t3� <m, there are at most pm choices for the integers b�j� u�
for a fixed integer j and so there are at most pm2

choices for the integers
b�j� u� where 1 � j� u � t3. Since L is the associated Lie ring of G, the
Lie multiplication in L determines �gi� gj�G3 whenever 1 � i < j � t1 and
determines �gi� gj� whenever 1 � i � t1 < j � t2. Hence the integers c�i� j� u�
are determined unless 1 � i < j � t1 and t2 + 1 � u � t3. So the number of
choices for the integers c�i� j� u� is at most

∏
1�i<j�t1

t3∏
u=t2+1

pa�u� = ∏
1�i<j�t1

ps3 � p
1
2 t

2
1s3 � p

1
2 s

2
1s3 �
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To summarise, we have shown that the number of choices for G is at most
pN+O�m2�, where N is the maximum value of

bs1�s2 + s3 −b�+ 1
2 �s2 + s3 −b�s2

1

on the region defined by si � 0, s1 + s2 + s3 = m and 0 � b � min
s2� s3�. To
establish the theorem, it is therefore sufficient to show that N � 2

27m
3.

Let s1� s2 and s3 be fixed non-negative integers such that s1 + s2 + s3 = m.
We claim that the function F�b� defined by

F�b� = bs1�s2 + s3 −b�+ 1
2 �s2 + s3 −b�s2

1 (20.19)

satisfies F�b� � 2
27m

3 for any real number such that 0 � b � s2 + s3. Since
min
s2� s3�� s2 +s3, proving this claim is sufficient to establish that N � 2

27m
3.

It is clear that F�s2 + s3� = 0. Moreover,

F�0� = 1
2 �s2 + s3�s

2
1 = 1

2 �m− s1�s
2
1 � 2

27m
3�

Thus it remains to show that F�b� � 2
27m

3 at an internal maximum. When
s1 = 0 this is clear, and so we may assume that s1 �= 0. Now

dF
db

= s1�s2 + s3�−2s1b− 1
2 s

2
1�

At an internal maximum dF
db = 0, and since s1 �= 0 we may deduce that

b = 1
2 �s2 + s3�− 1

4 s1 in this situation. When s1 >
2
3m (and so s2 + s3 <

1
3m),

this equality contradicts the fact that b � 0, and so F�b� has no internal
maxima when s1 >

2
3m. So we may suppose that s1 = cm, where c is a real

number such that 0 < c � 2
3 . Substituting the equalities b = 1

2 �s2 + s3�− 1
4 s1,

s1 = cm and s2 + s3 = �1− c�m into (20.19), we find that

F�b� = (
1
4c− 1

4c
2 + 1

16c
3
)
m3

at an internal maximum. However, it is easy to see that 1
4c− 1

4c
2 + 1

16c
3 � 2

27

on the interval 0 � c � 2
3 , and so F�b� � 2

27m
3 at an internal maximum. Thus

our claim follows, and the theorem is proved.
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Survey of other results

In this chapter we survey related topics. The treatment will be brief and proofs
will rarely be more than sketched. The intention is merely to draw attention
to some points of interest that are connected with the main part of this
book.

21.1 Graham Higman’s PORC conjecture

In his second paper [46] on enumerating p-groups, Graham Higman in-
troduced the acronym PORC to stand for polynomial on residue classes.
Specifically, for integers N� k let

RN�k� = 
n ∈ Z � n ≡ k �modN�� �

and then:

Definition. A function f on a set of integers (for example, the set of primes)
is said to be PORC if for some integer N , for each residue class RN�k� there
is a polynomial fk such that, whenever n ∈ RN�k� and f�n� is defined, we
have f�n� = fk�n�.

We leave it to the reader to check the following fact (recall that the r th

cyclotomic polynomial is the polynomial with rational integer coefficients
whose roots are the primitive r th roots of 1 in C).

Proposition 21.1 A function f 
 N → C is PORC if and only if the power-
series generating function 1 +∑

f�n�zn converges for �z� < 1 to a function
F�z� which is a rational function whose denominator is a product of cyclo-
tomic polynomials.

222
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The original context for Higman’s definition was this:

Conjecture 21.2 (the PORC conjecture) Let gn�p�= f�pn�, where p is prime.
For fixed n, the function gn is PORC as a function of p.

This conjecture is still open. Some evidence has accumulated, however.

(1) For n = 1� 2� 3� 4 the function gn�p� is essentially constant: g1�p� =
f�p� = 1, g2�p� = f�p2� = 2, g3�p� = f�p3� = 5 and g4�p� = f�p4� = 15 if
p � 3 while g4�2� = f�24� = 14. This was proved by Otto Hölder in 1893
(see [47]). The fact that

g5�p� = f�p5� = 2p+61+2gcd �p−1�3�+gcd �p−1�4�

if p� 5 was proved by G. Bagnera [5] in 1898. Recently the groups of order p6

have been enumerated by M. F. Newman, E. A. O’Brien and M. R. Vaughan-
Lee [78] and those of order p7 by E. A. O’Brien and M. R. Vaughan-Lee
[79]. The reader is referred to these papers for excellent critical reviews of
the literature on enumeration of the groups of order pm for ‘small’ values of
m. In each case the enumeration function turns out to be PORC. Thus gn is
known to be PORC for n � 7.

(2) Higman himself used a small amount of cohomology theory together
with theory of algebraic representations of algebraic groups to show in [46]
that if (n�p� denotes the number of isomorphism classes of groups of order
pn and �-class 2, then for a fixed value of n, (n is PORC as a function of p.
In his paper [31] Anton Evseev considerably extends Higman’s methods to
prove that for a fixed natural number n the number of isomorphism classes
of groups of order pn in which the Frattini subgroup is central is PORC as a
function of p.

(3) Marcus du Sautoy has brought the theory of zeta functions of finitely
generated torsion-free nilpotent groups to bear on the problem (see [24] and
[25]) and has made some progress on certain special classes of groups more
general than Higman’s groups of �-class 2.

Higman has made the following point: even if the PORC conjecture is
unattainable it might be possible to prove that there is a PORC function Gn

such that Gn�p�−gn�p� is significantly smaller than p
2
27 n

3
.

There are other contexts in which PORC functions arise in group theory.
Consider first abelian p-groups G of bounded exponent, say exponent dividing
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pe, where p and e are fixed. If �G� = pn, then we can write G as a direct sum
of xi cyclic summands of order pi for i = 1� � � � � e where

x1 +2x2 +· · ·+ exe = n �

Two such groups are isomorphic if and only if they have the same number
of cyclic summands of order pi for each i. Thus the number g�n� of such
groups of order pn is the number of solutions to the above equation, that is,
the number of partitions of n into parts of size at most e. We have∑

g�n�xn = 1
�1−x��1−x2� · · · �1−xe�

�

Expanding the right-hand side in partial fractions we find that it is a function
of the form ∑ Ai

)i�x�

where the )i�x� are cyclotomic polynomials. It follows that g�n� is PORC.
Secondly, consider p-groups G with �G′� = p and p �= 2. Then ��G� �

Z�G� and the commutator structure of G may be thought of as a function of
two variables G/��G� → Cp, and hence as an alternating bilinear form on
G/��G� construed as a vector space over Fp . Exploiting this one can calculate
that for odd primes p, the number of isomorphism classes of groups of order
pn and exponent dividing p2 with derived group of order p is independent of
p and is the following:

1
288n

4 + 7
144n

3 + 2
9n

2 − 2
3n if n ≡ 0 or 2 �mod 6��

1
288n

4 + 7
144n

3 + 2
9n

2 − 2
3n+ 1

9 if n ≡ 4 �mod 6��
1

288n
4 + 7

144n
3 + 2

9n
2 − 29

48n+ 7
32 if n ≡ 3 or 5 �mod 6��

1
288n

4 + 7
144n

3 + 2
9n

2 − 29
48n+ 95

288 if n ≡ 1 �mod 6��

This result (unpublished, but we have checked it) was announced by Higman
in his lecture on Wednesday 6 November 1991 in the series out of which this
book has grown. A classification of all groups of order pn with derived group
of order p is given by Simon Blackburn [9].

21.2 Isoclinism classes of p-groups

The notion of isoclinism was introduced by Philip Hall in 1940 to help with
the classification of finite p-groups (see [42]). For a group G there is a natural
map �G 
 G/Z�G�×G/Z�G�→G′ defined by �G 
 �aZ�G��bZ�G�� �→ �a� b�
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where, as usual, �a� b� is the commutator a−1b−1ab. Groups G, H are said to
be isoclinic if they have essentially the same commutator map. To be precise,
this means that there exist isomorphisms

� 
 G/Z�G� → H/Z�H� and � 
 G′ → H ′

such that

�H � ��×�� = � ��G �

in other words, the diagram

G/Z�G�×G/Z�G�
�G−→ G′

�×�
⏐⏐( ⏐⏐(�

H/Z�H�×H/Z�H�
�H−→ H ′

commutes. It is easy to see that isoclinism is an equivalence relation on
groups. There are two obvious invariants of an isoclinism class �. They
are the groups X, Y such that G/Z�G� � X and G′ � Y for all G ∈ �.
Then G may be thought of either as a central extension of an abelian group
Z by X or as an extension of Y by an abelian group A. Note that X, Y
are not independent since �Y � is bounded by a function of �X� and if, for
example, X is abelian, then Y must also be abelian and must be a homo-
morphic image of the exterior square X ∧X. Amongst other things Philip
Hall proved that the smallest groups G in an isoclinism class have the
property that Z�G� � G′, and he called such groups stem groups for the
class.

Our interest is in the enumeration function f��p
m� which gives the number

of groups of order pm (up to isomorphism of course) in an isoclinism class �,
when the invariants X, Y of � are finite p-groups for some prime number p.
Trivially, the abelian groups form a single isoclinism class �. An immediate
consequence of the structure theorem for finite abelian groups, which says
that up to isomorphism a finite abelian p-group is uniquely the direct product
(or sum) of cyclic groups, is that f��p

m�= p�m�, where p�m� is the partition
function that enumerates the integer partitions of m (see Theorem 17.2). A
famous insight of Ramanujan, as developed by Hardy and Ramanujan jointly,
and then by Rademacher (see, for example, [3, Chapter 5] or [4, Chapter 14];
see also Section 17.2 above), yields that

p�m� ∼ 1

4m
√

3
eK

√
m where K = √

2�/3 �
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Now if finite p-groups X and Y are given, and � is an isoclinism class
of which they are the invariants, then we might expect that f��p

m� should,
when m is large, depend heavily on the number p�m−m0� of abelian groups
available to serve as centre of a group in �, where pm0 = �X�. That this is so
has been made precise and proved by one of us in [8]. There the following
theorems are proved.

Theorem 21.3 (Blackburn 1994) Let � be an isoclinism class of groups and
let P be one of its stem groups (so that, recall, Z�P�� P ′). Suppose that P is
a finite p-group for some prime number p, and define non-negative integers
a, c by pa = �P/P ′�, pc = �Z�P��. Then there exist positive real numbers k1,
k2 (depending only on �) such that

k1

( m

�logm�2

)�a+c�/2
� f��p

m�

p�m�
� k2 m

�a+c�/2�

Theorem 21.4 (Blackburn 1994) If � is an isoclinism class of groups then
f��p

m� � pm2/3 p�m� . Moreover, given a positive integer m there exists an
isoclinism class � (depending on m) such that f��p

m� � p�m2−9�/8.

The first of these theorems confirms that when m is large the number of
groups of order pm in a fixed isoclinism class is something like ��m�eK

√
m

where K = √
2�/3 and � is bounded by a polynomial. Combining the second

with the theorems of Higman and Sims (as modified by Newman and Seeley)
we see that for large m the groups of order pm fall into p

2
27 m

3+O�m5/2� different
isoclinism classes. For further insights about the import of the theorems, and
for proofs, the reader is referred to the original paper [8].

Hall introduced isoclinism as a tool for the classification of finite p-groups.
But the concept makes good sense for groups in general. Isoclinism classes
of finite nilpotent groups can easily be understood in terms of isoclinism
classes of p-groups. For, if G is a nilpotent group of order p

�1
1 p

�2
2 · · · p�k

k ,
where p1� p2� � � � � pk are distinct prime numbers, then the isoclinism class
of G consists of the nilpotent groups P1 ×P2 ×· · ·×Pk, where Pi lies in the
isoclinism class of the Sylow pi-subgroup of G. By way of contrast, some
isoclinism classes are essentially ‘trivial’. For example, if G is a perfect group
with trivial centre and trivial Schur multiplier, such as the Matthieu group
M11 (see [19], for example), then the isoclinism class of G consists of groups
of the form G×A where A is abelian. It seems a little unlikely that isoclinism
would tell us much of interest about enumeration of finite groups in general,
but so far as we know this question has not been investigated.
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21.3 Groups of square-free order

It was proved by G. Frobenius in 1893 (see [34]) that groups of square-free
order are soluble, indeed, that they are Sylow tower groups in the following
strong sense:

Definition. A finite group X will be said to be a Sylow tower group if a
Sylow q-subgroup Q for the largest prime divisor q of X is normal in X and
X/Q is a Sylow tower group. To complete this recursive definition of course
we need to specify that the trivial group 
1� is a Sylow tower group.

Note that some authors use the terminology to mean something a little
weaker – their definition does not require q to be the largest prime divisor
of �X�.

Otto Hölder [48] went a little further and showed that groups of square-free
order are metacyclic – that is, they have a cyclic normal subgroup with cyclic
factor group. And of course, since the orders are coprime, such a group is, in
fact, a split extension of one cyclic group by another. He gave a remarkably
explicit formula for the number of such groups:

Proposition 21.5 (Hölder 1895) If n is square-free then

f�n� = ∑
m�n

∏
p

pc�p� −1
p−1

�

where in the product p ranges over prime divisors of n/m and c�p� denotes
the number of primes q dividing m such that q ≡ 1 �mod p�.

It is not hard to see where this formula comes from. Let G be a group of
square-free order n and let H = F�G�, the Fitting subgroup. Then G is the
split extension of H , which is cyclic, by a cyclic group K of order n/m. Since
CG�H� = H , the complement K acts faithfully on H . Since AutH is abelian,
the isomorphism class of the extension is determined simply by the subgroup
of AutH induced by K. That subgroup has order n/m and is determined by its
p-primary subgroups for the prime divisors p of n/m. If m= q1 · · · qr , where
q1� � � � � qr are distinct prime numbers, then AutH � Cq1−1 ×· · ·×Cqr−1 and
the p-primary subgroup of this has rank c�p�, where c�p� is the number of i
such that qi ≡ 1 �mod p�. Therefore the number of its subgroups of order p
is �pc�p� −1�/�p−1�, and the result follows.

It was proved by Annabelle McIver and Peter M. Neumann [67] that
f�n� � n�

2+�+2 (where ��n� is the maximum power to which any prime
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divides n – as defined in Chapter 1), a result which is significantly weaker
than Pyber’s theorem, though significantly easier to prove. For square-free n

this tells us that f�n� � n4. Much better results are known. The simplest to
state is

Theorem 21.6 If n is square-free then f�n� � ��n� where ��n� is Euler’s
function.

This is proved by Murty and Murty in [71]. It follows of course that
f�n� � n for all square-free n, and f�n� � 1

2n if n is even. More detailed
results are to be found in various papers such as the one just cited, [72], [29]
and [73]. In particular, in this last paper Murty and Srinivasan prove (a little
more than) the following lovely result:

Theorem 21.7 There exist real numbers A�B > 0 such that

f�n� � O
( n

�logn�A log log logn

)
for all square-free n

and

f�n� >
n

�logn�B log log logn
for infinitely many square-free n.

Compared with theirs, our statement of this theorem is modified in two
small ways. First, their upper bound is proved more generally for the enu-
meration of groups all of whose Sylow subgroups are cyclic. Second, in the
fractions on the right of the inequalities they have Euler’s function ��n�

instead of n in the numerator. This makes no difference since ��n� � n for
all n and ��n� � n/�log logn+ 2 log log logn� for large square-free n. They
use some quite sophisticated methods of analytic number theory. The much
weaker result that f�n�/n→ 0 as n→ � through square-free integers can be
proved combinatorially as follows.

Let n= p1p2 · · · pk where p1 >p2 > · · ·>pk and the pi are prime numbers.
Write �1� k� for 
1� 2� � � � � k�. For i� j ∈ �1� k� define

&�i� j� =
{

1 if pi ≡ 1 �mod pj�,

0 otherwise,

and

bi =
∏

j∈�1�k�
p

&�i�j�
j � ai =

pi −1
bi

�
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so that pi = aibi +1 . Also for a subset I ⊆ �1� k� define I ′ = �1� k�\ I , define
cj�I� = ∑

i∈I &�i� j� (so that cj�I� is the number of members i of I such that
pi ≡ 1 �mod pj�) and define

fI = fI�n� = ∏
j∈I ′

p
cj�I�

j −1

pj −1
�

In this notation Hölder’s theorem states that f�n� = ∑
I⊆�1�k�

fI .

Lemma 21.8 With the notation and the assumptions of the above paragraph,

fI � n∏
i∈I
ai

∏
i∈I
p

ci�I�
i

∏
j∈I ′

pj�pj −1�
�

Proof: We have

fI = ∏
j∈I ′

p
cj�I�

j −1

pj −1

�
∏
j∈I ′

p
cj�I�

j

pj −1

= n∏
i∈I

pi

× ∏
j∈I ′

p
cj�I�

j

pj�pj −1�

� n∏
i∈I

ai bi
× ∏

j∈I ′

p
cj�I�

j

pj�pj −1�
�

Now ∏
i∈I

bi = ∏
i∈I

∏
j∈�1�k�

p
&�i�j�
j = ∏

j∈�1�k�

∏
i∈I

p
&�i�j�
j

= ∏
j∈�1�k�

p
cj�I�

j = ∏
i∈I

p
ci�I�
i × ∏

j∈I ′
p

cj�I�

j �

Therefore

fI � n∏
i∈I
ai

∏
i∈I
p

ci�I�
i

∏
j∈I ′

pj�pj −1�
�

as the lemma states.
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Proposition 21.9 Let k be a fixed natural number. Then f�n�/n → 0 as
n → � through square-free numbers with at most k prime factors.

Proof: We use the notation introduced in the paragraph preceding the fore-
going lemma. Let I ⊆ �1� k� and suppose that fI > n/A where A is some
(large) positive real number. By the lemma,∏

i∈I
ai

∏
i∈I

p
ci�I�
i

∏
j∈I ′

pj�pj −1� < A �

Therefore
∏

j∈I ′ pj < A and ai < A for all i ∈ I . We bound pi for i ∈ I as
follows. Given that i ∈ I ,

bi =
∏

j∈�1�k�
p

&�i�j�
j = ∏

j∈I
p

&�i�j�
j

∏
j∈I ′

p
&�i�j�
j �

∏
j∈I

p
cj�I�

j

∏
j∈I ′

pj < A�

and so pi = ai bi +1 <A2 +1. It follows that n < �A2 +1��I� A< �A2 +1�k+1

and, given that k is fixed, this shows that n is bounded as a function of A.
Now if f�n� > �n for some � > 0 then, since Hölder’s theorem expresses

f�n� as the sum of 2k summands fI (some of which are 0 of course), there
must exist I ⊆ �1� k� such that fI > �n/2k. Taking A = 2k/� we see that n is
bounded. This proves the proposition.

For use in the next two results we need the following calculation:

Lemma 21.10
∏
p�3�
p prime

(
1+ 2

p�p−1�

)
< 2 .

Proof: The product over the odd prime numbers may be compared with∏(
1 + 1/r�2r + 1�

)
and this converges since the sum

∑
1/r�2r + 1� con-

verges. Let

P = ∏
p�3�
p prime

(
1+ 2

p�p−1�

)
and Q = ∏

r�1

(
1+ 1

r�2r +1�

)
�

Then P < Q and, since log�1+x� < x if 0 < x < 1,

logQ = ∑
r�1

log
(

1+ 1
r�2r +1�

)
<

∑
r�1

1
r�2r +1�

�

Giving the first summand special treatment we see that∑
r�1

1
r�2r +1�

<
1
3

+ 1
2

(∑
r�2

1
r2

)
= �2

12
− 1

6
<

2
3
�

Therefore Q< e2/3 < 2 and so P < 2 as the lemma states.
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Proposition 21.11 Let n be an odd square-free number with k prime factors.
Then f�n� � n/2k−1.

Proof: Again we use the notation introduced in the paragraph preceding
Lemma 21.8. Since n is odd, ai must be even for all i ∈ �1� k� and so ai � 2.
It follows from Lemma 21.8 that

fI � n

2�I� ∏
j∈I ′

pj�pj −1�
� n

2k

∏
j∈I ′

2
pj�pj −1�

�

Thus

f�n� = ∑
I⊆�1�k�

fI � n

2k

∑
I⊆�1�k�

∏
j∈I ′

2
pj�pj −1�

= n

2k

∏
j∈�1�k�

(
1+ 2

pj�pj −1�

)
�

The result now follows from Lemma 21.10.

This simple argument does not work for even n, but a slightly more
sophisticated approach proves the following.

Proposition 21.12 Let n be a square-free number with k prime factors. If k

is sufficiently large then f�n� � logk
k

n .

Proof: Note that, although it is not a matter of great importance, here, as
elsewhere in the book, we are using logk to mean log2 k. We continue with
the same notation and seek to prove that if k is large enough then for any
subset I of �1� k� we have

�*� fI � n
logk
4k

∏
j∈I ′

2
pj�pj −1�

�

for then Lemma 21.10 adjusted to include a factor for p = 2 will deliver the
result that

f�n� < n
logk
4k

∑
I⊆J

∏
j∈I ′

2
pj�pj −1�

= n
logk
4k

∏
j∈�1�k�

(
1+ 2

pj�pj −1�

)
<

logk
k

n �

Now by Lemma 21.8

fI � n

2�I ′ � ∏
i∈I
ai

∏
i∈I
p

ci�I�
i

∏
j∈I ′

1
2pj�pj −1�

�

Define

I0 = 
i ∈ I � ci�I� �= 0� � I1 = I \ I0 � J = �1� k�\ I1 �
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If 2�J � � 4k/ logk then 2�I ′ � ∏
i∈I p

ci�I�
i � 4k/ logk and the desired inequality

(*) certainly holds.
We may now suppose that 2�J � < 4k/ logk . In this case �I1� = k− �J � >

k− �2+ logk− log logk�, so, given that k is large (k� 16 certainly suffices),
�I1� > 1

2k. For i ∈ �1� k� define Ji = 
j ∈ �1� k� � &�i� j� �= 0� , so that bi =∏
j∈Ji pj . We show that if i ∈ I1 then Ji ⊆ J . For, let i ∈ I1 and j ∈ Ji: if j ∈ I ′

then certainly j ∈ J ; otherwise j ∈ I and then, since &�i� j� �= 0, cj�I� �= 0
and so j ∈ I0. Thus Ji ⊆ I ′ ∪ I0 = J . Now J has 2�J � subsets and so there
must exist distinct indices i1� i2� � � � � ir ∈ I1 such that Ji1 = Ji2 = · · · = Jir and
r � �I1�/2�J � > 1

8 logk . Then, since bi1 = bi2 = · · · = bir , the numbers ai1 , ai2 ,
� � � , air must all be different. It follows that

∏
i∈I ai � r! . It is easy to see that

r! > 28r when r � 232 and so r! > k when logk � 235. Thus, given that k is
large,

∏
i∈I ai > k > 4k/ logk , so again the inequality �*� holds. This proves

the proposition.

Putting Propositions 21.9 and 21.12 together we have the promised fact
(which, we stress, is much weaker than Theorem 21.7)

Theorem 21.13 For square-free n �
f�n�

n
→ 0 as n → �.

Our proof does not give much insight into what a good upper bound
for f�n�/n might be for square-free n: it would be useful to have a com-
binatorial proof of the theorem of M. Ram Murty and S. Srinivasan in
case it could be adapted to other situations—in particular to an analysis
of f�n� for cube-free n (see below). Their theorem has as a consequence
that there does not exist � < 1 such that f�n� < O�n�� for all square-free
n. This was proved analytically by Erdős, Murty and Murty in [29], who
show that if n = q1 q2 · · · qk , where q1� q2� � � � � qk are the first k prime
numbers, then logf�n�/ logn → 1 as k → �. The following simple heuris-
tic argument, although not a proof, should give some insight into why the
result is true. Given � < 1 choose r such that �r −1�/�r +1� > 1

2 ��+1�.
Let p0 be a prime number > r. Choose k1� k2� � � � � kr such that each of
kip0 + 1 is prime for 1 � i � r . This is possible by Dirichlet’s theorem that
the arithmetic progression �kp0 +1�k=1�2���� contains infinitely many primes.
There is then no obvious reason why there should not exist arbitrarily large
prime numbers p such that kip+ 1 is prime for 1 � i � r . So let us as-
sume this to be true and let p be a very large prime with this property.
Define

m = �k1p+1��k2p+1� · · · �krp+1� and n = pm�
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Consider groups G constructed as semidirect product of a cyclic normal
subgroup H of order m by a group of order p. Now AutH contains an
elementary abelian subgroup of order pr , and this has more than pr−1 sub-
groups of order p. It follows that f�n� > pr−1. On the other hand, n <Kpr+1,
where K = ∏

�ki+1�. Therefore f�n� > �n/K��r−1�/�r+1� > Bn� n�1−��/2, where
B = K−�r−1�/�r+1� > 0. So for any A > 0, if n is sufficiently large, that is if p
is sufficiently large, we have f�n� > An� .

Here is an example: if p = 5231, then 2p+ 1 = 10 463, 6p+ 1 = 31 387,
8p+1 = 41 849, 12p+1 = 62 773, and all these are prime. Let

n = p�2p+1��6p+1��8p+1��12p+1�

= 4 512 827 385 263 473 497 647 < 5×1021�

Then

f�n� = 1+ �p4 −1�/�p−1� = 143 165 109 985 > 1�42×1011�

Thus f�n�2 > 2×1022 > 4n, so f�n� > 2n1/2. Of course there are likely to be
much smaller square-free values of n for which f�n� > 2n1/2, but the example
still has value as illustrating the method.

21.4 Groups of cube-free order

The result of McIver and Neumann quoted on p. 227 above tells us that if n
is cube-free then f�n� < n8. Again, this is likely not to be a realistic upper
bound and we conjecture (see below) that f�n� = o�n2� for cube-free n. The
situation is different from the square-free case insofar as groups of cube-free
order need not be soluble, and, even if soluble, need not be Sylow tower
groups in our (strong) sense. Nevertheless, their structure is very restricted.

Proposition 21.14 Let G be a group of order n, where n is cube-free, and let
S�G� be its soluble radical (the largest soluble normal subgroup) and O�G�

the largest normal subgroup of odd order. Then

(1) O�G� is a Sylow tower group.
(2) Either S�G�/O�G� � Alt�4� or S�G� is a Sylow tower group.
(3) If G is not soluble then G/S�G� � PSL�2� p� for some prime number

p ≡ ±3 �mod 8�.

Proof: For (1) we need to show that if n is odd then G is a Sylow tower
group. Let p be the smallest prime divisor of n and let P be a Sylow p-
subgroup. If P is cyclic of order pa then �AutP� = pa−1�p− 1�, and if P
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is elementary abelian of order p2 then �AutP� = p�p− 1�2�p+ 1�. In either
case, �AutP� is not divisible by any prime larger than p, and therefore P lies
in the centre of its normaliser NG�P�. By Burnside’s transfer theorem G has
a normal p-complement H . As inductive assumption we may assume that H
is a Sylow tower group and it follows that so is G.

For (2) suppose that G is soluble and define X = S�G�/O�G�. If X is a
2-group then G is a Sylow tower group by (1). So suppose that X is not a
2-group. Let Y = F�X�, the Fitting subgroup of X. Since X has no non-trivial
normal subgroup of odd order, Y is a 2-group. We know that Y is abelian
(it has order � 4) and that CX�Y� = Y . It follows that X/Y � Aut Y . Since
�X� is not divisible by 8 and is not a power of 2, the only possibility is that
X � Alt�4�.

For (3) suppose that G is not soluble and let X = G/S�G�. Let Y be
a minimal non-trivial normal subgroup of X. We know then that Y = Y1

×· · ·×Yk where Y1� � � � � Yk are isomorphic simple groups. By (1) they must
all be of even order; and indeed, their order must be divisible by 4 since a
group of twice odd order has a normal subgroup of index 2. Since 4 is the
highest power of 2 that can divide �X�, we must have k = 1 so that Y is
simple. The simple groups with Sylow 2-subgroup of order 4 were classified
by Gorenstein and Walter (see [37]). Only groups PSL�2� q� where q is a
prime power and q ≡ ±3 �mod 8� occur. Suppose that q = pe. Then e � 2
since q divides the group order, which is cube-free. And if p is odd and
e = 2 then q ≡ 1 �mod 8�. Thus we must have that either q = p = a prime
number ≡ ±3 �mod 8� or q = 4. But PSL�2�4� � PSL�2�5�. Finally, since
CX�Y� � X, and Y must be the only minimal non-trivial normal subgroup of
X, we have Y � X � Aut Y = PGL�2� p�. But �PGL�2� p� 
 PSL�2� p�� = 2
so since �X� is cube-free, X � PSL�2� p�.

Proposition 21.15 Let G be a group of order n, where n is cube-free, let
S�G� be its soluble radical, R�G� its soluble residual (the smallest normal
subgroup with soluble factor group) and, for a prime number p, let Op�G�

be its largest normal p-subgroup. Then

(1) G/CG�Op�G�� has an abelian subgroup of index � 2 .
(2) If n is odd or if G/O�G� � Alt�4� then G′ � F�G� �

(3) G = R�G�×S�G� .

Proof: For (1) let M = Op�G� for some prime number p and let A =
G/CG�M�. Then M � Cp , M � Cp2 or M � Cp ×Cp , so Aut M is either
cyclic or isomorphic to GL�2� p�. Now A � Aut M and p does not divide
�A�. Subgroups of GL�2� p� whose order is odd and not divisible by p are
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abelian. Therefore if A has odd order then it is abelian. If �A� = 2m where m

is odd then A has a normal subgroup of order m and this is abelian. Suppose
that �A� = 4m, where m is odd. Consider first the possibility that the Sylow
2-subgroups of A are cyclic, generated by an element a, say. In this case A

has a normal subgroup B of order m and, since m is odd, this is abelian. If B is
cyclic and b is a generator then, construed as a 2×2 matrix, b has at most two
eigenvalues (in Fp or in Fp2 ) and a must permute its eigenspaces. Therefore
a2 centralises b, and so �a2� b� is cyclic and it is a subgroup of index 2 in
A. If B is non-cyclic then it must act reducibly on M and has precisely two
one-dimensional invariant subspaces: again, since �a� normalises B, a2 must
fix both of these and therefore centralises B, so that �a2�B� is an abelian
subgroup of index 2 in A. The second possibility is that a Sylow 2-subgroup
T of A is elementary abelian of order 4. In this case T ∩ SL�2� p� must be
non-trivial (because the image of T under the determinant map is cyclic).
Let a ∈ T ∩ SL�2� p�, a �= I2 (we use I2 here to denote the 2 × 2 identity
matrix). Since the eigenvalues of a are ±1 and det a= 1, the only possibility
is a = −I2. Therefore a is central in A and A/�a�, being of order 2m, has
a normal subgroup C/�a� of order m. Then, �C� = 2m and C = �a� ×B,
where B is a subgroup of order m. Being of odd order B must be abelian, and
therefore C is an abelian subgroup of index 2 in A. This proves (1).

Now F�G� = ∏
Op�G� and it follows immediately that if n is odd then

G/F�G� is abelian, so G′ � F�G�. Suppose that G/O�G� � Alt�4�. Then G

has no subgroups of index 2 and therefore again G/CG�Op�G�� is abelian for
every prime p, so G′ � F�G�. This proves (2).

Clause (3) is trivial if R�G� = 
1�. Suppose therefore that R�G� �= 
1�
and let K = S�R�G��. By part (3) of the previous proposition, R�G�/K �
PSL�2� p� for some prime number p≡ ±3 �mod 8� (and of course p> 3 since
R�G�/K is simple). Define A = K/K′ and consider the action of R�G�/K

on A. If q is a prime dividing �A� and Q is its q-primary constituent then,
since PSL�2� p� contains a subgroup isomorphic to Alt�4� which cannot act
faithfully on a group of order q or q2, the action of R�G�/K on Q must
be trivial. Therefore the action of R�G�/K on A is trivial. Thus K/K′ �
Z�R�G�/K′�. But the Schur multiplier of PSL�2� p� has order 2 and it follows
(since K has odd order) that R�G�/K′ � PSL�2� p�×K/K′. Since R�G�′ =
R�G� we must have K/K′ = 
1� and so K = 
1�. Then R�G�� PSL�2� p�, and
since R�G�∩S�G�= 
1� we have G=R�G�×S�G� by Proposition 21.14 (3).
This completes the proof.

No formula quite as simple as Hölder’s can exist for f�n� when n is cube-
free. Nevertheless, since up to conjugacy the number of faithful actions of an
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abelian group K of odd order n/m on an abelian group H of odd cube-free
order m is not very large, and since O�G� is a large part of G for a group
G of odd cube-free order n, it should be possible to get good estimates.
In particular, it should be possible to settle the following conjecture by a
modification of the method that we used to prove Theorem 21.13.

Conjecture 21.16 If n is cube-free then f�n� < n2. Also, f�n�/n2 → 0 as
n → � through cube-free numbers.

An algorithm for constructing the groups of cube-free order computationally
has been created by Heiko Dietrich and Bettina Eick [22] and exploited by
them to tabulate all these groups up to order 50 000.

21.5 Groups of arithmetically small orders

By an arithmetically small number we mean a natural number n for which
	�n� is small. If 	�n� = 1 then n is prime and f�n� = 1. If 	�n� = 2 then, as
is well known, f�n� � 2. More precisely,

f�pq� =
⎧⎨⎩

2 if p = q�

2 if p < q and q ≡ 1 �mod p��
1 if p < q and q �≡ 1 �mod p��

The case 	�n� = 3 was treated by Otto Hölder in a classic paper [47]
published in 1893. As is now well known and easy to derive, there are three
abelian and two non-abelian groups of order p3, so f�p3� = 5.

For n = pq2 there are a number of cases. Let G be a group of order pq2

where p �= q and let P, Q be a Sylow p-subgroup and a Sylow q-subgroup
respectively. Consider first the case where q ≡ 1 �mod p�. Then Q � G and
G is a semidirect product of Q by P. The semidirect product is determined
by an action of P on Q and the isomorphism class of G depends only on
the conjugacy class of the image of P in AutQ. If Q is cyclic then there is
just one subgroup of AutQ of order P and so up to isomorphism there are
just two possibilities for G, namely the cyclic group Cn and one non-abelian
extension of Q by P. If Q � Cq ×Cq then AutQ � GL�2� q� and the number
of conjugacy classes of subgroups of order p is 2 if p = 2 and 1

2 �p+3� if p
is odd. To see this let � be a primitive pth root of 1 modulo q. Any subgroup
of order p is conjugate to the subgroup Pk generated by a diagonal matrix
Diag����k� with eigenvalues �� �k for some k. If k �≡ 0 �mod p� then there
exists k′ such that kk′ ≡ 1 �mod p�. Then Pk contains Diag��k′

� ��, which
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is conjugate to Diag����k′
�, so that Pk and Pk′ are conjugate. These are the

only conjugacies between the groups Pk, however, and so P0 , P1 , P−1 and
groups Pk , one for each pair 
k� k′� of elements of Zp such that kk′ = 1
and k �= k′ in Zp , form a complete set of representatives of the conjugacy
classes of subgroups of order p in GL�2� p�. Note that P1 = P−1 if p = 2.
Thus we have two non-abelian groups of order pq2 with elementary abelian
Sylow q-subgroup if p = 2 and 3 + 1

2 �p− 3�, that is 1
2 �p+ 3�, such groups

if p is odd. Adding in the abelian group Cpq ×Cq and putting together the
numbers of groups with cyclic and non-cyclic Sylow q-subgroups we find
that if q ≡ 1 �mod p� then f�p q2� = 5 if p = 2 while f�p q2� = 1

2 �p+9� if p
is odd.

The second case is that in which p ≡ 1 �mod q2�. In this case P � G and
so G is a semidirect product of Cp by a group of order q2. If Q is elementary
abelian then there are just two possibilities – either it acts trivially on P or it
acts non-trivially. If Q � Cq2 then there are three possibilities corresponding
to whether the group of automorphisms induced by Q on P has order 1, q
or q2. Thus in this case f�n� = 5.

Thirdly, it is possible that p �≡ 1 �mod q2� but p≡ 1 �mod q�. If p= 3 then
q = 2 and f�n� = f�12� = 5. Otherwise, if p > 3 this is very similar to the
second case except that if Q is cyclic then it cannot act faithfully on P, so
we find that f�n� = 4.

The fourth case is that in which q ≡ −1 �mod p�. For p = 2 this comes
under the first case and for q = 2 (in which case p = 3) it comes under the
third, so suppose now that both p and q are odd. Then Q � G and we treat G
as a split extension of Q by P. If Q is cyclic then �AutQ� = q�q−1� which is
not divisible by p and so the only group that arises is Cn. If Q is elementary
abelian then AutQ, which is GL�2� q�, has one conjugacy class of subgroups
of order p and so there are two possibilities for G, the abelian group Cpq ×Cq

and a Frobenius group. Thus in this case f�n� = 3.
Finally, there is the possibility that p and q are arithmetically independent

in the sense that none of the congruences q ≡ ±1 �mod p�, p ≡ 1 �mod q�
hold. In this case G must be abelian and so f�n� = 2. Thus

Proposition 21.17 (Hölder 1893) If p� q are distinct primes then

f�p q2� =

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

5 if p = 2 or if p = 3� q = 2�
1
2 �p+9� if p is odd and q ≡ 1 �mod p��

5 if p ≡ 1 �mod q2��

4 if p > 3� p ≡ 1 �mod q� but p �≡ 1 �mod q2��

3 if p > 2� q > 3 and q ≡ −1 �mod p��
2 in all other cases�
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Hölder analyses the case n = pq r where p > q > r in a similar way. For
us it is easier to let H = F�G�, the Fitting subgroup of G and use the facts
first that CG�H� = H , second that G is a split extension of H by a cyclic
group isomorphic to G/H and third that if P, Q, R are a Sylow p-subgroup,
a Sylow q-subgroup and a Sylow r-subgroup respectively, then R�H . Thus
there are four possibilities: that H = R, that H = Q×R, that H = P×R and
that H = G. This leads easily to the following result:

Proposition 21.18 (Hölder 1893) If p� q� r are prime and p < q < r then

f�p q r� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p+4 if r ≡ 1 �mod p�� r ≡ 1 �mod q� and q ≡ 1 �mod p��
p+2 if r ≡ 1 �mod p�� r �≡ 1 �mod q� and q ≡ 1 �mod p��

4 if r ≡ 1 �mod p�� r ≡ 1 �mod q� and q �≡ 1 �mod p��
2 if r ≡ 1 �mod p�� r �≡ 1 �mod q� and q �≡ 1 �mod p��
3 if r �≡ 1 �mod p�� r ≡ 1 �mod q� and q ≡ 1 �mod p��
2 if r �≡ 1 �mod p�� r �≡ 1 �mod q� and q ≡ 1 �mod p��
2 if r �≡ 1 �mod p�� r ≡ 1 �mod q� and q �≡ 1 �mod p��
1 if r �≡ 1 �mod p�� r �≡ 1 �mod q� and q �≡ 1 �mod p��

Note that these eight cases cover all possibilities.

21.6 Surjectivity of the enumeration function

An entertaining but mildly eccentric question which has been raised by a
number of people at different times (for example, there are faint intimations
of it in some short papers by G. A. Miller early in the 1930s, and it was asked
of the second author by Des MacHale orally some time in the late 1970s and
again in writing in January 1991) is whether the enumeration function f is
surjective. Thus the question is whether for every m � 1 there exists n such
that f�n� = m.

Definition. Powers p�, q� of distinct prime numbers p� q will be said to
be arithmetically independent if p� �≡ 1 �mod q� for 1 � � � � and q+ �≡
1 �mod p� for 1 � + � �. Let

n1 = p
�1
1 · · · p�r

r � n2 = q
�1
1 · · · q�s

s �

where p1� � � � � pr are distinct prime numbers, as are q1� � � � � qs . Then n1� n2

will be said to be arithmetically independent if gcd �n1� n2� = 1 and p
�i
i , q

�j

j

are arithmetically independent for all i� j.
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Lemma 21.19 Let G be a group of order n, where n = n1n2 and n1� n2

are arithmetically independent. Then G = G1 ×G2 where �G1� = n1 and
�G2� = n2.

Proof: We may certainly suppose that n1 > 1 and n2 > 1. Write

n1 = p
�1
1 · · · p�r

r � n2 = q
�1
1 · · · q�s

s �

where p1� � � � � pr� q1� � � � � qs are distinct prime numbers. Consider first the
case where s = 1 and let q = q1. Since for 1 � i � r and 1 � � � �1 the
number q� − 1 is not divisible by pi , by the Frobenius Transfer Theorem
(see, for example, [36, Section 7.4, Theorem 4.5]) G is q-nilpotent, that is,
it has a normal subgroup G1 of order n1. Let Q be a Sylow q-subgroup. For
1 � i � r the number of Sylow pi-subgroups of G1 is not divisible by q and
therefore there is at least one such subgroup Pi that is normalised by Q. Now
since �Pi� and �Q� are arithmetically independent by Sylow’s theorem both
Pi and Q are normal in PiQ and therefore Q centralises Pi. It follows that Q
centralises G1 and so G=G1 ×Q. Thus the desired result is true when s = 1.

Now suppose that s > 1. Since n1� n2 are arithmetically independent they
must both be odd. By the Feit–Thompson Theorem G is soluble. Let P1� � � � � Pr�

Q1� � � � � Qs be a Sylow system (see p. 48) of G, where �Pi� = p
�i

1 and �Qj� =
q
�j

j . Define G1 = P1 · · · Pr and G2 =Q1 · · · Qs. Then certainly �G1� = n1 and
�G2� = n2 and what is left to prove is that G1� G2 centralise each other. Define
Mj = G1Qj , so that Mj � G and �Mj� = n1q

�j

j . Applying what has already
been proved in the case s = 1 to Mj we see that Qj centralises G1. Since
this is true for 1 � j � s we see that G2 centralises G1, as required. Thus
G = G1 ×G2.

Corollary 21.20 If n1� n2 are arithmetically independent then f�n1 n2� =
f�n1� f�n2� .

We focus for a while on values f�n� for square-free n. The following ideas
were developed independently by R. Keith Dennis and two of the authors
(SRB and PMN) early in the 1990s—both unpublished. Let  be a rooted
directed tree with vertex set �1� k� (which, recall, is the set 
1� 2� � � � � k�),
with root 1, and such that if �i� j� ∈  (that is, �i� j� is an edge) then i < j.
Consider prime numbers p1� p2� � � � � pk satisfying the conditions

C 


⎧⎨⎩
p1 > p2 > · · · > pk > 2�
pi ≡ 1 �mod pj� if �i� j� ∈  �

pi �≡ 1 �mod pj� if �i� j� #  �
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We make two points about this.

Lemma 21.21 Let  be a rooted directed tree with vertex set �1� k� as above
and let n1�X ∈ N with n1 odd and X> n1. Then there exist k prime numbers
satisfying conditions C and with pk > X and pi ≡ 2 �mod n1� for all i.

Proof: For notational convenience define &�i� j� to be 1 or 0 according as
�i� j� is an edge of  or not. By Dirichlet’s theorem on primes in arithmetic
progressions, since n1 is odd there exists a prime pk such that pk > X and
pk ≡ 2 �mod n1�. Suppose that 1 � r < k and primes pr+1� � � � � pk, all con-
gruent to 2 �mod n1� , have been chosen to satisfy those conditions of C 

which refer to them. Define

x = ∏
r<j�k

p
&�r�j�
j � y = n1 × ∏

r<j�k

p
1−&�r�j�
j �

Then x and y are coprime and so the Chinese Remainder Theorem may be
used to find z∈ N such that z≡ 1 �mod x� and z≡ 2 �mod y�. Then since n1 is
odd xy and z must be coprime and by Dirichlet’s theorem there exists a prime
number p ≡ z �mod xy�. Then of course p ≡ 1 �mod x� and p ≡ 2 �mod y�,
and so we take pr = p. Ultimately this process gives the desired primes
p1� p2� � � � � pk.

The second point we wish to make about the rooted directed trees  

introduced above is that if n= p1 · · · pk where the prime numbers p1� � � � � pk

satisfy the conditions C then, because each vertex is the terminal vertex of
at most one edge, the number of groups of order n depends on  but not on n,
that is to say, not on the particular choice of the set of primes satisfying C .
To prove and exploit this it is convenient to have some ad hoc terminology:

Definition. Let  be a rooted directed tree with vertex set �1� k�. A subgraph
� of  that contains all the vertices and has no directed paths of length 2 will
be called a log-pile obtained by cutting up the tree  . Define 	� � to be the
number of log-piles obtained by cutting up  .

Proposition 21.22 Let  be a rooted directed tree with vertex set �1� k�, and
let n= p1p2 · · · pk where p1� p2� � � � � pk are primes satisfying the conditions
C . Then

f�n� = 	� � �

Proof: Let G be a group of order n and for i ∈ �1� k� let Pi be a Sylow pi-
subgroup of G. We define a graph ��G� with vertex set �1� k� by specifying
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that �i� j� is an edge if i < j and Pi is normalised but not centralised by a
conjugate of Pj . For this to be possible it is necessary that pi ≡ 1 �mod pj�

and so ��G� ⊆  . In fact, ��G� is a log-pile. For, if �i� j� ∈ ��G� and Pi is
a Sylow pi-subgroup normalised but not centralised by a Sylow pj-subgroup
Pj , then we know that Pi must lie in G′. Since G is the split extension of its
Fitting subgroup H by a cyclic subgroup K of coprime order, G′ � H and
so Pi � H . Since H is cyclic, Pj �� H and so Pj �� G′, whence Pj lies in the
centre of its normaliser. Thus if �i� j� is an edge of ��G� then there are no
directed edges originating in j, that is ��G� is a log-pile.

Conversely, given a log-pile � ⊆  there is a group G, unique up to
isomorphism, such that ��G�=�. For, define I to be the set of those elements
of �1� k� which are either isolated (belong to no edge) or initial vertices of
edges of �, and define J to be the set of terminal vertices of edges of �.
Clearly I∩J = ∅ and the condition that � has no paths of length 2 ensures that
I ∪J = �1� k�. Define a= ∏

i∈I pi and b = ∏
j∈J pj . Up to equivalence there is

a unique action of the cyclic group Cb on the cyclic group Ca in which the
Sylow pj-subgroup of Cb acts non-trivially on the Sylow pi-subgroup of Ca

if and only if �i� j� ∈ �. If G is the corresponding semidirect product of Ca

by Cb then ��G� = �.
It follows immediately that f�n� = 	� �, as stated.

Now log-pile numbers can easily be computed recursively. For  with
k vertices as above define �� � to be the number of log-piles obtained by
cutting up  in such a way that the root becomes isolated. Now define

S = 
�k�a� b� � ∃ � a rooted tree on �1� k� �a = 	� �� b = �� �� �

Proposition 21.23 The set S can be generated recursively by the rules

(1) �1�1�1� ∈ S �

(2) �k�a� b� ∈ S ⇒ �k+1� a+b�a� ∈ S �

(3) �k1� a1� b1�� �k2� a2� b2� ∈ S ⇒ �k1 +k2 −1� a1a2� b1b2� ∈ S �

Rule (1) is clear. Rule (2) is the fact that a rooted tree of size k+ 1 can
be created from one of size k by adding a new root below the old one. And
rule (3) comes from creating a new tree  from two rooted trees  1 and  2

by amalgamating their roots. Conversely, if  is any non-trivial rooted tree
then either there is a unique edge upwards from the root, in which case  is
obtained from a rooted tree with one fewer vertex by adjoining a new root,
or, if there are several edges emanating from the root then  is obtainable
(usually in many ways) by amalgamation.
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Now define A = 
m ∈ N � ∃n ∈ N 
 n is odd and f�n� = m�. It seems very
likely that A = N. As an immediate consequence of Corollary 21.20,
Lemma 21.21 and Proposition 21.22, we note the following:

Proposition 21.24 If m ∈ A and a is a log-pile number then am ∈ A.

In view of this, it is of particular interest to know which prime numbers
are log-pile numbers. Let E be the set of natural numbers which do not occur
as log-pile numbers. R. Keith Dennis has communicated to us unpublished
computations (announced in a lecture he gave at Groups St Andrews in
Galway, August 1993) which strongly suggest that E is finite, that it contains
just 508 members, 233 of which are prime, and in fact

E = 
7� 11� 19� 29� 31� 47� 49� 53� 67� 71� 73� 79� 87� 91� � � � � 55 487��

In fact, his list of 508 members of E is complete up to 50 000 000, and
for every m ∈ E he has found square-free integers n such that f�n� = m.
For example, by Propositions 21.17 and 21.18 used together with Dirichlet’s
theorem on primes in arithmetic progressions, every number of the form
1
2 �p+ 9�, p+ 2 or p+ 4 where p is prime occurs infinitely often as a value
of f�n� on square-free integers n, and this already deals with the numbers
in E shown above except for 29, 67, 55 487. Thus he has pretty convincing
evidence that the enumeration function f is surjective even when restricted
just to odd square-free integers.

The machinery described above can be developed to deal with groups of
cube-free order. To do this we consider weighted rooted trees on the vertex
set �1� k�. Such an object is a directed tree  in which, as for ordinary rooted
trees, if �i� j� is an edge then i < j, but in which each vertex i has a weight
��i� ∈ 
1� 2�, corresponding to the fact that there are now two possibilities
for the structure of the Sylow pi-subgroups. Given  we consider primes
p1� � � � � pk satisfying:

C 


⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
p1 > p2 > · · · > pk > 2�

�i� j� ∈  � ��i� = 1 ⇒ pi ≡ 1 �mod pj�� pi �≡ 1 �mod p 2
j ��

�i� j� ∈  � ��i� = 2 ⇒ pi ≡ −1 �mod pj�� pi �≡ −1 �mod p 2
j ��

�i� j�# ⇒ ord�pi� �mod pj� > 2�

The analogue of Lemma 21.21 may be proved in a similar way. Then we
consider the cube-free integer



21.6 Surjectivity of the enumeration function 243

n = p
��1�

1 p
��2�

2 · · · p ��k�
k �

and groups of order n.
To count these we first assign weights also to the edges of  : if �i� j� is an

edge then define w�i� j� to be the number of inequivalent ways that groups of
order p��j�

j can act non-trivially on groups of order p��i�
i , that is, the number of

non-isomorphic semidirect products (other than the direct product) of a group
of order p��i�

i by a group of order p��j�
j . Given that the arithmetical conditions

C hold, this means in fact that w�i� j�= ��j�. Now as in the square-free case
we define a log-pile derived from  to be a graph � with the same vertex set
�1� k�, and whose edge set is a subset of the edge set of  with the restriction
that � has no paths (directed of course) of length 2. We assign a weight to
the log-pile � as follows: define I��� to be the set of isolated vertices of �
and E��� to be the edge set of �; then define

w��� = ∏
i∈I���

��i�× ∏
�i�j�∈E���

w�i� j� �

Now the weighted log-pile number of  is defined by

	w� � = ∑
�

w����

where the sum is over all log-piles obtained by cutting up  .
Let n be as above, let G be a group of order n and for 1 � i � k let Pi

be a Sylow pi-subgroup of G. As in the square-free case we define a graph
��G� with vertex set �1� k� by specifying that �i� j� is an edge if and only
if Pi is normalised but not centralised by some conjugate of Pj . In general,
given that n is odd, this would imply that one of the following holds:

(a) ��i� = 1 and pi ≡ 1 �mod pj�;

(b) ��i� = 2, Pi is cyclic and pi ≡ 1 �mod pj�;

(c) ��i� = 2, Pi is elementary abelian and pi ≡ −1 �mod pj�;

(d) ��i� = 2, Pi is elementary abelian and pi ≡ 1 �mod pj�.

The third clause of C ensures, however, that (b) and (d) do not arise.
Proposition 21.15 (2) implies that ��G� has no paths of length 2 because if
�i� j� is an edge then a Sylow pi-subgroup Pi must be contained in G′ and
a Sylow pj-subgroup cannot be contained in G′ (since it does not centralise
Pi) and so j cannot be the initial vertex of any edge. Therefore, ��G� is a
log-pile obtained by cutting up  . Now we assign labels ��i� j� ∈ 
0� 1� to
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the edges �i� j� of the log-pile ��G� as follows:

��i� j� =
{

0 if Pj is cyclic,

1 if Pj � Cpj
×Cpj

�

Thus groups of order n give rise to edge-labelled log-piles obtained from  .
These labellings have the property that if �i� j� is an edge and ��j� = 1 then
��i� j� = 0. Conversely, given an edge-labelled log-pile � derived from  

and satisfying this condition, there are precisely
∏

i∈I��� ��i� groups G of
order n with ��G� = �, where I��� is the set of isolated vertices of � as
above. This depends upon the fact that when �i� j� is an edge the possibilities
that pi ≡ ±1 �mod p 2

j � have been excluded, so that even if the Sylow pj-
subgroup is cyclic of order p 2

j it can act non-trivially on a Sylow pi-subgroup
in only one way. Now for a given log-pile � obtained from  the number
of groups G such that ��G� = � is w���: the factor

∏
i∈I��� ��i� in w���

accounts for the number of possibilities for the centre of G (which is the
direct product of the Sylow subgroups on which all other Sylow subgroups
act trivially), and the factor

∏
�i�j�∈E��� w�i� j� accounts for the number of

edge-labellings, that is, of actions on the non-central Sylow subgroups. Thus
f�n� = 	w� �.

Now let  be a weighted rooted directed graph with vertex set �1� k�. To
go with 	w� � we define �w� � 
 = ∑

�1
w��1� where the sum is over all

log-piles �1 derived from  in which the root (vertex 1) is isolated (these
correspond to groups in which the Sylow p1-subgroup P1 splits off as a direct
factor), and "� � to be ��1�. Then define

S1 = 
�k�a� b� t� � ∃ � a tree on �1� k� 
 a = 	w� �� b = �w� � and t = "� ���

Now S1 can be constructed from the two quadruples �1�1�1�1� and �1�2�2�2�
using a richer set of rules than are available in the square-free case. For,

(1) �k�a� b�1� ∈ S1 ⇒ �k+1� a+b�a�1� ∈ S1 �

(2) �k�a� b�1� ∈ S1 ⇒ �k+1�2a+b�2a�2� ∈ S1 �

(3) �k�a� b�2� ∈ S1 ⇒ �k+1� a+b�a�1� ∈ S1 �

(4) �k�a� b�2� ∈ S1 ⇒ �k+1�2a+b�2a�2� ∈ S1 �

(5) �k1� a1� b1�1�� �k2� a2� b2�1� ∈ S1 ⇒ �k1 +k2 −1� a1a2� b1b2�1� ∈ S1 �

(6) �k1� a1� b1�2�� �k2� a2� b2�2� ∈ S1 ⇒ �k1 +k2 −1� a∗� 1
2b1b2�2� ∈ S1 ,

where a∗ = a1a2 − 1
2 �a1b2 +a2b1 −b1b2�.

Note that if "� � = 2 then �w� � is automatically even. Also, quadruples
�k�a� b� t� ∈ S1 in which a and b are both even are of no great interest
since any quadruples derived from them will have the same property and
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our ambition should be to find graphs with prime log-pile numbers. As
a consequence, the quadruples derived from �1�2�2�2� are hardly worth
pursuing.

The rules for generating weighted log-pile numbers are of course sufficient
to generate all the ordinary log-pile numbers. They also generate most (per-
haps all—we have not yet checked) of the members of the exceptional set E
described above.

In this treatment of weighted graphs and labelled log-piles related to cube-
free integers we have, up to now, restricted attention to one of four interesting
sets of arithmetic conditions on the primes pi. Let  be a weighted rooted
directed graph with vertex set �1� k�. We have considered primes p1� � � � � pk

satisfying

C 
 p1 > p2 > · · · > pk > 2 and ord�pi� �mod pj� > 2 if�i� j� #  

together with the first of the following four pairs of additional conditions:

C �1� 


{
�i� j� ∈  � ��i� = 1 ⇒ pi ≡ 1 �mod pj�� pi �≡ 1 �mod p 2

j ��

�i� j� ∈  � ��i� = 2 ⇒ pi ≡ −1 �mod pj�� pi �≡ −1 �mod p 2
j ��

C �2� 


{
�i� j� ∈  � ��i� = 1 ⇒ pi ≡ 1 �mod p 2

j ��

�i� j� ∈  � ��i� = 2 ⇒ pi ≡ −1 �mod pj�� pi �≡ −1 �mod p 2
j ��

C �3� 


{
�i� j� ∈  � ��i� = 1 ⇒ pi ≡ 1 �mod pj�� pi �≡ 1 �mod p 2

j ��

�i� j� ∈  � ��i� = 2 ⇒ pi ≡ −1 �mod p 2
j ��

C �4� 


{
�i� j� ∈  � ��i� = 1 ⇒ pi ≡ 1 �mod p 2

j ��

�i� j� ∈  � ��i� = 2 ⇒ pi ≡ −1 �mod p 2
j ��

To count the groups of order n (where n = p
��1�
1 · · · p��k�

k as before) we need
to use appropriate edge-labellings. Consider groups G where the Sylow pj-
subgroup is of order p 2

j and normalises but does not centralise the Sylow
pi-subgroup. If ��i� = 1 and pi ≡ 1 �mod p 2

j � then we assign a label ��i� j�
to the edge �i� j� in the log-pile ��G� as follows:

��i� j� =

⎧⎪⎪⎨⎪⎪⎩
0 if Pj � Cp2

j
and acts faithfully on Pi ,

1 if Pj � Cp2
j

and induces Cpj
on Pi ,

2 if Pj � Cpj
×Cpj

�
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Analogous adjustments are needed if ��i�= ��j�= 2 and pi ≡ −1 �mod p 2
j �.

Thus we should now assign weights to the edges �i� j� of  as follows:

w�i� j� =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 if ��j� = 1;
2 if ��j� = 2 in case C �1�;
3 if ��i� = 1, ��j� = 2 in case C �2�;
2 if ��i� = ��j� = 2 in case C �2�;
2 if ��i� = 1, ��j� = 2 in case C �3�;
3 if ��i� = ��j� = 2 in case C �3�;
3 if ��j� = 2 in case C �4�.

The weight of a log-pile obtained from  is now defined exactly as before,
and so are the weighted log-pile numbers 	w� �, �w� �.

Case C �1� gives rise to the set S1 of quadruples that has already been
discussed. The other three give rise to sets S2, S3, S4 of quadruples of gen-
eralised log-pile parameters all of which may be generated from the initial
quadruples �1�1�1�1� and �1�2�2�2� recursively. Rules (1), (2), (5) and (6)
are the same in all cases, but for S2 rule (3) is replaced by

�3′� �k�a� b�2� ∈ S2 ⇒ �k+1� a+ 3
2b�a�1� ∈ S2 �

for S3 rule (4) is replaced by

�4′� �k�a� b�2� ∈ S3 ⇒ �k+1�2a+ 3
2b�2a�2� ∈ S3 �

while for S4 both rules (3) and (4) are replaced by the S4 versions of �3′�
and �4′� respectively.

The point is that we have now described five systems of recursive rules
for generating useful values of f�n�. If these do not provide sufficient
tools for proving that f is a surjective function then the problem is a
hard one.

21.7 Densities of certain sets of group orders

Questions like the following one have frequently occurred informally: what
can be said about the set T1 of integers n for which f�n� = 1? It contains
all the prime numbers. Of course it also contains many composite num-
bers, such as 15� 33� 35� � � � The following is an immediate consequence
of the fact that there are at least two groups of order pk whenever p is
prime and k � 2 together with Hölder’s theorem stated as Proposition 21.5
above.
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Observation 21.25 f�n� = 1 if and only if gcd �n���n�� = 1 , where ��n�

is Euler’s function enumerating the number of m ∈ N, 1 � m � n, that are
coprime with n.

For large real x define t1�x� to be the number of n ∈ T1 such that n � x.
In [28] Paul Erdős, working with the condition gcd �n���n��= 1, proved the
following theorem:

Theorem 21.26 (Erdős 1948) t1�x�∼ e−� x

log log logx
, where � is Euler’s con-

stant limn→��
∑n

r=1 1/r − logn�.

Michael E. Mays considers similar problems in [66], asking for the density
of the sets of integers n such that all groups of order n are cyclic, abelian,
nilpotent, supersoluble or soluble respectively. Of course all groups of order
n are cyclic if and only if f�n� = 1. Define

T2 = the set of all n such that all groups of order n are abelian

and

T3 = the set of all n such that all groups of order n are nilpotent.

More generally, for a function c 
 
primes�→ N∪
�� define �	�c� to be the
class of finite nilpotent groups in which the Sylow p-subgroup has nilpotency
class at most c�p�. Then define

T4 = the set of all n such that all groups of order n lie in �	�c��

The sets T2 and T3 are the extreme cases of T4 in which c�p� = 1 for all p
and c�p� = � for all p respectively. Now recall that a function � 
 N → N

is said to be multiplicative if ��m1m2� = ��m1���m2� whenever m1� m2 are
coprime. A multiplicative function is determined by the values it takes on
prime powers pa. Let �2 be the multiplicative function such that

�2�p
a� =

⎧⎪⎪⎨⎪⎪⎩
�p−1� if a = 1 ,

�p−1��p2 −1� if a = 2 ,

p�p−1��p2 −1� · · · �pa −1� if a � 3 ,

and let �3 be the multiplicative function such that

�3�p
a� = �p−1��p2 −1� · · · �pa −1� �
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More generally, given c 
 
primes� → N ∪ 
�� let �4 be the multiplicative
function such that

�4�p
a� =

{
�p−1��p2 −1� · · · �pa −1� if a � c�p�+1 ,

p�p−1��p2 −1� · · · �pa −1� if a > c�p�+1 ,

where of course �+1 is deemed to be �.

Observation 21.27

(1) n ∈ T2 if and only if gcd �n��2�n�� = 1 .

(2) n ∈ T3 if and only if gcd �n��3�n�� = 1.

(3) n ∈ T4 if and only if gcd �n��4�n�� = 1.

Proof: As we have already observed, (1) and (2) are special cases of (3),
so we focus on the latter. Note that gcd �n��4�n�� = 1 if and only if first,
any two prime powers p�� q� dividing n are arithmetically independent in
the sense defined on p. 238 and second, if p� divides n then � � c�p�+ 1.
Thus if G is a group of order n and gcd �n��4�n��= 1, then by the Frobenius
Transfer Theorem (see, for example, [36, Chapter 7, Theorem 4.5]) G has a
normal p-complement for every prime p and so G is the direct product of
its Sylow subgroups, that is, it is nilpotent. (Compare with Lemma 21.19 but
note that this special case does not require the Feit–Thompson Theorem.)
Furthermore, the Sylow p-group, being of order at most pc�p�+1, has class
� c�p�. Conversely, if gcd �n��4�n�� �= 1 then either there is a prime p such
that pc�p�+2 divides n, in which case there is a group of order n of the form
P×Cn/pc�p�+2 where P is a group of nilpotency class c�p�+1 and order pc�p�+2

(a p-group of maximal class), or there are prime powers p�� q� dividing n

that are not arithmetically independent, say q divides p�−1. In this case there
is a non-nilpotent extension H of an elementary abelian group of order p�

by Cq, and so there is a non-nilpotent group H ×Cn/p�q of order n. Thus if
gcd �n��4�n�� �= 1 then not all groups of order n lie in �	�c�.

In her paper [85] Eira Scourfield extends Erdős’ result, Theorem 21.26, to a
very large class of multiplicative functions �. Let s��x� denote the number of
positive integers n� x for which gcd �n���n��= 1. She shows that, if for each
a� 1, ��pa�=Wa�p� for all prime numbers p, where Wa�x� is a polynomial,
W1�x� is non-constant, and W1�0� �= 0, then there exists C ∈ �0��� and there
exists 	 ∈ �0�1� such that s��x�∼C x/�log log logx�	. She shows also that, in
particular, if ��p�=W1�p�= p−1 then C = e−� and 	= 1. (This is a special
case of [85, Corollary 2].) The following theorem follows immediately:
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Theorem 21.28 Define t2�x� to be the number of n� x such that all groups
of order n are abelian, t3�x� to be the number of n � x such that all groups
of order n are nilpotent and t4�x� to be the number of n � x such that all
groups of order n lie in �	�c�, where, as above, c 
 
primes� → N ∪ 
��.
Then

ti�x� ∼ e−� x

log log logx
for i = 2� 3� 4�

Recall that a group is said to be supersoluble if and only if all its chief
factors are of prime order. Let

T5 = the set of all n such that all groups of order n are supersoluble�

T6 = the set of all n such that all groups of order n are soluble�

and, as before, let ti�x� be the number of natural numbers n � x such that
n ∈ Ti. In [66] Mays observes that when x is large enough

0�607x < t5�x� < 0�978x and 0�869x < t6�x� < 0�978x �

For t5�x� and the lower bound his argument is, in effect, that every group
of square-free order is supersoluble. As is well known, the set of square-free
numbers has asymptotic density 6/�2, and 6/�2 > 0�607. His lower bound
for t6�x� comes from the Feit–Thompson theorem together with a famous
theorem of Burnside, which tells us that if a positive integer n is not divisible
by 12, 16 or 56 then the groups of order n are soluble. The inclusion–exclusion
principle then yields that

t6�x� �
(

1− 1
12

− 1
16

− 1
56

+ 1
48

+ 1
112

+ 1
168

− 1
336

)
x

= 73
84

x > 0�869x �

The upper bound for t5�x� comes from that for t6�x�. For the upper bound
t6�x� < 0�978x he observes that the multiples of �PSL�2� p�� for p= 5� 7� 13,
that is the multiples of 60, of 168 and of 1092, all lie in the complement of
T6. In fact this only gives that t6�x� < 0�9783x:

t6�x� <
(

1− 1
60

− 1
168

− 1
1092

+ 1
840

+ 1
5460

+ 1
2184

− 1
10 920

)
x

= 5341
5460

x �

and 0�9782 < 5341
5460 < 0�9783. But if we use PSL�2�17� as well as PSL�2�5�,

PSL�2�7� and PSL�2�13� then we have enough to prove that t6�x� < 0�978x.
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We propose to sketch a proof of the following rather stronger theorem:

Theorem 21.29 There exist c5� c6 ∈ �0�1�� in fact c5 = 0�86 � � � and
c6 = 0�97 � � � � such that t5�x� ∼ c5 x and t6�x� ∼ c6 x as x → �.

We begin the proof with a general lemma (see Theorem 0.1 of [43]—we
are grateful to Dr Eira Schofield for drawing this reference to our attention).

Lemma 21.30 Let R be a set of positive integers and let

S = 
n ∈ N � ∃r ∈ R : r divides n� �

For x> 0 define s�x�= �
n∈ S � n� x��. If
∑

r∈R r−1 converges then lim
x→� s�x�/x

exists.

Proof: For x > 0 define m�x� = lcm 
r ∈ R � r � x� and then

	�x� =
∣∣
n ∈ �1�m�x�� � ∃r ∈ R : r � x and r divides n�

∣∣
m�x�

�

where �1�m� denotes the set 
1� 2� 3� � � � � m�. If x � y then m�x� divides
m�y�, and, since 
n � m�y� � ∃r ∈ R : r � x and r divides n� consists of
m�y�/m�x� disjoint shifts of 
n � m�x� � ∃r ∈ R : r � x and r divides n�, we
see that 	�x� � 	�y�. Since 	 is a non-decreasing function that is bounded
above by 1, there exists � � 1 such that 	�x� → � as x → �.

Now suppose that
∑

r∈R r−1 converges. Let & > 0. Choose x0 so that∑
r∈R� r>x0

r−1 < 1
2& and �−	�x0� <

1
2&, and define M =m�x0� , 	0 = 	�x0� .

Clearly

s�x� � M	0
x/M� �
But also

s�x� < M	0
x/M�+M +
( ∑

r∈R� r>x0

1
r

)
x

because M	0
x/M� counts the number of integers in �1� M
x/M�� that are
divisible by some member r of R with r � x0, M is a crude upper bound for
the number of members of S that lie between M
x/M� and x, and the last term
is an upper bound for the members of S that are at most x and are divisible
by some member r of R such that r > x0. Since x−M<M 
x/M� � x we
have
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	0�x−M� < s�x� < 	0x+M + 1
2&x

and so

	0 −	0

M

x
<

s�x�

x
< 	0 + M

x
+ 1

2& �

Now if x > 2M/&, so that M/x < 1
2&, then since �− 1

2& < 	0 � � � 1,

�−& <
s�x�

x
< �+& �

Thus s�x�/x → � as x → �, and the lemma is proved.

Corollary 21.31 With the notation and assumptions of the lemma, if

T = 
n ∈ N � ∀r ∈ R : r does not divide n�

and t�x� = �
n ∈ T � n � x��, then lim
x→� t�x�/x exists.

For, T = N \S and so s�x�+ t�x� = 
x� = x− , where 0 � , < 1. Given
that s�x�/x → � as x → �, it follows that t�x�/x → 1−� as x → �.

For the proof of the theorem we treat supersolubility first. A group fails to
be supersoluble if and only if it has a section (a quotient group of a subgroup)
which is a minimal non-supersoluble group, that is, a non-supersoluble group
all of whose proper subgroups and proper quotient groups are supersoluble.
Our next lemma classifies these.

Lemma 21.32 If G is a minimal non-supersoluble group then G is a semi-
direct product A�B where A is an elementary abelian normal subgroup of
prime-power order pa� where a � 2� and B is a group acting faithfully and
irreducibly on A and satisfying one of the following conditions:

(I) B � Cqb where q is prime, a is minimal subject to pa ≡ 1 �mod qb� and
p ≡ 1 �mod qb−1� �

(II) B is a non-abelian q-group of order qb� where q is prime, p≡ 1 �mod q�
and a = q�

(III) B � �x� y � xq = yr
c = 1� y−1xy = x��� where q� r are prime,

q ≡ 1 �mod r�� p≡ 1 �mod �q rc−1��� � is a primitive r th root of 1 modulo
q and a = r .

Here is a sketch of a proof. Let G be a minimal non-supersoluble group.
Suppose first, seeking a contradiction, that G is non-soluble. Then it has a
non-abelian simple composition factor and this being non-supersoluble must
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be equal to G: thus G is simple. Let p be the smallest prime number dividing
�G�. If Q is any non-trivial p-subgroup of G then NG�Q�, being a proper
subgroup of G, is supersoluble. Therefore all its chief factors are cyclic, and
since p is the smallest prime dividing �G� while the order of the automorphism
group induced on a chief factor of order p must divide p−1, all chief factors
of NG�Q� contained in Q must be central. It follows that NG�Q�/CG�Q�

is a p-group. Now by the Frobenius transfer theorem (see, for example,
[36, Chapter 7, Theorem 4.5]) G has a normal p-complement contrary to
simplicity. Thus G must be soluble.

Let A be a minimal non-trivial normal subgroup of G. Then �A� = pa for
some prime power pa, and A is elementary abelian. Since G/A is supersol-
uble while G is not we must have a � 2. Also, A is the unique minimal
non-trivial normal subgroup in G because if X were another then A∩X

would be trivial and A (with the action of G/CG�A� on it) would be a
non-cyclic chief factor of G/X contrary to the fact that G/X should be
supersoluble. Let K = CG�A�, so that A � K � G and G/K acts as an
irreducible group of automorphisms of A, hence may be identified with an ir-
reducible subgroup of GL�a�p�. Also G/K is supersoluble since K �= 
1�, and
it has no non-trivial normal p-subgroup since it acts faithfully and irreducibly
on A.

If G/K is abelian then, since it acts irreducibly on A, it is cyclic of order
not dividing p− 1. There is therefore a prime power qb dividing �G/K� but
not p−1. Let x be an element of G such that xK has order qb. Replacing x

by a suitable power we may assume that the order of x is qc for some c � b.
Now the subgroup �A�x� is not supersoluble and therefore G= �A�x�. Since
�xqb� centralises both A and x it is normal in G, hence must be trivial since it
does not contain the unique minimal normal subgroup A. Thus in fact c = b,
and if B = �x� then G = A�B and G is of type (I).

Suppose now that G/K is nilpotent but non-abelian. Let q be a prime
such that the Sylow q-subgroup of G/K is non-abelian and let B be a Sylow
q-subgroup of G. Note that q �= p since G/K has no non-trivial normal
p-subgroup, so by Maschke’s theorem, A is completely reducible as FpB-
module. Since B/�B∩K� is non-abelian the irreducible summands cannot all
have dimension 1. Therefore A�B is not supersoluble, so G = A�B. Arguing
exactly as in the previous paragraph we find that B∩K = 
1�, so K = A

and B acts faithfully on A. Let �B� = qb and let C be a subgroup of index
q in B. Since A�C is supersoluble, by Maschke’s theorem and Clifford’s
theorem A is a direct product of minimal normal subgroups of A�C, each
of these has order p and they are permuted transitively by the action of B,
that is, of B/C. Therefore a = q and C is abelian. Also p ≡ 1 �mod qc�,
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where qc is the exponent of C and in particular, p ≡ 1 �mod q�. Thus G is of
type (II).

Suppose now that G/K is not nilpotent. Let M be a maximal normal
subgroup of G containing K. Then G/M � Cr for some prime number r.
Now M is supersoluble and so applying Clifford’s theorem we see that
A splits as the direct product of cyclic subgroups of order p, which are
permuted transitively by conjugation in G, and each of which is normal in M .
Therefore a = r and M/K is abelian of exponent dividing p− 1. Consider
M/K as a Zp−1�G/M�-module. Let q1� � � � � qk be the primes dividing p−1,
let m = q1 · · ·qk and define Mi = 
x ∈ M � xmi ∈ K�. Clearly Mi � G for all
relevant i. Since G/K is non-nilpotent there is a non-central chief factor of
G/K in M/K and therefore in Mi+1/Mi for some i� 0. Since M/K is abelian
the map xK �→ xm

i
K is a module homomorphism Mi+1/K → M1/K and its

kernel is Mi/K. Therefore M1/K contains a non-central chief factor of G/M

and it follows that there is a minimal non-trivial normal subgroup Y/K of
G/K that is contained in M/K, is not central in G/K and is isomorphic to
Cq for some prime q ≡ 1 �mod r�. Note that q divides p− 1. Since G/K is
supersoluble Y/K is cyclic of order q. Let Q be a Sylow q-subgroup of Y ,
so that QK = Y and Q/�Q∩K� � Cq . Since Y � G the Frattini Argument
tells us that G = NG�Q�Y = NG�Q�K. Choose y ∈ NG�Q� \M such that y
has order rc for some c � 1, and let B = �y�Q�. Then B/�B∩K� is non-
abelian (because Y/K is centralised by M/K but not by G/K and therefore
not by any element of G \M). Also �B� = �Q�rc, which is not divisible by
p (since q divides p− 1 and r divides q− 1). By Maschke’s theorem A is
completely reducible under the action of B and, as B/�B∩K� is non-abelian,
not all the irreducible summands can be of dimension 1 (over Fp) so A�B

cannot be supersoluble. Hence G = A�B. Note that A∩B = 
1� since �B� is
not divisible by p. If X = B∩K then X � B and X centralises A, so X � G

and it follows that X = 
1� since A �� X. Thus B acts faithfully on A, so in
fact A=K and �Q� = q. By construction Q � B and y does not centralise Q,
so if x is a generator of Q then y−1xy = x� for some � �≡ 1 �mod q�. On the
other hand, yr lies in M and M/A is abelian, so yr does centralise Q: hence
�r ≡ 1 �mod q�, that is, � is a primitive r th root of 1 modulo q. Moreover,
the order of yr is rc−1 and so, since M/A has exponent dividing p− 1, we
have p ≡ 1 �mod rc−1�. This case therefore leads to the groups of type (III)
and completes the proof of the lemma.

Note that more can be said. In case (I), if b = 1 then a is the order of p
modulo q and so a divides q− 1, while if b > 1 then a = q; also, we may
identify A with the additive group of Fpa and then a generator x of B acts as
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multiplication by a primitive �qb�th root of 1 in that field. In case (II), since B
is non-abelian we must have b � 3 and since B acts faithfully and irreducibly
its centre is cyclic; also, every proper subgroup of B acts completely reducibly
on A and therefore is abelian of exponent dividing p− 1; it follows that the
centre Z�B� is cyclic of order qb−2 so p ≡ 1 �mod qb−2�; moreover, from the
fact that the centre is cyclic of order qb−2 one can easily classify the groups
B that can arise.

The lemma (combined in case (II) with the above notes) tells us that if
there is a non-supersoluble group of order n then

(I) n = paqb, where p� q are prime and a is minimal subject to the
conditions that pa ≡ 1 �mod qb� and p ≡ 1 �mod qb−1�,

(II) n = pqqb, where p� q are prime, b � 3 and p ≡ 1 �mod qb−2�, or
(III) n = prqrc, where p� q� r are prime, q ≡ 1 �mod r� and

p ≡ 1 �mod �q rc−1��.

In fact, for each of these orders there does exist a minimal non-supersoluble
group. We leave the proof, which is not hard, to the reader.

To prove Theorem 21.29 we let R5 be the set of n such that there is a non-
supersoluble group of order n but every group whose order properly divides
n is supersoluble. This is the set of numbers listed above but with multiples
deleted. For example, it contains p2 ·23 when p ≡ 9 �mod 16� but not p2 ·24,
even though there is a minimal non-supersoluble group of the latter order
(and type (I)). Thus R5 consists of numbers of the following forms (where
p� q� r are prime numbers):

(i) pa ·q where a is the order of p modulo q and a � 2;
(ii) pq ·q2 if p ≡ 1 �mod q�, p �≡ 1 �mod q2� and pq ·q3 if p ≡ 1 �mod q2�;

(iii) pr ·q · r if q ≡ 1 �mod r� and p ≡ 1 �mod qr�.

Here the numbers (i) come from some of the groups of type (I), the numbers
(ii) come from some of the groups of types (I) and (II), and the numbers (iii)
come from some of the groups of type (III). Note that even the union of
these lists contains numbers that can be discarded to yield R5. For example,
it contains both 12 in list (i) and 36 in list (ii). We find that

R5 = 
12� 56� 75� 80� 196� 200� 294� 351� 363� 405� 484� 867� 992� � � � ��

Then

T5 = 
n ∈ N � m ∈ R5 ⇒ m �/ n��
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and so the desired result for supersolubility will follow from Corollary 21.31
if we can prove that

∑
r∈R5

r−1 converges. Notice that if r ∈ R5 then r = pa ·k
where k � a+1. Also, for given p (prime) and a � 2 the number of entries
for pa in list (i) is at most the number of distinct prime divisors of pa −1 that
are greater than a, and this is less than a logp/ loga. Similarly, the number of
entries for pa in list (ii) is at most 1, the number in list (iii) is at most 1 and the
number in list (iv) is at most the number of prime divisors of p−1 which are
greater than a, and this is less than logp/ loga. In total, therefore, the number
of terms in R5 that come from given pa is at most 2 + �a+ 1� logp/ loga,
which is less than 2�a+1� logp/ loga. Thus if u�p�a� is the contribution to∑

r∈R5
r−1 from given p and a then

u�p�a� <
2�a+1� logp

loga
× 1

pa�a+1�
= 2 logp

pa loga
�

Now for fixed p the sum
∑

1/�pa loga� converges and

∑
a�2

1
pa loga

<
1

p�p−1� log 2
�

and the sum
∑

logp/�p�p− 1�� converges by comparison with
∑

p−3/2.
Therefore

∑
r∈R5

r−1 converges, as required.

Solubility can be treated similarly. A group is soluble if and only if it
has no section isomorphic to a minimal simple group, that is a simple group
all of whose proper subgroups are soluble. The minimal simple groups were
classified by John Thompson in the 1960s (see [90]). They are the groups
SL�2�2q�, where q is prime, PSL�2� p� for primes p≡ ±2 �mod 5�, PSL�3�3�
and the groups PSL�2�3q�, 2B2�2

q�
(
the Suzuki groups Sz�2q�

)
for prime

numbers q � 3. Define R6 to be the set of orders of these groups, so that
(with q, p as just specified),

R6 = 
2q�22q −1�� 1
2p�p

2 −1�� 5616� 1
2 3q�32q −1�� 22q�22q +1��2q −1��

= 
60� 168� 504� 1092� 2448� 5616� 6072� 9828� 25 308� 29 120� � � � ��

Then

T6 = 
n ∈ N � m ∈ R6 ⇒ m �/ n��

In this case it is very easy to see that
∑

r∈R6
r−1 converges and so the theorem

follows from Corollary 21.31.



256 Survey of other results

21.8 Enumerating perfect groups

A group G is said to be perfect if it has no non-trivial abelian quotient
group, that is, if G = G′. Let fperf�n� denote the number of perfect groups
of order n up to isomorphism. By modifying Higman’s construction (see
Section 4.2) one can prove that there exists c> 0 such that fperf�n� > nc�

2−O���

for infinitely many values of n, where � = ��n� as defined on p. 2. The idea
is this.

Let S = Alt�5� and let p be a prime number, p > 5. Then there is an
irreducible 4-dimensional FpS-module V which is a composition factor of
the natural permutation module. Let P denote the free group of exponent p,
nilpotency class 2 and rank 4r (see Section 4.1), and let W = P/P ′. There is
an action of S on W so that as module W � rV (a direct sum of r copies of
V ). This action can be lifted to give an action of S on P. The action of S on
P ′ turns it into an FpS-module, and this is isomorphic to the exterior square
W∧2 (see Proposition 3.5). Now

W∧2 � �rV �∧2 � rV∧2 ⊕ 1
2 r�r −1��V ⊗V��

and since V is self-dual (being the unique summand of dimension 4 in a
necessarily self-dual permutation module of dimension 5) V ⊗V has a one-
dimensional trivial submodule. Therefore if T is the fixed-point set of S in P ′

then T is an elementary abelian p-group of rank � 1
2 r�r−1�. By Maschke’s

theorem there is an S-invariant complement U for T in P ′. Let R = P/U and
define Q to be the semidirect product of R by S. Then Q = Q′ since R/R′

(which is the same as P/P ′) has no trivial composition factors as FpS-module.
Consider subgroups K of index pr (say) in R′. The construction has ensured
that R′ is central in Q, of order � p

1
2 r�r−1� and of index 60p4r . Thus our

groups K are normal in Q, of index 60p5r , and the number of them is greater
than

�pN −1��pN −p� · · · �pN −pr−1�

�pr −1��pr −p� · · · �pr −pr−1�
> pr�N−r��

where N = 1
2 r�r − 1�. The group induced by Aut Q on R′ is certainly a

subgroup of GL�4r�p�. Since �GL�4r�p�� < p16r2
the number of orbits of

groups K of index pr in R′ under the action of this automorphism group is
greater than prN−17r2

, and therefore this is a lower bound on the number of
non-isomorphic quotient groups of Q that have order 60p5r . Thus if m = 5r,
so that N = 1

50 m�m−5�, then

fperf�60pm� > p
1

250 m3−O�m2��
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Obviously the constant 1/250 could be increased significantly—we have limited
ourselves to sketching an idea and have made no attempt to optimise constants.

In his delightful paper [49] Derek Holt goes into the matter with much
more care, seeking both lower and upper bounds. In the language we have
used earlier in this book his results may be stated in the following form:

Theorem 21.33 (Holt 1989) Let 	 = 	�n� and � = ��n� as on p. 2.

(1) There are infinitely many values of n for which fperf�n� > n�
2/54−2�/9.

(2) Also fperf�n� < n��
2/48�+	 for all n.

In fact, in relation to (1), what Holt actually proves is that if p> 3 and p is
prime then fperf�p

x�p3 −p�� > px3/54−x2/6 for sufficiently large integers x, and
our version comes from the observation that if n= px�p3 −p� then �= x+1.
His theorem raises two questions. First, can the gap between the coefficient
1

54 in clause (1) and the coefficient 1
48 in clause (2) be closed? Second, can

	 in clause (2) be replaced by O���: as it stands this clause gives a much
weaker bound than Pyber’s theorem when 	 is large compared with �.

Amongst the perfect groups are those all of whose composition factors are
non-abelian. These have been studied by Benjamin Klopsch in his paper [56].
He proves the following two theorems.

Theorem 21.34 Let F��n� be the number of groups of order � n (up to
isomorphism, of course) all of whose composition factors are non-abelian.
There exist B�C > 0 such that

nB log logn � F��n� � nC log logn

for all n � 60.

Theorem 21.35 Let S be a non-abelian simple group and let f̂ �k� be the
number of isomorphism classes of groups G that have composition length k

and in which all the composition factors are isomorphic to S. There exist
BS�CS > 0 such that

kBSk � f̂ �k� � kCSk

for all k � 1.

The upper bound in the first of these results, Theorem 21.34, has been
refined by Jaikin-Zapirain and Pyber in [52]. They prove
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Theorem 21.36 There exists a positive real number c such that the number
of d-generator finite groups of order n without abelian composition factors
is at most ncd.

The upper bound in Theorem 21.34 then follows from the fact that if the
non-trivial group G has order n and no abelian composition factors, then, as
proved by Klopsch in [56] (Proposition 1.1), if G has composition length k

then G can be generated by d elements where d� 3 logk+2. Since n� 60 and
k� logn/ log 60 we see that d� 3�log logn− log log 60�+2< 3 log logn−15
(remember that logarithms are to base 2), so the number of groups of order
� n without abelian composition factors is smaller than n× n3c�log logn−5�,
where c is as in Theorem 21.36. Therefore this number is at most nc1 log logn,
where c1 
= max
3c� 1

5�.



22
Some open problems

In this chapter we collect open problems. Some of these have been mentioned
already in the preceding text, some are mentioned here for the first time.
We begin with two questions of contextual interest that were discussed in
Chapter 2.

Question 22.1 What exactly is the asymptotic behaviour of fsemigroups�n�?

Question 22.2 What exactly is the asymptotic behaviour of flatin squares�n�?

By far the most important challenges in the field of group enumeration are
the next two questions.

Question 22.3 (C. C. Sims) Is it true that, if Ep�m� is defined by the equation

f�pm� = p
2
27 m

3+Ep�m�, then Ep�m� = O�m2�?

Charles Sims originally proved that Ep�m� = O�m8/3� and this was im-
proved by Newman and Seeley to O�m5/2� (see Chapter 5). The correspond-
ing problems for graded Lie rings and for p-groups whose nilpotency class
is at most 3 have been solved positively by S. R. Blackburn (see [7] and
Sections 20.3, 20.4 above) but the general question remains open—and one
of the most interesting in the area.

Question 22.4 (Graham Higman: see Section 21.1) Is the PORC conjecture
true? That is to say, is it true that for fixed m the function f�pm� is a PORC
function of p?

259
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And if not, is it approximately true:

Question 22.5 (Graham Higman: see Section 21.1) Does there exist, for
each natural number m, a PORC function Fm such that �Fm�p�− f�pm�� is
significantly smaller than p

2
27 m

3
?

As an important variant of the PORC conjecture it would be valuable to
know whether the results of Higman and Evseev (see p. 223) can be extended:

Question 22.6 Is the PORC conjecture true for nilpotent groups of class at
most 2? That is to say, is it true that for fixed m the function f	2

�pm� is a
PORC function of p?

Recall that for a class � of groups, f��n� is the number of groups of order n
in � up to isomorphism. The next question, restricted to varieties of p-groups,
was conceived as a refinement of Sims’s conjecture.

Question 22.7 (Peter M. Neumann) Let 
 be a variety of groups and � a
subvariety. Define g�n� = f
�n�/f��n�. Is it true that g�n� � nO���n��?

The special case where p is an odd prime number, � is the minimal
non-abelian variety �p�2 consisting of p-groups of exponent dividing p and
nilpotency class at most 2, and 
 is the variety 
p of groups of �-class 2
(that is, groups of exponent dividing p2 in which pth powers and commutators
are central) is treated in Chapter 19. That chapter contains background to the
following questions.

Question 22.8 Let p be a prime number, let 
 be a non-abelian locally
finite variety of p-groups, and define E
�m� by the equation f
�p

m� =
p

2
27 m

3+E
�m�. Does

lim
m→� m−2E
�m�

exist? If so, what is this limit for�p�2,
p and other ‘small’ varieties ofp-groups?

Related to Question 22.7 we ask

Question 22.9 Is it true that f�pm�/f
�p
m�= pO�m2� for some reasonably small

variety
 of p-groups? In particular, is this true for
 = 
p or for
 = �p2�2 ?

Avinoam Mann has formulated a question of a similar kind to this in his
paper [64]:
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Question 22.10 (Avinoam Mann) Is it true that most p-groups are of class 2 ?
Or at least, that a positive proportion of all p-groups are of class 2 ?

Returning from Mann’s question to varieties, we ask:

Question 22.11 (see pp. 189, 192) Is it true that

f
p
�n�/f�p�2

�n� � p
2
9 m

2−O�m� ?

Could it perhaps even be true that

f�p�2
�n� = p

2
27 m

3− 2
9 m

2+O�m� and f
p
�n� = p

2
27 m

3+O�m�?

(See Theorems 19.3 and 19.2.)
Note that if this question has a positive answer then so does Question 22.8

in the case of �p�2 and 
p.

Question 22.12 Can the gap between the bounds in Theorem 21.3 be signif-
icantly reduced? In particular, is it true that if � is an isoclinism class of
p-groups with invariants a, c defined as in that theorem, then

lim
m→�

f��p
m�

p�m�m�a+c�/2

exists?

Recall Jaikin-Zapirain’s theorem enunciated on p. 196:

p
1
4 �d−1�m2+O�m2� � fd�p

m� � p
1
2 �d−1�m2+O�m2�

where fd�p
m� is the number of d-generator groups of order pm. It would be

interesting to know where in the range � 1
4 �

1
2 � the correct coefficient of the

leading term in these estimates lies.

Question 22.13 Does

lim
m→�

logp fd�p
m�

�d−1�m2

exist? If so, what is it?

We turn now to insoluble groups. As was mentioned in the introduction
to Section 20.2, the theorem of Camina, Everest and Gagen discussed in that
section is an attempt to capture the feeling that non-soluble groups are rare.
The theorem of Klopsch mentioned there gives a more precise understanding
of what the word ‘rare’ means in that context. Quoting John Thompson (see
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[91, p. 2]): ‘As for rarity, this depends on our choice of measure’. For a finite
group G having a composition series G = G0 >G1 >G2 > · · · >Gk = 
1� ,
with composition factors Xi = Gi−1/Gi , define I to be the set of indices i

such that Xi is non-abelian. Then define J to be 
1� � � � � k�\ I and

�G�n = ∏
i∈I

�Xi� � �G�s = ∏
j∈J

�Xj� �

Thus �G�n is a measure of the non-soluble part of G while �G�s measures the
soluble part. The measure "�G� defined by Camina, Everest and Gagen and
used in Section 20.2

(
for which Thompson uses s�G�

)
is 1/�G�s . The groups

G for which "�G� � & are the groups for which �G�s � K, where K = &−1. If
they are very large these are groups which, in quite a strong sense, are very
non-soluble. We propose a less stringent measure of solubility: define

ms�G� = log �G�s
log �G�n

�

Thus ms�G� = � if and only if G is soluble, while ms�G� = 0 if and only if
all composition factors of G are non-abelian simple groups. Also,

�G�s = �G� ms�G�
n and �G� = �G� 1+ms�G�

n = �G� 1+�1/ms�G��
s �

Now define F�n� = ∑
m�n f�n� and for � > 0 define

F��n� = the number of groups G with �G� � n and ms�G� � � .

With this notation we ask

Question 22.14 Is it true that
F��n�

F�n�
→ 0 as n → � for any � in the range

0 < � < �?

In this connection it is not hard to see that if ms�G� � 1/2 then G must
have a non-trivial soluble normal subgroup. We sketch a proof beginning
with the following preparatory fact.

Fact Let H be a finite group with no non-trivial soluble normal subgroup.
Then ms�H� < 1/2 .

Proof: Let T be the socle of H (the product of all the minimal normal
subgroups of H). Then T = X1 × · · · ×Xt where the Xi are non-abelian
simple groups (some of the non-abelian composition factors of H). Acting by
conjugation, H permutes the set 
X1� � � � � Xt� since these are the only minimal
normal subgroups of T . Let K be the kernel of this action, so that T �K �H

and H/K � Sym�t�. Now K/T � A1 ×· · ·×At where Ai = Aut �Xi�/Xi, the



Some open problems 263

outer automorphism class group of Xi. Examining the known simple groups
(see, for example, [19]) one quite easily sees that �Ai� < �Xi�0�251 (in fact
�Ai� � �Xi�log 12/ log 20 160, with equality if and only if Xi � PSL�3�4� ). Also,
following the method of proof of Theorem 10.1 (Dixon’s theorem), or using
that result together with the fact that every finite group B contains a soluble
subgroup C that covers every soluble normal factor of B (in the sense that
if B1, B2 are normal subgroups of B with B2 � B1 and B1/B2 soluble then
B1 � CB2), we see that if B � Sym�t� then �B�s � 24�t−1�/3. Thus

�H�s � �T �0�251 ×24�t−1�/3 < �T �0�251 ×24t/3�

Since �Xi� � 60 for 1 � i � t we must have t � log �T �/ log 60, and so

�H�s � �T �0�251+�log 24/3 log 60� < �T �0�251+0�259 = �T �0�51�

Now in fact the exponent 0�251 can be reduced to log 4/ log 360 (achieved by
Alt�6� ) for all simple groups other than PSL�3�4�, and since for this latter
group the exponent 0�259 can be reduced to log 24/3 log 20 160, which is less
than 0�11, we see that in fact �H�s < �T �1/2. Clearly, �H�n � �T � and it follows
immediately that ms�H� < 1/2 .

Corollary Let G be a finite group and let S be its soluble radical (the
largest soluble normal subgroup). Define ��G�= �ms�G�− 1

2 �/�ms�G�+1� .
Then �S� > �G���G�.

Proof: Let H =G/S. The previous lemma applies to H and so �H�s < �H�1/2
n .

Now �S� = �G�s/�H�s and so �S� > �G�s/�H�1/2
n . But �H�n = �G�n and �G�s =

�G�ms�G�
n . Therefore �S�> �G�ms�G�− 1

2
n and since �G� = �G�s�G�n = �G�ms�G�+1

n the
required result follows.

A different measure of solubility is ms′�G� defined by ms′�
1�� = 1 and
for non-trivial groups G,

ms′�G� = complength�G�

	��G�� �

where complength�G� is the length of a composition series of G and 	�n� is
as defined on p. 2. We have 0 < ms′�G� � 1 for all G and ms′�G� = 1 if and
only if G is soluble. Now for 0 < � � 1 define
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F ′
��n� = the number of groups G with �G� � n and ms′�G� < � .

We ask

Question 22.15 Is it true that
F ′
��n�

F�n�
→ 0 as n → � for any � in the range

0 < � � 1?

The answer should be yes, and should not be difficult to prove, at least
when � < 1. The case � = 1 is simply the question whether

Finsol�n�

F�n�
→ 0 as n → � �

where Finsol�n� is the number of insoluble groups of order � n .

Questions 22.14, 22.15 and the surrounding discussion are centred on the
intuition that most finite groups are soluble. In fact it seems likely that by
far the majority of groups are not merely soluble but in fact nilpotent. Of
course it is not true that f	�n�/f�n�→ 1 as n→ � (where f	�n� denotes the
number of nilpotent groups of order n) for, if n is square-free then f	�n�= 1,
whereas Hölder’s work cited in Section 21.3 shows that f�n� is unbounded
for square-free n . The ubiquity of nilpotent groups can be formulated in a
number of other ways, however. A very weak form of it is the following quite
natural conjecture, whose origin we have been unable to trace satisfactorily.
We have heard it attributed at various times to various people, such as Paul
Erdős and Graham Higman.

Question 22.16 Is it true that if 1 < n < 2m then f�n� < f�2m�?

It seems very likely that the answer is yes. Some progress has been made
by Ioannis Pantelidakis in his Oxford DPhil thesis (see [81]), who proves
the assertion in case n is odd and m � 3619, and also makes a study of the
following conjecture.

Question 22.17 Is it true that f�2mp� < f�2m+2� for any prime number p and
all natural numbers m?

The case p= 3 is of course a special case of Question 22.16. And in fact the
tables [6] of Besche, Eick and O’Brien suggest a much stronger conjecture,
namely that for any odd prime number p

f�2mp� < f�2m+1� as long as m � 5�
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What Pantelidakis succeeds in showing is that

f�2mp� < 23m/2 f�2m�+2�m2+4m−3�/2 f�2m−1� �

He comments ‘The problem of showing that the right-hand side of the in-
equality is less than f�2m+2�, for all m, remains unsolved due to our inability
to compare f�2m+2� with f�2m−1� and f�2m�’. He defines g�m� by the equation
f�2m� = 2

2
27 m

3+g�m� and shows that if

g�m+1�−g�m� > −�m2 −15m�/18 �*�

then f�2mp� < f�2m+2�. The inequality �*� is very likely to be true for all m,
but it may be little easier to prove than the Sims conjecture formulated above
as Question 22.3.

A much stronger conjecture than that formulated in (or, technically, sug-
gested by) Question 22.16 is the following.

Question 22.18 Is it true that F�2m − 1� < f�2m� for sufficiently large m,
where, as before, F�n� = ∑

r�n f�r�? Is it perhaps true that

F�2m −1� ∼ f�2m−1� as m → �
(in the sense that F�2m −1�/f�2m−1� → 1)?

Again, the tables [6] of Besche, Eick and O’Brien suggest that the first
of these statements should be true as soon as m � 7. The second also looks
plausible. If the answer is positive, an immediate consequence would be a
positive answer to the following well-known old question (see Pyber [83],
Mann [64]).

Question 22.19 Is it true that the majority of finite groups are nilpotent in
the sense that

F	�n�

F�n�
→ 1 as n → � �

where F	�n� is the number of nilpotent groups of order at most n?

Indeed, if the second part of Question 22.18 has a positive answer then
2-groups would dominate: we would have (in a self-explanatory notation)
F2-gps�n�/F�n�� 1−#�n� where #�n�→ 0 as n→ �. Note that it is possible,
although in our opinion unlikely, that Question 22.19 has a positive answer
but Question 22.18 a negative one.

We turn now to some matters of rather narrower focus that have arisen
earlier in the book. The first of these was formulated on p. 53.



266 Some open problems

Question 22.20 Is there an elementary proof of Theorem 6.11? Is there an
efficient algorithm to find a set of d generators for a permutation group of
degree n � 4, where d � 
n/2�?

For background to our next question see Section 7.4 and [67, Section 4].
We ask whether it is the case that there are many more soluble A-groups
of order n than insoluble ones. Consideration of numbers n = 60p, where p

is prime, shows that the ratio fA�sol�n�/fA�n� can take the same value < 1
infinitely often – in fact, if p ≡ −1 �mod 60� then Alt�5�×Cp is the only
insoluble group of order n, while there are 24 soluble groups of order n (there
is Alt�4�×C5p , there are 15 extensions of C15p by C2 ×C2 , and there are 8
extensions of C15p by C4). And of course all of them are A-groups, so that

fA�sol�n�

fA�n�
= fsol�n�

f�n�
= 24

25

for these values of n. It seems very unlikely, however, that this sort of
behaviour can occur when n has many prime factors.

Question 22.21 Is it the case that fA�n�/fA�sol�n� → 1 as 	�n� → �? How
big is fA�n�−fA�sol�n� compared with fA�n�?

For background to the next question see the discussion in Chapter 12,
p. 112, Chapter 15, p. 139 and Chapter 18 (especially p. 184).

Question 22.22 Define

� = lim supn→� logfA�n�

��n� log�n�
�

What is �? Could it perhaps be 3−2
√

2 ?

That number 3 − 2
√

2 comes from the study of varieties of A-groups in
Chapter 18. The following stronger conjecture was formulated at the end of
that chapter. Note that the minimal non-abelian varieties of A-groups are the
product varieties �p�q where p� q are distinct primes.

Question 22.23 For which varieties 
 of A-groups is it true that the leading
term of the enumeration function f
�n� is equal to the leading term of f��n�
for some minimal non-abelian subvariety � of 
?

Chapter 11 is devoted to bounds for the number of conjugacy classes of max-
imal soluble subgroups of symmetric groups Sym�n�. In the second comment
on p. 101 we formulated the following conjectures. Recall that mss�n� denotes
the number of conjugacy classes of maximal soluble subgroups in Sym�n�.
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Question 22.24 Can the bound mss�n� < 216n be improved to mss�n� < 2n ?
Is it perhaps true that mss�n� = 2O�

√
n� ? Or even that there exists k > 0 such

that mss�n�/p�n�→ k as n→ �? (Recall that p�n� is the partition function.)

Similarly, Chapter 13 is devoted to bounds for the number of conjugacy
classes of maximal soluble subgroups of linear groups GL�d� q� and in the
fourth comment on p. 131 we formulated the following conjecture about
mlss�d� q�, which is the number of conjugacy classes of maximal soluble
subgroups in GL�d� q�.

Question 22.25 Can the estimate mlss�d� q� < 2278 833d be improved to

mlss�d� q� < 2dd?

Is it perhaps true that mlss�d� q� < 2d d1/2?

The next question was posed on p. 135. See also [10].

Question 22.26 (L. Pyber) Is it the case that �Mss�G�� � �G�? That is, is it
true that for any finite group G the number of maximal soluble subgroups is
at most �G�?

For the next question see Chapter 15, and especially p. 139.

Question 22.27 What is the best exponent in Theorem 15.5? Is it perhaps true
that the number of soluble groups of order n with specified Sylow subgroups
P1� � � � � Pk is at most n2�+o���?

Question 22.28 And what is the best exponent in Theorem 16.20? Is it perhaps
true that the number of groups of order n with specified Sylow subgroups
P1� � � � � Pk is also at most n2�+o���?

Next we restate a question from Section 21.2.

Question 22.29 Is there anything interesting to be said about the enumeration
function f��n� for general isoclinism classes � of finite groups?

The following is a reworking of Conjecture 21.16 in Section 21.4.

Question 22.30 Is it true that f�n� < n2 for cube-free integers n? Is it true
that f�n�/n2 → 0 as n → � through cube-free integers n? What is the best
upper bound one can give for f�n� for cube-free n?
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Turning to Holt’s enumeration of perfect groups:

Question 22.31 Can the gap between the coefficient 1/54 in clause (1) and
the coefficient 1/48 in clause (2) of Theorem 21.33 be closed? In particular,
can the coefficient 1/48 be reduced?

Question 22.32 And can the term 	 in clause (2) of Theorem 21.33 be
replaced by O��2� or even by O���?

Connected with this we have

Question 22.33 (D. F. Holt, 1989, page 67) Define

Imperf = 
n ∈ N � ∃G
 �G� = n and G = G′� �

Is it true that this set has density 0? If k�x� = �Imperf ∩ �1� x�� for x ∈ R,
approximately how large is k�x�?

The theorems of Klopsch about groups all of whose composition factors
are non-abelian raise the following two questions.

Question 22.34 With F��n� defined as in Theorem 21.34, does

lim
n→�

logF��n�

logn log logn

exist, and if so what is its value?

Question 22.35 (Klopsch, 2003) For a finite non-abelian simple group S,
with f̂S �k� defined as in Theorem 21.35, does

lim
n→�

logf̂S�k�
k logk

exist, and if so what is its value?

Finally, the questions treated in Section 21.6:

Question 22.36 Is the group enumeration function f�n� surjective?

Question 22.37 In particular, is Keith Dennis’s exceptional set E defined on
p. 242 finite?



Appendix A: Maximising two functions

This appendix maximises two functions using standard techniques from cal-
culus. The fact that the maximum value of the functions is 2

27 and less than 2
27

respectively is used in Section 5.5 to complete the proof of the upper bound
for the p-group enumeration function. We will implicitly use Lagrange mul-
tipliers; see Voxman and Goetschel [96], for example.

Lemma A.1 The function A�x� y� z�u� defined by

1
2x

2�z+y−u�+ 1
2xyu+ �uy− 1

2u
2�z+ 1

2uz
2

satisfies the inequality A�x� y� z�u� � 2
27 whenever x� y� z and u are real

numbers such that x � 6
10 , y � 0, z � 0, u � 0, x+y+ z = 1 and u � y.

Proof: We begin by showing that A�x� y� z�u� has no internal critical points.
Now,

!A

!y
= 1

2x
2 + 1

2xu+uz� (A.1)

!A

!z
= 1

2x
2 +uy− 1

2u
2 +uz and (A.2)

!A

!u
= − 1

2x
2 + 1

2xy+yz−uz+ 1
2z

2� (A.3)

At an interior critical point, !A
!x

= !A
!y

= !A
!z

and !A
!u

= 0. In particular, we
may equate (A.1) and (A.2) to obtain

1
2xu = uy− 1

2u
2�

Since u �= 0 in the interior of our region, this implies that

u = 2y−x (A.4)

269
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at an interior critical point.
Substituting (A.4) into (A.3) and using the fact that !A

!u
= 0 we find that

1
2x�y−x�+yz−2yz+xz+ 1

2z
2 = 0�

Rearranging this formula, we obtain

z2 = �x−y��x−2z� (A.5)

at an interior critical point.
Now, x � 6

10 and x+ y+ z = 1. Since z is non-negative, y � 4
10 and so

x−y � 2
10 on our region.

Since u is non-negative, (A.4) implies that 2y � x at an interior critical
point; hence y � 3

10 and so z � 1
10 . Moreover, we have that x−2z � 4

10 . But
then the left-hand side of (A.5) is at most � 1

10 �
2 = 1

100 and the right-hand side
of (A.5) is at least 2

10
4

10 = 8
100 . This contradiction shows that A�x� y� z�u� does

not have an interior critical point.
We now check the maximum value of A�x� y� z�u� on the boundary of our

region. We first consider the case when u = 0. We find

A�x� y� z�0� = 1
2x

2�y+ z��

It is not difficult to show that A�x� y� z�0� maximises when x= 2
3 and y+z= 1

3

at the value 2
27 .

When y = 0, we have that u = 0 and so A�x�0� z� u� � 2
27 .

In the case when z = 0, we find that

A�x� y�0� u� = 1
2x

2�y−u�+ 1
2xyu

= 1
2x

2y+ 1
2xu�y−x�

< 1
2x

2y

(since y < x on our region)

� 2
27 �

We now consider the case when x = 6
10 . Let A1�y� z�u� = A� 6

10 � y� z� u�.
We must show that A1�y� z�u�� 2

27 when y � 0, z� 0, y+z= 4
10 and u� y.

The argument given above to show that A�x� y� z�u� had no interior critical
points on our region also shows that A1�y� z�u� has no interior critical point
(as no use was made of !A

!x
in the argument). The previous three paragraphs

show that A1�y� z�u� � 2
27 when u = 0, y = 0 or z = 0. So it remains to
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consider the case when u = y. Using the substitution z = 4
10 −y, we find that

A1�y� z� y� = 18
100z+ 3

10y
2 + 1

2y
2z+ 1

2yz
2

= 72
1000 + 1

10 �y
2 −y��

which is a decreasing function of y on the region 0 � y � 4
10 . Hence the

maximum value of 72
1000 is attained when y = 0. Since 72

1000 <
2
27 , we find that

A1�y� z�u� � 2
27 , as required.

It remains to verify that A�x� y� z�u�� 2
27 when u= y. Define the function

A2�x� y� z� by A2�x� y� z� = A�x� y� z� y�, so

A2�x� y� z� = 1
2x

2z+ 1
2xy

2 + 1
2y

2z+ 1
2yz

2�

We need to show that A2�x� y� z� � 2
27 on the region x � 6

10 , y � 0, z � 0
and x+y+z = 1. Since A2�

6
10 � y� z� = A� 6

10 � y� z� y�, we have already shown
that A2�x� y� z�� 2

27 when x = 6
10 . Similarly, we have already established that

A2�x� y� z� � 2
27 when y = 0 or when z = 0. The argument above shows that

A2�x� y� z� � 2
27 on the boundary x = 6

10 . Also, A2�x� y� z� � 2
27 when y = 0

or z = 0, as the corresponding inequality holds for the function A�x� y� z�u�.
So it is sufficient to show that A2�x� y� z� has no interior critical points. At
an internal critical point, !A2

!y
= !A2

!z
, so

xy+yz+ 1
2z

2 = 1
2x

2 + 1
2y

2 +yz�

Rearranging we find that z2 = �x− y�2 and so (since both z and x− y are
positive on our region) z= x−y. Substituting y= 1−x−z into this expression
and rearranging shows that x = 1

2 . However, x � 6
10 , and so there are no

internal maxima. Thus A�x� y� z� y� � 2
27 on our region, as required.

We have shown that A�x� y� z�u� has no interior critical points, and that
A�x� y� z�u�� 2

27 on the boundaries of our region. Hence the lemma follows.

Lemma A.2 The function B�x� y� z�u� defined by

B�x� y� z�u� = 1
2x

2�z+y−u�+ �uy− 1
2u

2�z+ 1
2uz

2

satisfies the inequality

B�x� y� z�u� � 72
1000 <

2
27

whenever x� y� z and u are real numbers satisfying x� 0, y � 0, z� 0, u� 0,
x+y+ z = 1, u � min
x� y� and x � 6

10 .
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Proof: We begin by showing that B has no interior critical points. At such a
point, !B

!x
= !B

!y
= !B

!z
and !B

!u
= 0. Now,

!B

!y
= 1

2x
2 +uz and

!B

!z
= 1

2x
2 +uy− 1

2u
2 +uz�

and so uy− 1
2u

2 = 0 at a critical point. Dividing by u, we find that 2y = u.
But this contradicts the fact that u� y and u > 0 on the interior of our region.
Hence B has no interior critical points.

We now maximise B on the boundaries of our region. The same argument
as above shows that B has no interior critical points when we restrict our
region to the plane x = 0 or the plane x = 6

10 . So it suffices to consider the
cases when y = 0, z = 0, u = 0, u = x or u = y.

When z = 0, we find that

B�x� y�0� u� = 1
2x

2�y−u� � 1
2x

2y�

where x+ y = 1 and 0 � x � 6
10 . Basic calculus shows that this function is

maximised at the value 72
1000 when x = 6

10 and y = 4
10 .

When u = 0, we find that

B�x� y� z�0� = 1
2x

2�z+y��

where x+�z+y�= 1 and 0 � x� 6
10 . As in the case when z= 0, we find that

this function attains the maximimum value of 72
1000 when x= 6

10 and z+y= 4
10 .

Since u = 0 whenever y = 0, this argument also covers the case when y = 0.
Suppose that u = x. Note that when u = x, the inequality u � min
x� y� is

equivalent to the inequality x � y. Define

B1�x� y� z� = B�x� y� z� x� = 1
2x

2y− 1
2x

3 +xyz+ 1
2xz

2�

We must show that B1�x� y� z� is at most 72
1000 on the region defined by x � 0,

y � 0, z� 0, x � 6
10 , x+y+z= 1 and x � y. The condition x � 6

10 is implied
by the remaining conditions (indeed, we must have x � 1

2 ) and so we may
ignore it.

At an internal maxima, we have that !B1
!y

= !B1
!y

, and so

x
(

1
2x+ z

) = x�y+ z��

Since x > 0 at an interior point, this implies that x = 2y. But the condition
that x � y now shows that x = y = 0, and so B1 has no internal maxima.
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Clearly B1�x� y� z�= 0 when x= 0. Since B1 is a restriction of B, it follows
that B1�x� y� z� � 72

1000 when y = 0 or z = 0. So to establish our bound on B1

it remains to consider the situation when x = y. Define

B2�x� z� = B1�x� x� z� = x2z+ 1
2xz

2�

We need to show that B2�x� z� � 72
1000 on the region defined by x � 0, z � 0

and 2x+ z = 1.
At an interior critical point, !B2

!x
= 2 !B2

!z
, so

2xz+ 1
2z

2 = 2
(
x2 +xz

)
�

Hence z2 = 4x2, and therefore z = 2x. Since 2x+z = 1, we find that there is
a unique interior critical point when x = 1

4 and z = 1
2 , where B2 takes on the

value 1
16 <

72
1000 . Clearly B2�x� z� = 0 on the boundary of the region, and so

B2 is bounded above by 72
1000 . This implies that B1 is bounded above by 72

1000 ,
as required.

It remains to consider the function B in the case when u = y. Note that
when u= y the inequality u� min
x� y� is equivalent to the inequality y � x.
Define

B3�x� y� z� = B�x� y� z� y� = 1
2x

2z+ 1
2y

2z+ 1
2yz

2�

We must show that B3�x� y� z� is at most 72
1000 on the region defined by

0 � x � 6
10 , y � 0, z � 0, x+y+ z = 1 and y � x.

Since B3�x� y� z� is a restriction of B�x� y� z�, we find that B3�x� y� z�� 72
1000

whenever y = 0 or z = 0. When x = 0 we have that y = 0, and so this case
follows trivially. When y = x then B3 is the restriction of B to the case when
u = x = y, and we have dealt with the case when u = x above. So it only
remains to show that B3�x� y� z� � 72

1000 on the interior of the region, and that
B3�

6
10 � y� z� � 72

1000 .
At an interior critical point, we have that !B3

!x
= !B3

!y
= !B3

!z
. Now,

!B3

!x
= xz�

!B3

!y
= yz+ 1

2z
2 and

!B3

!z
= 1

2x
2 + 1

2y
2 +yz�

The equality !B3
!x

= !B3
!y

shows that x = y+ 1
2z; together with x+y+z= 1 this

implies that y = 3x−1 at a critical point. The equality !B3
!y

= !B3
!z

implies that
z2 = x2 +y2. Substituting z= 1−x−y and then y= 3x−1 into this expression
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and solving the resulting equation in x shows that the unique critical point
occurs when

x = 5−√
7

6 � y = 3−√
7

2 and z = 2
√

7−4
3 �

At this point, B3 takes the value 7
√

7−17
27 < 72

1000 .
Define

B4�y� z� = B3

(
6

10 � y� z
) = 18

100z+ 1
2y

2z+ 1
2yz

2�

To prove the lemma, it suffices to show that the maximum value of B4 on
the region defined by y � 0, z � 0 and y+ z = 4

10 is at most 72
1000 .

At an interior critical point, !B3
!y

= !B3
!z

and so

yz+ 1
2z

2 = 18
100 + 1

2y
2 +yz�

But z � 4
10 on our region, and so at a critical point we have

y2 = z2 − 36
100 < 0�

This contradiction implies that there are no critical points. Finally, when z= 0
we have that B3 takes the value 0; when y = 0 we have that B3 takes the
value 72

1000 . Thus B3 has the properties we require, and so the lemma follows.
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